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Abstract

This thesis addresses the mathematical modeling of selected biological phenomena
and provides a qualitative analysis of a conformable fractional-order ratio-dependent
Holling-Tanner predatorprey model. This thesis is organized into three chapters:

Chapter 1 introduces the fundamental concepts of discrete dynamical systems,
including definitions, fixed points, periodic orbits, and stability theory. It also presents
the main analytical tools required for the study of nonlinear dynamical systems.

Chapter 2 introduces population dynamics through classical models such as the
Lotka-Volterra and predator-prey systems. It also discusses various functional re-
sponses to provide a more realistic description of species interactions.

Chapter 3 investigates a discretized conformable fractional-order Holling—-Tanner
predator—prey model with fear effects. The existence and stability of fixed points are
studied, together with the influence of the fractional-order parameter on the system
dynamics. Various bifurcation phenomena leading to periodic, quasi-periodic, and
chaotic behaviors are analyzed. Chaotic dynamics are confirmed using the 0-1 test
for chaos and illustrated through numerical simulations. Furthermore, chaos control
techniques are applied to stabilize unstable and chaotic behaviors.

Keywords: discrete dynamical systems, predator-prey model, conformable frac-

tional derivative, fixed points, stability, bifurcations, 0-1 test, chaos control.



Résumé

Ce mémoire est consacré a la modélisation mathématique de certains phénomenes
biologiques, ainsi qu’a 'étude qualitative d’'un modele proieprédateur de Holling-
Tanner a ordre fractionnaire conforme et dépendant du rapport. Il est organisée en
trois chapitres:Le Chapitre 1 introduit les concepts fondamentaux des systemes dy-
namiques discrets, notamment les définitions, les points fixes, les orbites périodiques
et la théorie de la stabilité. Il présente également les principaux outils analytiques
nécessaires a I’étude des systemes dynamiques non linéaires.Le chapitre 2 présente
la dynamique des populations a travers des modeles classiques tels que le modele de
Lotka—Volterra et les systemes proie—prédateur. Il aborde également différents types
de réponses fonctionnelles afin de fournir une description plus réaliste des interactions
entre espéces.Le Chapitre 3 étudie un modele proie-prédateur de Holling—Tanner dis-
crétisé d’ordre fractionnaire conforme avec effet de peur. L'existence et la stabilité des
points fixes sont analysées, ainsi que 'influence du parametre dordre fractionnaire sur
la dynamique du systéme. Divers phénomenes de bifurcation conduisant a des com-
portements périodiques, quasi-périodiques et chaotiques sont étudiés. Les dynamiques
chaotiques sont confirmées a 1’aide du test 0-1 du chaos et illustrées par des simulations
numériques. En outre, des techniques de controle du chaos sont appliquées afin de
stabiliser les comportements instables et chaotiques.

Mots-clés : systemes dynamiques discrets , modele proie-prédateur , dérivée frac-
tionnaire conforme , points fixes , stabilité , bifurcations , test 0-1 du chaos , controle

du chaos.

vi



4ue gl Ayl 5 iz gl yalglall and &b byl A dedl Jed! 1 Blais
B S A5)1 (539 il e Aataall dyally puiaall yib—jilgn 3 9ol
1Jgaad A5 (§ 8,Sdall 0 @ulail (5 U89 .4k Uaall

3§ Loy cdadaiiall 480l dadasSU dwlul @ laall pdiy JgVI Juadd!

1981 (o yan LS ! doylaig edsygall obldally crlgnll bolasg cci)lail
Audasdl pe &Siolod! Al dlyld dohUI At I Ao

3905 Jio LSSl 3Ll IS ¢y OBl &Saolizs pls GWI uadl
Lads ol bl Calises (28Lo WS . duwyally (o iiall z3ladg L 49—835 5]
19 o e lal) dadly AST oy o)

LS 4551 (o duwydlly puilal] U—idsn F3ges oyt SN Juadll
Alel bolas 5929 duwlys @i B3l Ll an calaiin I dligss day diylaall
Jaloss o3 LS pllaidl 4Sholias e oSl A5 )01 Jolao 236 ] ALY clay ity
AST ooy doga0 539 (A3 dudy 9o OUSeho J) Logall Cansidl yalgls Calises
BBlme dlaulsy lgmup g5 o 1-0 (9258l sl pluseialy digsd5all &Sualia !
e OWSdl s ol oo 5290 (3 (Soxdl olias 33ad «ell3 e Bdle .dpdae
Aog298l9 88l
Aidual) ¢y )= el 73 905 cdalaiiall 4 olp )l dalaill 1dmoldl LS
6253 § #Soadl 1-0 Jlis lasdll Ol (O)lgil blas (dalasll sl

vii



Table of contents

General introduction

1 Basic concepts and preliminaries
1.1 Introduction . . ... .. .. . ...
1.2 Basic definitions and concepts in discrete dynamical system . .. .. ..
1.2.1 Classification of dynamical systems . . ... ... .........
1.2.2  Stability theory and fixed points . . . . ... ... .. .. ... ..
1.3 Bifurcationsandchaos . . . . ... ... ... ... L o L.
1.3.1 Bifurcationstheory . . . ... ... ... ... .. .. . L.
132 Chaostheory .. .... ... ... ... . ... . . ..
133 LyapunovExponents. . ... .....................
134 O0-ltestmethod . ... ... ... ... ... ... ... .. .....
1.4 Fractional derivatives . . . . . . . . . ...
141 Caputo fractional derivatives . . . . .. ... .. ... ... ...,
1.4.2 Riemann-Liouville fractional derivatives . . . .. ... ... ...
1.4.3 The conformable fractional derivative . . . .. ... ........

1.4.4 The generalized conformable fractional derivative . . . . . .. ..

2 Population dynamics
2.1 The Lotka-Volterramodel . . . . .. . . . . . .. .. ... ... ......

22 Predator-preymodel . . ... ... ... o oo o

10
11
15
16
19
20
21
22
23
24



Table of contents

2.3 Functional FESPONSE . . . v v v v e i e e e e e e 31

3 Qualitative analysis of a discretized generalized conformable fractional-order

ratio-dependent Holling-Tanner predator-prey model incorporating the Fear

effect in the prey population 34
3.1 Introduction . . . ... ... . . .. 34
3.2 Formulation of themodel . . ... ... ... ... .. ........... 36
33 Fixedpoints . . ... ... ... ... 39
3.4 Existence and stability of fixed points . . . . ... ... ... ... ... 40
3.4.1 Stability of the trivial fixed pointO . . . . . ... ... ... ... 42

3.4.2 Stability of the coexistence fixed pointE . . . . . ... ... .... 44

3.5 Local bifurcation analysis . . .. ... ... ........ ... .. ... 48
3.5.1 FHlip bifurcationaboutE . .. ... ... ... ... ... . ..... 48

3.5.2 Neimark-Sacker bifurcationaboutE . . . . . ... ... ... ... 50

3.6 Numerical simulations . . . . ... ... ... ... .. ... . . ... 54
37 Chaoscontrol . . . . ... . . . .. 62
Conclusion 66

ix



List of Figures

3.1

3.2

3.3

3.4

3.5

(a) Flip bifurcation diagram of system (3.5). (b) Corresponding Lyapunov
exponents for the parameter values: R = 1.2390, x = 6.09, m = 1.2,
€=03,C=15D=18=12,a=079andS€[0,2]. ..........
Phase portraits and corresponding time evolutions for different values
of S: (a,d) S =0.986, (b,e) S = 145, and (c,f) S = 1.56. The simulations
are performed using the parameter values R = 1.2390, x = 6.09, m = 1.2,
€ =03 C=15 D =18, =12, a = 0.79, with initial conditions
(P10, P2p) =(24,314). . . . . . . ..
Phase portraits and corresponding time evolutions for different values
of S: (a,d) S =1.86, (be) S = 1.95, and (c,f) S = 2. The simulations are
performed using the parameter values R = 1.2390, x = 6.09, m = 1.2,
€ =03 C=15 D =18, =12, a = 0.79, with initial conditions
(P10, P2p) =(24,314). . . . . .. ..
(a) Neimark-Sacker bifurcation diagram of system (3.5). (b) Correspond-
ing Lyapunov exponents for the parameter values: R = 3.37, k = 5.77,
m=0.1,e=221,C=118,D=0.6,5=0.6,a=075and S € [0,1.28].

Phase portraits and corresponding time evolutions for different values
of S: (ad) S = 1.86, (b,e) S = 1.95, and (c,f) S = 2. The simulations
are performed using the parameter values R = 3.37, x = 5.77, m = 0.1,
€=221,C=118 D = 06, p = 0.6, a = 0.75, with initial conditions
(P10, P20) =(25,3.6). . . . .

58



List of figures

3.6

3.7

3.8

3.9

3.10

(a) Neimark-Sacker bifurcation diagram of system (3.5). (b) Correspond-
ing Lyapunov exponents for the parameter values: x = 11.77, m = 2.1,
€=421,C=118,D=16,=06,a=0.75S=0.82and R € [0.7,5.5].

Results of the 0-1 test for the discrete system (3.5) corresponding to
different values of S. The parameter set is given by R = 1.2390, x = 6.09,
m=12,6=03,C=15D=18,p=12,anda=079.. . . .. ... ...
Results of the 0-1 test for the discrete system (3.5) corresponding to
different values of S. The parameter set is given by R = 3.37, k = 5.77,
m=01,e=221,C=118,D=06,=06,anda=075. . ........
(a) Phase portrait of the system (3.5) before applying the hybrid control
strategy. (b) Corresponding time evolution for the parameter values:
R=337,«x=577,m=01,e=221,C=118,D=06,5=0.6,a =0.75
and S=123. .. ... .. .. e
(a) Bifurcation diagrams of the system (3.13) in C € (0,1). (a) Phase
portrait of the system (3.13). (c) Corresponding time evolution for the
parameter values: R =3.37,x =5.77,m=0.1,e =2.21,C = 1.18, D = 0.6,
B=06,0a=075andS=123. ... ... .. ... ... L

xi

60

65



General introduction

Dynamical systems theory is a branch of mathematics that studies systems evolving
over time according to fixed rules. Originating with Newton (around 1665), it provides
a framework for understanding complex behaviors in natural and applied sciences.
A key phenomenon in this field is chaos, characterized by strong sensitivity to initial
conditions and long-term unpredictability. Such systems may also exhibit attractors,

including strange attractors, which describe their asymptotic behavior.

The study of nonlinear systems relies strongly on linear theory. As shown in [1-4],
linear systems theory provides fundamental results such as existence and uniqueness of
solutions, equilibrium classification via eigenvalues, and matrix-based representations
in R". Nonlinear systems are often analyzed through local linearization near fixed
points, allowing the use of linear methods to approximate local dynamics when exact

solutions are not available.

Recently, conformable fractional-order predator—prey models have gained attention
due to their ability to describe ecological interactions more presisely than classical
integer-order models. Several studies [5-7] show that the fractional order significantly
affects stability, bifurcation behavior, and population dynamics. Other works highlight
its influence on singularities, wave propagation, disease spread, and chaotic behavior

in ecological systems [8-14].

Overall, these results demonstrate that fractional-order models provide a flexible
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framework for capturing complex ecological dynamics, where the fractional parameter

plays a crucial role in determining system behavior.

Motivated by this, the present thesis studies a fractional-order discrete-time predator—
prey system based on the generalized conformable derivative. The model is analyzed

both analytically and numerically for different fractional-order values.
Objectives of the Thesis

This work aims to analyze a discretized generalized conformable fractional-order
ratio-dependent Holling-Tanner predator—prey model with fear effect. The main ob-

jectives are:

1. Derive the discrete model via piecewise constant approximation.
2. Determine fixed points.

3. Study local stability using Jury conditions.

4. Investigate flip and Neimark-Sacker bifurcations.

5. Detect chaos using the 0-1 test and Lyapunov exponents.

6. Apply hybrid chaos control.

Organization of the Thesis

Chapter 1 introduces discrete dynamical systems, stability theory, bifurcation anal-
ysis, chaos indicators, and fractional calculus. Chapter 2 presents population dynamics
models and functional responses. Chapter 3 focuses on the qualitative analysis of the
proposed Holling-Tanner model, including stability, bifurcations, chaos detection, and

control, supported by numerical simulations.

Finally, the stability of fixed points is analyzed within the framework of fractional
discrete dynamical systems to study the influence of the fractional order on system

behavior.



Chapter 1

Basic concepts and preliminaries

1.1 Introduction

A dynamical system is defined as a collection of all possible states together with
a deterministic rule that specifies how the state evolves over time. Depending on
the description of time, this evolution may be governed by continuous or discrete
models. When differential equations are used, the system is referred to as a continuous
dynamical system, whereas a system described by difference equations is called a

discrete dynamical system.

In general, these two types of systems can be represented as
dx
(= — = t,0), 1.1
£= =00 tp) D

X Gx, p), (1.2)

where x € R" denotes the state vector, t € Ris time, and ¢ € IR? is a vector of parameters.
Equation (1.1) describes an ordinary differential equation, while equation (1.2) defines a
discrete map. Both forms are encompassed by the general theory of dynamical systems,
and in subsequent sections we outline the main analytical tools used to study models

of this type.
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1.2 Basic definitions and concepts in discrete dynamical

system

In this section, we present several fundamental properties of dynamical systems

that will be used throughout the remainder of the thesis.

Definition 1.2.1 ([15])A dynamical system is a mathematical model that describes the evolu-

tion of a set of interacting components over time. It is defined by a triplet (X, T, G), where:

o X is the state space,
o T is the time domain,

o G: X X T — Xis the state transition map,

which determines the state of the system at any time, given an initial state vector.

Definition 1.2.2 ([15]) A discrete dynamical system is described by
Xne1 = G(xy), neN, (1.3)

where x, € R and G : R — R¥ is a continuous map. A solution of (1.3) is a sequence {x,,}>

n=0
that satisfies (1.3) for all n > 0.

Discrete dynamical systems are classified as:

e linear, if G is a linear map,

e nonlinear, if G is nonlinear.

Given an initial condition xy € R¥, the successive iterates of the system are obtained as

X =G6), =6 =6G) =6 ) x»=GM) ..., %=G")

4
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where G" denotes the n-fold composition of the map G. Thus, a discrete dynamical system can

be viewed as the repeated iteration of the function G.

Definition 1.2.3 (Autonomous and non-autonomous discrete dynamical systems[16])
The system (1.3) is called non-autonomous if the function G depends explicitly on n (or time),

that is,

Xne1 = G(n, xy).

If G does not depend on n and the evolution rule is the same at every step,

Xn+1 = g(xn)/

then the system is said to be autonomous.

Definition 1.2.4 (Trajectories[16]) Given an initial point x, the orbit (or trajectory) of the

system (1.3) is the sequence
O(x) = {xy =G"(x0) : 20},

where G°(xo) = xo and G" denotes the n-fold iteration of the map G.

1.2.1 Classification of dynamical systems
Dynamical systems can generally be classified into three principal categories:

e Random Systems: These systems evolve in an unpredictable manner without be-
ing governed by explicit mathematical rules. Their behavior cannot be accurately

forecasted over time, as the evolution is essentially stochastic.

e Deterministic Systems: These systems follow well-defined mathematical laws
that uniquely determine their evolution. Given aninitial state, the future behavior

of the system can be predicted exactly.

5
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e Chaotic Systems: These are deterministic systems that exhibit extremely sensitive
dependence on initial conditions, resulting in highly complex and seemingly
random behavior. Their trajectories tend to be confined to intricate geometric
structures called attractors, on which they evolve without repetition. Although
governed by deterministic laws, their long-term behavior becomes practically

unpredictable.

1.2.2 Stability theory and fixed points

In many applications, dynamical systems and difference equations arising in various
tields are often difficult or impossible to solve explicitly. Consequently, much of the
analysis focuses on identifying their fixed points, since these points provide significant
insight into the qualitative behavior of solutions. Knowledge of fixed points allows
researchers to predict long-term dynamics, detect stability properties, and understand
how systems respond to perturbations. We now present the formal definition of a fixed

point.

Definition 1.2.5 (Fixed point [3, 17]) A point x* in the domain of G is called an fixed point
(or equilibrium point) of the discrete system (1.3) if it satisfies

G(x) =x"
Such a point is also referred to as a critical point.

Graphically, a fixed point corresponds to an intersection point of the curves y = G(x)

with y = x.

Definition 1.2.6 (Periodic Points and p-Cycles [3]) Let x be a point in the domain of G. If

there exists a fixed point x* of (1.3) and a positive integer r such that

G)=x and G7(¥) %X,

6
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then x is called an eventually equilibrium (or eventually fixed) point.

Definition 1.2.7 (Periodic Points and p-Cycles [2, 3]) A point x € R¥ is called a periodic

point if there exists an integer p > 1 such that
G'(x) = x.

The smallest integer p satisfying this relation is called the period of x. The orbit of a p-periodic
point is the set

O(x) = {x, G(x), G*(%), ..., 6" (x)},

which is also referred to as a p-periodic cycle.

Remark 1.2.1

o A fixed point is a periodic point of period 1.
e A point x is said p-periodic point of a transformation G, if it is a fixed point of G¥, without

being a fixed point of G', 1 <1 < p, (1 and p are integers).

Definition 1.2.8 ([2, 3]) Let x* be an fixed point.

o The fixed point x* of (1.3) is stable if given € > O there exists 6 > 0 such that |xo — x| < 6

implies |G"(xo) — x*| < € for all n > 0. If x* is not stable, then it is called unstable.

o The fixed point x* is said to be attracting if there exists n > 0 such that
Ixo = x| <n implies lim G"(xp) = x".
If n = oo, x* is called a globally attracting.

o The point x* is an asymptotically stable fixed point if it is stable and attracting.
If n = oo, x* is said to be globally asymptotically stable.

7
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Suppose that the discrete system (1.3) has a power series. Then, it can be written in
the following linear form:

Xn+l = Axn + R(lxnl)/ (14)

where A is a Jacobian matrix,and R(|x,|) is negligible.

Definition 1.2.9 ([18]) Let A be (k X k) matrix, then:

o The scalar A is called an eigenvalue of A if and only if det(A — Aly) = 0.

e Let x be a non-zero column vector. Then x is called an eigenvector associated with the

eigenvalue A if and only if det(A — AL)x = 0.

Definition 1.2.10 ([2]) A periodic orbit {x,x1,- - , X,-1} of a dynamical system governed by a
map G is stable if every point x; (i = 0,1,--- ,p) is a stable fixed point of the dynamical system
governed by the map G".

Definition 1.2.11 ([2]) Let A be the Jacobian matrix of system (1.3) and x* is a fixed point of
the system (1.3), then:

o Ifall the eigenvalues of A are modules strictly less than unity circle, then the fixed point

x* is asymptotically stable.

o If the matrix A admits at least one eigenvalue of modulus strictly greater than unity

circle, then the fixed point x* is unstable.

o If some eigenvalues of A are on the circle of the radius of the unit and the others on inside,

we can not conclude the local stability of the fixed point x* (non-hyperbolic).

For two-dimensional discrete-time dynamical system we introduce the following

lemma.

Lemma 1.2.1 ([2]) Let (x*, y*) be a fixed point of the system (1.3) and A1, A, are two eigenvalues
of the Jacobian matrix of the system (1.3).
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1. If |\l < 1and |A,| < 1a fixed point (x*, y*) is a sink and is locally asymptotically stable.
2. If |\ > 1and |Ay| > 1 a fixed point (x*,y*) is called source, so a source is unstable.
3. If |M] < Land |Ay] > 1or (JA1] > 1 and |Ay| < 1) a fixed point (x*, y*) is called saddle.

4. If |M| = 1 or |Ay| = 1 a fixed point (x*, y*) is called to be non-hyperbolic.

Lemma 1.2.2 ([19]) Assume that ay, a,, and as are real numbers. Then, a necessary and

sufficient condition for all roots of the equation
AS + al/\z + az/\ + a3 = 0,
to lie inside the unit disk is

lag+az|<1+ay, |ag —3a3|<3—ay, and aé + a; —aza; < 1. (1.5)

Theorem 1.2.2 ([2, 20]) Let A = (a;j) be a 2 X 2 matrix. Then |Ay,| < 1if and only if
ITr(A)l <1+ Det(A) < 2. (1.6)
This condition can also be expressed as the following three inequalities (Jury conditions):
Det(A) > Tr(A) -1, Det(A) > -Tr(A) -1, Det(A) <1.

Lemma 1.2.3 ([21]) Let W(A) = A? — Tr(J)A + det(]) be a quadratic polynomial satisfying
W(1) > 0, and let Ay and A, denote the roots of W(A) = 0. Then the following results hold:

1. |M| < 1and |Ay| < 1if and only if W(=1) > 0 and det(]) < 1.
2. |M| > 1and |Ay| > 1if and only if W(=1) > 0 and det(]) > 1.
3. |A| < 1and |Ay| > 1 (or vice versa) if and only if W(-1) < 0.
4. Ay = =1land |Ay| # 1if and only if W(-1) = 0 and Tr(J) # 0.

9
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5. The roots Ay and A, are complex with |A1| = |Ay| = 1 if and only if

Tr(J)* —4det(J) <0 and det()) = 1.
Theorem 1.2.3 ([2]) The following statements hold for any 2 X 2 matrix A

o If|Tr(A)l — 1 = Det(A), then we have

— the eigenvalues of A are Ay = 1 and A, = Det(A) if Tr(A) > 0,
— the eigenvalues of A are Ay = =1 and A, = —Det(A) if Tr(A) <0,

o If [Tr(A)| — 1 < Det(A), and Det(A) = 1, then the eigenvalues of A are e*'°,where

0 = cos™ (@)

The violation of one of these conditions of Theorem 1.2.2 (Jury conditions), with the

other two being simultaneously fulfilled leads to:

e A transcritical bifurcation (a real eigenvalue that passes through 1), ie., 1 -

Tr(A) + Det(A) = 0.

e A period doubling bifurcation (a real eigenvalue that passes through 1), i.e.,

1+ Tr(A) + Det(A) = 0.

e A Neimark-Sacker bifurcation ( the modulus of a complex eigenvalue pair that

passes through 1), i.e., Det(A) = 1.

1.3 Bifurcations and chaos

Chaos theory focuses on the study of dynamical systems whose behavior is ex-
tremely sensitive to initial conditions. Such behavior can be analyzed through math-
ematical modeling or by using analytical recurrence methods and Poincaré maps.
Meanwhile, bifurcation theory aims to examine the qualitative changes that dynami-
cal systems undergo as their governing parameters vary. This section presents some

insights into both of these topics.

10
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1.3.1 Bifurcations theory

Consider the nonlinear discrete system

Xni1 = G(Xn, ), (1.7)

where 1 € R. Any change in the parameter y (bifurcation parameter), will change
the dynamic behaviors of the system (1.7). This change is known as a bifurcation. A
bifurcation occurs when even a minor change to the bifurcation parameter leads to
a qualitative or topological change in the systems behavior. Additionally, bifurcation
diagrams depict certain characteristic aspects of the asymptotic solution of a dynamical
system as a function of a bifurcation parameter. This allows one to observe the quali-
tative changes in the behavior of the states of the system [22]. There are two classes of

bifurcation:

1. Global bifurcations: These typically occur when large invariant sets of the system
interact or collide with one another, or with the systems equilibria. They cannot

be detected solely through an analysis of the stability of fixed points.

2. Local bifurcations: These can be analyzed entirely through changes in the sta-
bility properties of local equilibria, periodic orbits, or other invariant sets. Such
bifurcations occur when a variation in a parameter causes a change in the stability
of a fixed point. In continuous-time systems, this corresponds to the real part of an
eigenvalue of an equilibrium crossing zero. In discrete-time systems (difference
equations), it corresponds to a fixed point having a Floquet multiplier (eigen-
value) with modulus equal to 1. In both cases, the equilibrium is non-hyperbolic

at the bifurcation point. Examples of local bifurcations include:

e Saddle-Node (Fold) Bifurcation: this bifurcation occurs when one of the two
eigenvalues of the Jacobian matrix is equal to £1. On the diagram of the bifur-
cations we observe, in this case, a continuous curve of fixed points tangent to

the vertical straight line. Two points of fixed exist (one stable and one unstable)

11
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before the bifurcation. After the bifurcation, no more equilibrium exists.

e Transcritical Bifurcation: on the diagram of bifurcations this results in two

branches different fixed points which intersect at a point and by the change

of stability of the two branches passing through the point of intersection.

Flip (Period Doubling) Bifurcation: this bifurcation takes place when one of the
two eigenvalues of the Jacobian matrix is equal to —1. A stable fixed point of
order 1, becomes unstable at the same time as the appearance of a cycle of order

2 stable.

Neimark-Sacker Bifurcation: this bifurcation is characterized by the birth (when
the bifurcation parameter y exceeds the bifurcation point y) of a closed invariant
curve from a fixed point, when the fixed point changes stability via a pair of

complex eigenvalues (equal to ¢'?) with a unitary module.

The Main Steps of Studying Bifurcation in Discrete Dynamical Systems

The study of bifurcations in a discrete dynamical system generally involves the

following steps:

1.

2.

Finding the Fixed points: Solve for x* such that G(x*) = x".

Local linearization: Linearize the discrete system near an equilibrium point by

computing the Jacobian matrix

_9G

A=— .
OX |y

Eigenvalue analysis: Determine the eigenvalues of the Jacobian matrix to classify

the type and stability of the fixed point.

Studying local bifurcations: Analyze how the system’s behavior changes as

parameters vary. Common bifurcations in discrete systems include:

12
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e Fold (saddle-node) bifurcation: Creation or annihilation of fixed points.

o Flip (period-doubling) bifurcation: a fixed point loses stability and a 2-period

orbit emerges.

o Neimark-Sacker (Hopf) bifurcation: a fixed point loses stability and a closed

invariant curve appears.

Remark 1.3.1

Bifurcation occurs when a fixed point loses its stability.

The condition for the stability of a fixed point is |A| < 1, meaning that all eigenvalues

must lie inside the unit circle.

A Hopf bifurcation, also called a Neimark—Sacker bifurcation in discrete systems,
occurs when a pair of complex conjugate eigenvalues cross the unit circle. In this case, a

periodic orbit can change into a quasi-periodic orbit.

The Neimark—Sacker bifurcation in discrete systems is the discrete-time analogue of

the continuous-time Hopf bifurcation.

Lemma 1.3.1 (Existence NaimarkSacker bifurcation [23-25]) Assume that x,.1 = G.(x,, 1)
is a k-dimensional discrete dynamical system where u € R is a bifurcation parameter. Let x*
be an fixed point of G, and suppose that the characteristic polynomial of the Jacobian matrix

J(x*) = (bij)nxn of k-dimensional map G ,(x,, 1) is given by
Py(A) = A"+ A+ By A + Dy, (1.8)

where b; = bi(u,u),i=1,2,3,--+ ,k and u is a control parameter or another parameter to be

deduced. Let AS(u,u) =1, AT(u,u), -+, Ay (u, u) be a sequence of the determinants defined by

Af(u,u) =det(A1 £ Ay), i=1,2,---,k, (1.9

13
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where
1 b by - by bi-iv1 breivz -+ b by
0 1 b - b bicisa br—ivz -+ b 0
Al=l 0 0 1 - by | A= R | (1.10)
br_1 by -+ 0 O
o o o --- 1 by 0 o --- 0

Moreover, suppose that the following conditions hold

H1- Eigenvalue assignment A, (po,u) = 0, A7 (o, u) > 0, Pyy(1) > 0, (—1)ku0(—1) > 0,
AF(u,u) >0, fori=k—3,k—5,---,2 (or 1), when k is odd (or even), respectively.

: o AT (4,
H2- Transversality condition: [—A"—;:l“ “)] £ 0.
H=to

H3- Non-resonance condition: cos(21t/j) # ¢, or resonance condition cos(2m/j) = ¢, where
j=3,4,5,-,and ¢ =1-0.5P, (DA (o, u)/ A} (o, u). Then, a Neimark-Sacker

bifurcation occurs at .

Lemma 1.3.2 (Existence period-doubling bifurcation [23, 26]) Consider the following k-
dimensional discrete system:

Xnv1 = gy(xn/ ‘Ll),

where x, € R* and p € R represents the bifurcation parameter. Moreover, assume that
conditions (1.8)—(1.10) of Lemma 1.3.1 are satisfied and suppose that the following conditions
hold:

C1- Eigenvalue criterion: P, (1) = 0, Ay (po,u) > 0, Py, (1) > 0, AF(uo,u) > 0,1 =
k—2,k—4,---,1(or 1), when k is even (or odd), respectively.

C2- Transversality criterion:

Y (=1

k k—i ; #0,
Y (i =i+ 1)big

14
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where b’ denotes derivative of b(u) at u = po. Then, a period-doubling bifurcation occurs

at critical value .

1.3.2 Chaos theory

The world around us often seems unpredictable, messy and chaotic. A chaotic
system is a simple or complex system, sensitive to the initial conditions and which
presents a repetitive character, a strong recurrence. A small disturbance can cause
instability or a gigantic unpredictable imbalance in the long term. Thus simple devices
can give rise to complex phenomena. A chaotic system is the opposite of a perfectly

regular system.

Definition of chaos

Before we state the definition of chaos, some necessary concepts need to be defined

[2,27]. Let G : (X,d) — (X, d), where (X, d) is a metric space and
Xn+1 = g(xn)/ n= 112/3/"' ’ (111)

Definition 1.3.1 ([20]) The map G is said to have sensitive dependence on the initial conditions,
if there exists € > 0 such that for any xy € X and any open U containing x there exists y, € U
and n € Z* satisfying

d(G"(x0), G"(y0)) > €.

Definition 1.3.2 ([20]) Let G be a map on a metric space (X, d). Then f is said to be (topologi-
cally) transitive if for any nonempty open sets U and V, there exists a positive integer n such
that

Gg'Uu)ynu+0.

Definition 1.3.3 ([20]) Let X; be a subset of an arbitrary set X. Then, X is said to be dense

in X if for any x € X, there exists a sequence (x}),en € X3 such that lim x;, = x. i.e, the closure

n—00
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OfX1 is X.

The following definition of chaos is due to Devaney [27].

Definition 1.3.4 ([20]) Amap G : X — X, where X is a metric space, is said to be chaotic if

e G is topologically transitive,
e G is possesses sensitivity to initial values,

o The set of periodic points is dense in X.

Despite the fact that there is no commonly recognized concept of chaos, this defini-
tion remains the most intriguing since the notions upon which it is found are immedi-

ately observed.

1.3.3 Lyapunov Exponents

In the analysis of a dynamical system, the Lyapunov exponent [28-30] allows us to
quantify the stability or instability of its trajectories. A Lyapunov exponent is either a

finite real number or can take the values +oo or —co.
¢ A motion is unstable if it has a positive Lyapunov exponent.
e A motion is stable if it has a negative Lyapunov exponent.
e Bounded motions of a linear system have Lyapunov exponents that are either

negative or zero.

Lyapunov exponents can also be used to study the stability of fixed points in non-
linear systems. In this subsection, we define the notion of the Lyapunov exponent
and illustrate how it can be employed to analyze chaotic behavior and even detect the

presence of chaos in dynamical systems.
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Consider the nonlinear dynamical system

Xpe1 = G(x,), x, € RE, (1.12)

We assume that the trajectory originating from an initial state x, reaches an attractor,

so x, remains bounded within the attractor.

Let us choose two very close initial conditions, xy and %j, and observe the evolution of
the resulting trajectories. Assuming that the trajectories x; and ¥, diverge exponentially,
after k iterations we have:

% — x| = X0 —x0|€M, (1.13)
where A indicates the rate of divergence. It can be expressed as

A:_lnu

: , (1.14)

Xo — Xo

For xo and ¥, very close, letting ¢ = |¥; — xo| — 0, we define the Lyapunov exponent

as
1 _n — An
A = lim = lim In [ 22— 22| (1.15)
n—oo 1 -0 Xo — Xo
Expanding recursively, we have
1 | —x 1. |6@E) - G(x)
A=limlim=— Y In|=2 " — limlim= Y In|Z2ZV
n—oo =0 1 pr X;i — X; n—oo e—=0 1 = X; — X
Finally, using the derivative for infinitesimal differences, we get
n-1
.1 dGg(x;)
= lim — 1 . 1.1
A nl—I}c}o n ; n dxi ( 6)

A, the Lyapunov exponent, measures the average rate of divergence of two trajec-

tories starting from very close initial conditions.
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For a system of dimension k > 1, there exist k Lyapunov exponents A0, (j =
1,2,...,k), each measuring the rate of divergence along one axis of the phase space.

Starting from an initial point xo € R, we define the derivative matrix

JIGi(xi))  dGi(x)
ox} oxk

1 1

Dg(xi) = : . : .
agn(xi) . agn(xi)
ox! oxt

1

Define

Jn = DG(xy-1) - - - DG(x0), with [y = DG(xo).

Definition 1.3.5 ([20]) For k = 1 (one dimensional system), the Lyapunov exponent is defined

as

n—1
.1 ,
Azﬂﬁh; 2_1 In|G'(x:) |-
For higher-dimensional systems, the Lyapunov exponents are

AD = lim S0 A (T, j=1,2..k

n—oo 11

where A; denotes the j-th eigenvalue of the product of derivative matrices.

The sign of the Lyapunov exponents indicates the system behavior:

If Ay < -+ < Ay <0, the system has asymptotically stable fixed points.

IfAy =0and A, < --- < Ay <0, the attractor is a stable limit cycle.

If Ay > 0, the system exhibits chaotic behavior.

If Ay <0, the system shows periodic behavior.

If Ay = 0, a bifurcation occurs.

18
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1.3.4 0-1 test method

The 0-1 test, proposed by Gottwald and Melbourne [31], is an easy and reliable
method used to detect chaos in dynamical systems. It can be applied to both continuous
and discrete systems, as shown in previous studies [32, 33]. The method analyzes a
time series and returns a value between 0 and 1. A value close to 0 indicates regular
(non-chaotic) behavior, while a value close to 1 indicates chaotic behavior.Consider a
time series

{x(n)eR|n=1,2,...,N}

consisting of N data points. The transformation of this time series into the (V;, W;)-plane

is defined by

n

Vi) = ) x(j) cos(js),
- (1.17)

n

We(m) = ) x(j) sin(js),

j=1
where x(j) denotes the j-th element of the time series, j € {1,2,...,N},and s € (0, ) isa

fixed parameter.

To characterize the evolution of the trajectory in the (V,, W;)-plane, Gottwald and
Melbourne [31] proposed the mean square displacement (MSD) as a quantitative mea-
sure. This indicator has proven to be highly effective in distinguishing between regular

and chaotic dynamics. The MSD is defined as

N
M) ==Y ((VG+m) - VP + WG +m - W()P),  n<~. (L8
N 10
j=1

To further evaluate the dynamical behavior of the system, the asymptotic growth

rate K is calculated as

K = median(Kj), (1.19)
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where each K; is computed using the correlation coefficient

_ cov(p1, P2)
\/ var(¢r) var(¢o)

with g1 ={1,2,..., 1.} and ¢ = {M(1), Ms(2), ..., Ms(n)}, where

€[-1,1]. (1.20)

N
Neut = round( 1 O)

represents a truncation threshold. The variance and covariance of the vectors x and y,

each of length 7, are computed as

cov(y,z) = Z(y(z 7)(z() - 2), (1.21)

with

9=% y(]) var(y) = cov(y, y)- (1.22)

When M increases, the system tends to exhibit chaotic behavior, with the corre-
sponding the value of K approaches 1. On the other hand, for regular systems( periodic
or quasi-periodic ) K remains close to 0 as long as M, remains within a finite range. In
the plane (V;, W;), a finite path indicates regular dynamics, while a path resembling

Brownian motion indicates that the system is behaving chaotically.

1.4 Fractional derivatives

From a mathematical point of view, the fractional derivative of a function G(x)

of order a, denoted by D{G(x) or %

tional calculus through several operators, such as the Riemann-Liouville, Caputo, and

is defined within the framework of frac-

Griinwald-Letnikov derivatives. These operators extend the classical concept of dif-
ferentiation to non-integer orders by involving integration and differentiation over

fractional intervals.
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In this section, we introduce some standard definitions of fractional-order deriva-
tives, including the Riemann—Liouville (R-L) and Caputo fractional differential operators, as
well as a recently proposed definition known as conformable fractional calculus. In ad-
dition, we present several essential theorems that will be employed in the subsequent

sections to support our analysis and results.

1.4.1 Caputo fractional derivatives

Definition 1.4.1 ([34]) Let G : (0, 00) — R be a continuous function. The Caputo fractional

derivative of order a is defined as

1 "G (1)
Tn—a) J (E=pert

‘DGt = (1.23)

where n € N and a € R satisfy n — 1 < a < n. Here, I'() denotes the Euler Gamma function.

Proposition 1.4.1 [15] Let G and H be functions whose derivatives of order n are continuous
on (0,00), and let a,b € R. Suppose that the Caputo fractional derivatives of order a, °D*G
and “D¥H, exist. Then the following properties are satisfied:

1. Linearity property:

D2 (aG(x) + bH(x)) = a“DG(x) + bSDIH (x).

2. Left inverse of the fractional integral:

“DI*G(x) = G().

3. Reduction to the classical derivative: If @« = n € IN, then

a

DII"6W) =

G(x).
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4. Composition with integer-order derivatives: For alln,m € IN,

DID"(G(1) = D(G(1) # DI(G(0)).

1.4.2 Riemann-Liouville fractional derivatives

Definition 1.4.2 ([35]) The Riemann—Liouville fractional derivative of order « is defined by

RLD?Q ) =

a)dtnfg('[) (t—1)"* 1, (1.24)

wheren € N and o € Rsatisfyn—1<a <n.

Proposition 1.4.2 Let G and H be two functions that are continuous on the interval (0, D),
and let a,b € R. Assume that the Riemann—Liouville fractional derivatives of order «, denoted

by reD*(G) and g . D*(H), exist. Then the following properties hold:

1. Linearity:
rD*(aG() + bH(x)) = ar D*G(x) + br. DH(x).

2. Inverse property:

reDJG(x) = G(x).
3. Integer-order case: If « = n € IN, then

WD (°6() = - G(x).

dt”

Remark 1.4.1 The Riemann—Liouville and Caputo fractional integrals coincide in their action
on sufficiently smooth functions. Therefore, throughout this work, the notation [*G(x) will be

used to denote either fractional integral interchangeably.
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1.4.3 The conformable fractional derivative

The conformable fractional derivative is a modern formulation in fractional calculus
that provides a simpler and more intuitive alternative to classical definitions such as
the Riemann-Liouville and Caputo fractional derivatives. This approach was intro-
duced to avoid some of the technical difficulties encountered in traditional fractional

differentiation.

Khalil et al. [36] proposed a new definition of fractional calculus that is particularly
effective for derivatives of order a € (0,1]. Although this definition can be extended to
arbitrary orders a, the interval a € (0,1] plays a fundamental role, since higher-order

cases can be derived directly once this case is established.

Definition 1.4.3 ([36]) Let G : [0, 00) — R be a given function. The conformable fractional
derivative of order a € (0,1] of G at t > 0 is defined by
G(t+et') - G(t)

T.G(t = lim - , O<a<l (1.25)

If G is a-differentiable on (0, a) for some a > 0 and the limit
i (@)
fip 670
exists, then the conformable fractional derivative at t = 0 is defined by

G(0) = lim G°().

Furthermore, as shown in [37], the conformable derivative given in (1.25) admits the
representation
ag

T.G(t) = (t - h)l_“ﬁ(t), (1.26)

where T, denotes the conformable-type fractional derivative and h > 0 is a discretization

parameter.
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Remark 1.4.2 Whenever the conformable fractional derivative of a function G of order « exists,

the function G is said to be a-differentiable.

Proposition 1.4.3 ([36]) Let 0 < a < 1and G, G» be a-differentiable at a point t > 0. Then
the following properties are satisfied:

1. To(aG1+bGr) =aTu(Gr) + bTa(Go), foralla,b € R.
2. To(tP) =ptr=e, forallp € R.
3. Ta(A) =0, for any constant function G(t) = A.

4. T(G1G2) = GiTu(G2) + GoTo(Gh).

@) — nga(gz) B nga(gl)
G> G,

6. If, in addition, G is differentiable, then

5. Ta( , provided that G (f) # 0.

_pe G
TG = 7 —=(b).

1.4.4 The generalized conformable fractional derivative

All fractional derivative definitions introduced previously, including those given
in Definitions (1.4.1) and (1.4.2), satisfy the linearity property. Although these oper-
ators possess several useful characteristics, they are not suitable for all applications.
In particular, the Riemann-Liouville fractional derivative exhibits certain drawbacks
when fractional differential equations are used to model physical or real-world phe-
nomena. One major limitation is that the Riemann-Liouville derivative of a constant
does not vanish. Moreover, if a function assumes a constant value at the origin, its
fractional derivative may become singular at that point, as observed in functions such
as the exponential and Mittag-Leffler functions. Consequently, the applicability of the

Riemann-Liouville derivative is somewhat restricted.

24



Basic concepts and preliminaries

On the other hand, the Caputo fractional derivative requires stronger regularity
conditions. In particular, the computation of a Caputo derivative presupposes the
existence of the classical derivative of the function. Hence, Caputo derivatives are
defined only for functions that are at least once differentiable. In contrast, functions
that are not classically differentiable may still admit fractional derivatives of order less

than one in the sense of Riemann-Liouville (see [38]).

In [36], a relatively simple fractional derivative, known as the conformable deriva-
tive, was introduced based solely on the classical limit definition of differentiation. This
operator satisfies several fundamental properties that are not shared by the Riemann-—
Liouville and Caputo derivatives. Nevertheless, it was shown in [39] that the con-
formable derivative does not always produce results consistent with those obtained
using the Caputo definition for certain classes of functions. These observations moti-

vated the introduction of a generalized version of the conformable fractional derivative.

Definition 1.4.4 Let G be a real-valued function defined on (0, 00). The generalized fractional
derivative of G(t) of order a, with 0 < o < 1and > -1, p € R*, is defined for all t > 0 by

I'(B)
M rE—a+)
&

G 8””)—§G)

croTG(t) = ljrr(} (1.27)

The generalized fractional derivative at t = 0 is defined by

GFDTag(O) = }gg} GFDTag(t)-

Theorem 1.4.3 If G(t) is an a—differentiable function, then

@) .60
B-a+1) dt

amT'G(H) = = , B>-1, 0<a<1, BeR" (1.28)

Theorem 1.4.4 For the power function G(t) = t*, where k € R*, the following composition
rule holds:

croTecep TPt = o THPHE,
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Theorem 1.4.5 Let G(t) be a differentiable function admitting a power series expansion about

the origin,

el (k)
G(b) = Z G k'(o) s
k=0 )

Then,
T e TPG(t) = g TG (1).

Theorem 1.4.6 Let a € (0, 1] and let G and H be a—differentiable functions. Then:

cin T (GH) = G o T*(H) + H o TH(G).

T ( G ) _ HemTYG) - GemT(H)
cro T (= =

= 7 , H(t) #0.

Theorem 1.4.7 (Rolles Theorem for the Generalized Fractional Derivative[36]) Leta >
Oand let G : [a,b] — R satisfy:

1. G is continuous on [a, b];

2. G is a—differentiable on (a, b) for some a € (0,1];

3. G(a) = G(b).

Then there exists ¢ € (a, b) such that
crp TG (c) = 0.

Theorem 1.4.8 (Mean Value Theorem for the Generalized Fractional Derivative[36])
Leta > 0andlet G : [a,b] = R be continuous on [a, b] and a—differentiable on (a, b) for some
a € (0,1). Then there exists ¢ € (a,b) such that

G(b) - G@)

arT'G(c) = T =)
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Theorem 1.4.9 [36] Let G be any continuous function. Then

crp I°I°G(t) = G(t), t=>0.
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Chapter 2

Population dynamics

Population dynamics is a well-established area of biology in which mathematical
methods have been extensively applied for many decades. The concept of population
dynamics should be interpreted in a broad sense: it not only concerns the evolution
of animal, plant, and microbial populations, but also extends to genetic and genomic
processes at the cellular and molecular levels. In addition to describing changes in pop-
ulation size over time, population dynamics seeks to explain and predict the underlying

mechanisms responsible for observed evolutionary behaviors.

In the following section, we introduce one of the most classical and widely studied

models in population dynamics, namely the Lotka—Volterra model [40—42].

2.1 The Lotka-Volterra model

The Lotka—Volterra model is one of the earliest and most well-known mathematical
descriptions of predator—prey interactions. It was independently proposed by the
American ecologist Alfred J. Lotka in 1925 to describe the interaction between a plant
population and a herbivorous species that feeds exclusively on it, and by the Italian
mathematician Vito Volterra in 1926 to model the dynamics between sharks and fish in

the Adriatic Sea. Owing to its simplicity, the model has become a classical framework
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for studying predator-prey dynamics and for introducing several important theoretical

concepts in population ecology.

Let X = X(t) denote the density of the prey population and Y = Y(t) denote the
density of the predator population at time ¢. The Lotka—Volterra model can be written

as the following system of differential equations:

XO _ axt) - yx()Y0),
d{jft) 2.1)
O~ vierxw -p.

The parameters a, 5, v, e are positive constants. Their biological interpretations are

given as follows:

e o denotes the intrinsic growth rate of the prey population in the absence of

predators.
e [ represents the natural mortality rate of the predator population.

e 7 is the predation rate coefficient, describing the frequency of encounters between

predators and prey.

e ¢ is the conversion efficiency that measures how effectively consumed prey are

transformed into new predators.

The simplicity of the Lotka—Volterra model relies on several idealized assumptions.
First, the prey population is assumed to have unlimited resources and therefore grows
exponentially in the absence of predators, which is represented by the term aX(t). Sec-
ond, the predator population depends entirely on the prey for survival; consequently,
in the absence of prey the predator population declines exponentially, as represented

by the term —gY(f).

Moreover, the model assumes that both species move randomly in a homogeneous

environment, leading to predator—prey encounters that are proportional to the product
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X(t)Y(t). Among these encounters, a constant fraction y results in successful predation.
Finally, it is assumed that the consumption of prey contributes to predator reproduction
with a fixed conversion efficiency e, which leads to the term ey X(t)Y(t) in the predator

equation.

Although the Lotka—Volterra model provides a simplified description of predator—
prey interactions and does not capture all ecological complexities observed in real
ecosystems, it remains a fundamental framework for understanding population dy-

namics and for developing more sophisticated ecological models.

2.2 Predator-prey model

Following the classical Lotka—Volterra formulation, many studies have attempted to
improve the model in order to overcome some of the limitations discussed in Section 2.1.
A more general framework for predator—prey interactions was proposed by Yodzis in

1994 (see [43]). The model can be written in the following form:

ax() _ E(X(1)) = Y(t) G1(X(D), Y(1)),
o (2'2)
% = Y (1) Go(X(D), Y(1)).

In this formulation, the functions have the following biological interpretations:

e F(X(t)) represents the intrinsic growth of the prey population in the absence of

predators.

e G1(X(t), Y(t)) denotes the predator functional response, which describes the num-
ber of prey individuals consumed by a single predator per unit time and reflects

how the consumption rate depends on prey density.

o G,(X(t), Y(t)) represents the predator numerical response, corresponding to the

per capita growth rate of the predator population as a function of prey availability.
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Although model (2.2) provides a general description of predator—prey interactions,
it remains quite abstract since the specific forms of the functions F, G;, and G, are
not specified. To obtain a more tractable model capable of describing the biological
interactions in a simpler way, particular functional forms are often chosen. One well-

known example is the Rosenzweig-MacArthur model, given by

X _ p () — X0 Y(H) X)),
dlcflzt) =
S = Y0 (e X() G ) - ).

Although predator—prey models represent simplified descriptions of ecological in-
teractions, they provide valuable insight into the mechanisms governing the dynamics
and interdependence of predator and prey populations. Such models are widely used
in ecology, population biology, and conservation science to investigate the impact of

predation and to analyze the factors that influence the stability of ecosystems.

2.3 Functional response

The concept of functional response was introduced by Holling to describe the rela-
tionship between prey density and the rate at which predators consume prey. It plays
an important role in predator—prey theory because it characterizes how the feeding rate
of predators varies with the availability of prey. Functional responses are influenced
by several biological and environmental factors, including prey abundance, predator

density, and behavioral interactions between species.

Different types of functional responses have been proposed in the literature to
capture various biological mechanisms in predator-prey systems. Some of the most

commonly used forms are summarized below.
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1. Holling type I functional response [44, 45]

VX, X < XO/
G(X) =

')/Xo, X > Xo,

where y > 0. This response assumes a linear increase of the predation rate with

prey density until a saturation level is reached.

2. Holling type II functional response (Michaelis-Menten form) [44, 46]

yX

GX) =%

where y,w > 0. The predation rate increases with prey density but eventually

approaches a maximum level due to handling time.

3. Holling type III functional response

12:4
b+ Xr’

G(X) =

where y,b,p > 0. When p = 2, the function represents the classical Holling type III
response. This sigmoidal response reflects slow predation at low prey densities

and rapid increase at intermediate densities.

4. Holling type IV functional response [44, 47]

X

G = xx

where y,a,b > 0. This response allows the predation rate to decrease when prey

density becomes very large.

5. Beddington-DeAngelis functional response [47]

X

GX,Y) = a+bX+cY’

32



Population dynamics

where y,a,b,c > 0. This formulation incorporates predator interference and

avoids the singular behavior observed in some ratio-dependent models.

6. Hassell-Varley functional response [47]

yX

G = e

where y,m > 0 and o is the interference parameter describing predator competi-
tion.

7. Ivlev functional response
GX)=y(1-¢),
where y,a > 0. This response approaches saturation exponentially as prey density

increases.

8. Ratio-dependent functional response

yX
ay + X’

G(X,Y) =

where y,a > 0. In this case, the predation rate depends on the ratio between prey

and predator densities.
Among these functional responses, the Holling type II response is one of the most

frequently used in predator—prey models because of its biological realism and mathe-

matical simplicity.
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Chapter 3

Qualitative analysis of a discretized

generalized conformable fractional-order
ratio-dependent Holling-Tanner
predator-prey model incorporating the

Fear effect in the prey population

3.1 Introduction

The analysis of nonlinear dynamical systems arising in science and engineering is
essential for understanding complex real-world phenomena. In ecology, population
dynamics models play a central role, particularly in describing prey—predator inter-
actions, which fundamentally shape ecosystem structure and function [48]. Recent
studies have shown that environmental changes, such as ocean acidification, signifi-
cantly influence these interactions by impairing prey defense mechanisms, for example,

reducing the ability of sea snails to escape sea star predation [49, 50].
The classical Lotka—Volterra model, independently proposed by Lotka (1925) and
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Volterra (1926), remains one of the most fundamental frameworks for modeling predator—
prey dynamics. Although simple, this system of ordinary differential equations cap-
tures essential ecological features and exhibits sensitivity to parameter variations, mak-

ing it a cornerstone for the development of more advanced models [51].

In addition to direct predation, the fear effect has emerged as a crucial factor influ-
encing prey populations. Fear-induced behavioral changes, such as reduced foraging,
lower reproduction rates, and habitat avoidance, can significantly alter population dy-
namics and may even exceed the impact of direct predation [52, 53]. Incorporating
fear into predator—prey models has been shown to modify stability conditions, sup-
press oscillations, and generate new bifurcation patterns, underscoring its ecological

importance [54].

Despite substantial progress in the study of fractional-order systems, discrete-time
models, and ratio-dependent Holling—-Tanner dynamics, a comprehensive framework
integrating generalized conformable incommensurate fractional-order dynamics, dis-
cretization, ratio-dependent predation, and fear effects remains underexplored. In
particular, the combined influence of fear and fractional-order dynamics on the sta-

bility and bifurcation structure of discrete Holling-Tanner systems has not been fully

addressed.

The Holling-Tanner model is widely recognized for its ability to describe complex
predator—prey interactions, exhibiting both stable and unstable behaviors under vary-
ing ecological conditions [55]. Recent studies have extended this model to include fear
effects, ratio dependence, and discrete-time formulations, revealing rich dynamical
behaviors such as period-doubling and Neimark-Sacker bifurcations [56]. Addition-
ally, the inclusion of the Allee effect has been shown to significantly influence system
stability and bifurcation characteristics [56]. Further investigations into delayed and
fractional-order systems have demonstrated that the interplay between memory effects

and time delays can generate complex oscillatory and chaotic dynamics [57, 58].

Moreover, fractional-order Holling-Tanner models with harvesting have been pro-

posed to better capture ecological realism. For instance, Suryanto et al. [59] established
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the existence, uniqueness, and boundedness of solutions, demonstrating the effec-
tiveness of fractional calculus in modeling ecological interactions and enhancing our

understanding of predator—prey dynamics.

Motivated by the above results, this chapter proposes and analyzes a discretized
generalized conformable fractional-order ratio-dependent Holling-Tanner predator—
prey system incorporating fear effects in the prey population. The main objective is
to investigate the emergence of complex dynamics under variations of key biological
and fractional parameters, including the existence and stability of fixed points, as well
as the occurrence of local bifurcations. Furthermore, the theoretical findings are vali-
dated through numerical simulations, which demonstrate a wide range of dynamical
behaviors arising from the interplay among discretization, fractional-order dynamics,

and fear-mediated ecological interactions.

3.2 Formulation of the model

We consider a ratio-dependent Holling—Tanner predator—prey model incorporating
the fear effect in the prey population. The continuous-time fractional-order system is

given by:

GFDTap, () = RPl(t)( 1 )(1 3 Pl(t)) € Py(H)P4(t)

1+ mP,(t) x| P(t) + Pi(t)
DPy(#) (3.1)
GFDTg‘PZ(t) = CP,(t) (1 - T(t))

All parameter values in the model are assumed to be positive, where:

P4(t), P5(t): population densities of prey and predator species at time ¢,

GFDTY: Generalized Conformable Fractional Derivative of order a,

R: intrinsic growth rate of the prey,
e «: carrying capacity of the prey environment,
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e m > (: intensity of the fear effect,
e c: maximum per capita consumption rate of the predator,
e C: intrinsic growth rate of the predator,

e D: conversion efficiency parameter.

The predators functional response is described by a ratio-dependent Holling type

II form:
eP 1

P, + le

where € denotes the maximum per capita consumption rate.
The fear effect acting on the prey population is modeled by:

1
1+ Wlpzl

where m > 0 measures the intensity of fear induced by predators.

By applying the same procedure to the fractional-order model (3.1) under the
method of piecewise constant argument [6, 60], we arrive at the following discrete-

time formulation. Starting from the system

) )

SFOTIPy (1) =P1<t>( [

(s
1)

Z(Eé] S))]

where [é] is the integer part of t € [1S, (1 + 1)S).

_J -

CFDTAP,(t) = CPy (1) |1

(3.2)

Substituting the definition of the fractional derivative (1.28) into the first equation

yields a separable differential equation:

Pi(t) < 1 ) P1(nS) €P,(nS) FB-a+1)
Pi(t) ( 1+ sz(nS)) "k ) Py(nS)+ Pi(nS)| T(B)(t — nS)-*"
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Integrating from nS to t, we obtain:

(t-nS)°.

1np1(t>_1np1(n5):(R( 1 )(1_P1<ns>) eP,(15) )r<ﬁ—a+1>

1+ mPy(nS) K | PanS)+Pi(nS))  al(p)

Hence,

1 )(1 ~ Pl(nS)) eP,(nS) ) TB—a+1)

1 + mP,(nS) k| PynS)+ Py(nS) al'(B) ¢- nS)“) '

P;(t) = P1(nS) exp ((R(

Letting t — (n + 1)S and setting P;(nS) = Py, and P»(nS) = P,,, we obtain:

_ 1 P],n €P2,n T(ﬁ -+ 1)50(
Pia1 = Praexp ((R(l + sz,n)(l K ) Pyn + PM) al(p) ) (3:3)
Similarly, for the predator equation we have:
Py (#) ( DPz(ns)) [B-a+1) -
—=C[1- t—nS) .
X0 s ) T
Integrating from nS to t gives:
Py(t) _ DP,(nS)\I'(f—a+1) o
In P,(n5) C(l B, (19) ) oT(B) (t—nS)".
Thus,
_ _ DP,(nS) rg-—a+1) o
Py(t) = Py(nS) exp (C (1 Py (nS) ) T () (t—nS)*).
Letting t — (n + 1)S, we obtain:
B DP,, \T(f—a+1)S"
P21n+1 = Pg,n exp (C (1 - Plln ) al”(ﬁ) ) . (34)
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Combining (3.3) and (3.4), the resulting discrete-time system is:

Pl,n+1 = Pl,n exp ((R( 1 )(1 _ Pl,n) €P2,n ) r(ﬁ —-a+ 1)5&)’

1+ mP,, K ) Py, +Py, al'(B)
DP,, \T(B —a +1)5"
n = n C 1 - - 7
P31 =Py, exp( ( P1, ) al'(B)

where S is the discretization step size.

3.3 Fixed points

(3.5)

In this section, we investigate the fixed points of the discrete system (3.5), which

play a fundamental role in understanding the long-term dynamical behavior of the

model. Fixed points represent equilibrium states where both predator and prey popu-

lations remain constant over time. The existence and nature of these equilibria provide

important insights into the persistence, extinction, or coexistence of species within the

ecological system. Accordingly, we derive all possible fixed points and discuss the

conditions under which they exist.

Let (P}, P) be a fixed point of system (3.5). Then

% %
Pl,n+1 = P1/ P2,n+1 = Pz-

From system (3.5), we obtain the fixed point equations:

prexp(a|R(——|(1- 2} - 2|\ _ p,
154P T+mPy )\ " %) Papy|) T

* DP; *
Pyexp | AC|1 - > || = P,

1

where
I'g—a+1)s"

al'(B)
39
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e Predator-extinction fixed point: Setting P, = 0, the first equation reduces to

P
Pl exp | AR 1—¥ =P,
which yields P; = x. Hence, the trivial fixed point is

O = (x,0).

e Coexistence fixed point: For P; > 0 and P}, > 0, the exponential terms must equal

1 P epr;
R 1-21|-—2_=0,
1+ mP; K P;+P’;

one, leading to

Solving this system yields the positive equilibrium point

E=(P},P;) =

kD(R(D+1)-€) x(R(D+1)-¢)
RD(D + 1) + emx’ RD(D + 1) + emx |’

which exists whenever

R(D+1)>e.

3.4 Existence and stability of fixed points

In this section, we investigate the local stability of the fixed points of system (3.5).
The stability analysis plays a crucial role in understanding the qualitative behavior
of the dynamical system in the neighborhood of equilibrium states. In particular, it
determines whether small perturbations around a fixed point will decay over time or

lead to divergent or oscillatory dynamics.

To this end, we employ the Jacobian matrix method. By evaluating the Jacobian

matrix at each fixed point, we derive the corresponding eigenvalues, which provide
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sufficient conditions for local stability, instability, or bifurcation behavior. This analysis
allows us to characterize the dynamical nature of both the extinction and coexistence

equilibria of the system.

The Jacobian matrix of system (3.5) at a fixed point (P;, P,) is given by

9F  IF
J(P1, Py) = 881;1 ?91;2 ,
oP, 9P,
where ) : > o»,
F Py, P2) = Py eXp(ﬂ[R(1 n sz)(l B ?)_ P, +P1])'
G(P1,P,) = Py exp (ﬂc (1 - Dp—ljz))
Let

= ;?(;)Dsg

The partial derivatives are computed as follows:

&7’ _ i _ R €P2
_T(P1’P2)(P1+ﬂ( K ))/

5 (1+mPy) " (Po+Pr)
g—g = F(P1, Py) [ﬂ [— Izn +< mjz) - (p1€+P Py JJ
g_gl - g(Pl,PQ)ﬂC(DP—?),

L =6 p) (5 -ac(5)).
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Hence, the Jacobian matrix can be written in compact form as

1 R eP, Rm(1- ) 2!
P, ’ ﬂ(_K(l + mP,) * (P, + Pl)Z)) ?.[ﬂ(_ (L+mP,> (P, +Pr)?

oc( ) (5 -7<(5:)

3.4.1 Stability of the trivial fixed point O

The Jacobian matrix of system (3.5) evaluated at the trivial fixed point O = (x, 0) is

given by

1-RA -eA

J(x,0) = ,
0 exp(CA)

where

I'-—a+1)8°

A=
aT(p)

Since the matrix is upper triangular, its eigenvalues are
A =1-RA, Ay = exp(CA) > 1.
Hence, the stability of O depends on A, since A, is always outside the unit circle.

e Casel: M| <1

I1-RA <1

which gives

-1<1-RA<1 & 0<RA<2 O<R<%.

In this case, [A;] < 1 and |A,| > 1, so the fixed point O is a saddle point.

e Case2: M| >1
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1-RA>1 & RA<0 or RA>2.
Since all parameters are positive, only RA > 2 is admissible, i.e.,

2

R>=.
> A

In this case, |A1| > 1 and |A,| > 1, so O is a source.

e Case3: M| =1

2
1-RA =1 < RA=2 < Rzﬁ.

In this case, the fixed point O is non-hyperbolic.
From the above analysis, we obtain the following theorem.

Theorem 3.4.1 Assume that all model parameters are positive. Then the extinction fixed point

O of system (3.5) is classified as follows:
. L 2
1. Ois a saddle point if 0 < R < A

2
2. Oi fR>—,
is a source if A

3. O is non-hyperbolic if R = %
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3.4.2 Stability of the coexistence fixed point E

The Jacobian matrix of system (3.5) evaluated at the coexistence fixed point E =

(P}, P;) is given by
o
Rm(1-—2)
* R € " K eD
1P, Py = T+ ﬂpl( T kA +mPy) D+ 1)2P;) ﬂpl( T A+mPy D+ 1)2P;) ,
CT(B - a +1)S° | Chp-a+Ds*
DaT'(B) al'(B)
where
CT@-a+1)se
=TT

%

The characteristic equation of J(P7, P}) is

W(A) = A2 = Tr()A + det(J) = 0, (3.6)

where

RDP; eD CT(B - a+1)$°

k(1 +mP;) (D + 1)2) R
I'(B—a+1)S*( RDP, eD -

() (Ka +mP;) (D + 1) T )

Tr(J) :2—5’1(

=2

and

RDP;, eD . Cr(B—a+1)5"\ CL(—a+1)5°

K(1+mPy) (D + 1)2) ) ( - aI(B) ) DaT (p)
mDP; D?

D+ D)1 +mPy)  (D+ 1)2)’

det(]) = (1 —ﬂ(

e

. I'(B—a+1)5*\*( DCRP, meCP, T(g—a+1)8
= +( aT(B) )(K(1+mP;)+(D+1)(1+mP;))_( aT(B) )

RDP; eD
— + CJ|.
k(1 +mP;) (D + 1)

44



Qualitative analysis of a ratio-dependent Holling-Tanner predator-prey model ...

The discriminant of (3.6) is

Disc = A’D, where D =Q’—4P,

with

B ( RDP; eD

DCRP; meCP;,
Wi+mpy) +ip <) md F= '

+
k(1 +mP;) (D +1)(1 +mP;

Let A4, A; be the eigenvalues of |. The stability of E is determined using Lemma

1.2.3.

We compute:

A W) - [(B-a+1)S*\*( DCRP, meCP;
(0) = Det(]), ()‘( aT() ) (K(1+mP;)+(D+1)(1+mP; )
_ (T(B-a+1)S*\*( DCRP; meCP; TB-a+1)s°
D= 4+( aT(p) ) (K(1 TmPy) " (D + 1)1+ mP, )_ ( aT(B) )
RDP;, eD
(K(l TmPy)  (D+1p C)'
By applying Lemma 1.2.3, we obtain the following conditions:
Y(-1) =0, *)
w(0)-1=0. (**)

Equation () leads to the quadratic equation in A:

AP -2AQ+4=0.
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Its discriminant is

A = 4(Q* - 4P) = 4D.

e If D > 0: the equation admits two distinct real solutions

Q=D
ﬂl,Z = T

Hence,

o _[r®@F VD) e
Il PrB-a+1) |

e If D = 0: a double root exists

o _[__aT(EQ la
0‘(Pnﬁ—a+n) '

e If D < 0: no real roots exist, and W(-1) does not change sign.

From equation (*+), we obtain

il

AP-AQ=0 = AP=Q = A=

Thus,

o _[_TBQ ta
0‘(Pnﬁ—a+n) '

Applying Lemma 1.2.3, we conclude the following result.

Theorem 3.4.2 Consider the unique positive fixed point E of system (3.5). Suppose that

R(D + 1) > € and introduce

RDP; eD 2 DCRP; meCP;

= - +C| -4 + ,

k(1 +mP;) (D +1)? k(1 +mP;) (D +1)(1 +mP;)
RDP; eD DCRP;, meCP,

‘(Ka+nmp_(D+1y+{ﬁ’ P‘(a1+mg)+a3+nu+nmp)
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Then the stability properties of E are described as follows.

i- The fixed E is locally asymptotically stable (that is, it behaves as a sink) in either of the

following cases:

1. D<0and
0<SSSO,

2. D> 0and
0<S§Sl.

ii- The fixed E becomes unstable (source) if one of the following conditions is satisfied:

1. D < 0and
S>So,

2. D>0and
5> 85,.

iti- When ID > 0 and the parameter S lies in the interval

51<SSSQ,

the fixed E is unstable and takes the form of a saddle point.

iv- The fixed E is non-hyperbolic under either of the following situations:

1. D <0and
S =25,
2. D>0and
S = 51,2/
provided that

20T@) \'*
? (Qr<ﬁ—a+1>) ‘
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3.5 Local bifurcation analysis

In this section, we investigate the existence and stability of period-doubling and
Neimark-Sacker bifurcations occurring at the equilibrium point E. In particular, the
discretization parameter S is considered as the bifurcation parameter throughout the

analysis.

3.5.1 Flip bifurcation about E

Using Lemma 1.3.2 and the characteristic polynomial (3.6), we obtain the following

conditions for a flip (period-doubling) bifurcation:

Aj(S)=1>0,

AT(S) = 1xdet(]) > 0,

Y(1l) =1-Tr(J) + det(J) > 0,
W(-1) =1+ Tr(J) + det(]) = 0.

The condition W(-1) = 0 yields

1+ Tr(J) + det()) = 0.

Substituting Tr(J) and det(]), we obtain
AP -2AQ+4=0,

which gives the critical values

o _[aT®)@= VD) e
2T PI(B-a+1) ’

where D = Q> —4P.
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From A7 (S) = 1+ det(]) > 0, we obtain

~1 < det()) < 1.

Hence,

2 <A*P-AQ<DO.

The transversality condition is given by

Y (-1,
Yo (=D)ki(k =i+ 1)biy

£0

which can be written as
20 PT(B —a + 1)25%1

a’T(B)*Q

# 0.

Let

by = Tr()), by = det(]).
Then

, _Qr(ﬁ —a+1l)
S T
and
b - 2PT(B — o + 1)? gt QIp—a+ 1)5“‘1
T Ty TP

Moreover,

—2b0 + bl = —ﬂQ # 0.

Therefore, all conditions of the flip bifurcation theorem are satisfied. Hence, a

period-doubling bifurcation occursat S = S; , when the system parameters (R, x,m, €,C, D, a, )
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lie in a neighborhood of

Br ={(R C,D R¥|S=5, S 2ar(f) \"
r=3(R,x,meCD,apB)eR;|S =S5, i(QF(ﬁ—a+1)) .

3.5.2 Neimark-Sacker bifurcation about E

In the subsequent analysis, we establish the conditions under which system (3.5)
exhibits a Neimark—-Sacker bifurcation at the positive fixed point E, and we investi-
gate the qualitative dynamics of the system near the bifurcation threshold. Specifi-
cally, the fixed point E undergoes a Neimark—Sacker bifurcation when the parameters

(R,x,m,e,C,D,B,a,S) lie in a neighbourhood of the set

aQrp) \"
(R,x,m,e,C,D,B,a) € RS ,

ae (1], 5:50:(

PT(B—a+1)
RDP; eD ? DCRP;, meCP;
Ns = = - +C| - + ,
k(1 +mP;) (D + 1) k(1 +mP;) (D +1)(1+mP;)
RDP; DCRP; meCP;
= 2 __¢eD +C|, and P = Z_ 2 .
k(1 +mP;) (D +1)> k(1 +mP;) (D +1)(1+mP,

Suppose that (R, x,m,€,C, D, B, a,S) € Ns. In this case, system (3.5) can be expressed as

1 1 P, eP;, I'g—a+1)5s"
1+ szln K P2,n + Pl,n ar(ﬁ)

DP,,\T(B—a+1)S*\ _ 3
Pl,n ) ozl"(ﬁ) - HZ(PLHI PZ,n,S )

P14 = P1yexp ((R ( ) = Hi(P1,4, P2y, S'),

Py =Py exp (C (1 -
(3.7)
where S = (Sp + §’) and S’ represents a small perturbation of Sy such that |S'| < 1.

Introducing the new variables

Ny, =Py, _(KD(R(D+1)—<-:)), Ny, = P, _( K (R(D +1) —¢) )

RD(D + 1) + emx RD(D + 1) + emx
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the fixed point E is translated to the origin. Expanding the functions H; and H, in a

Taylor series around the origin up to third order yields the following system:

Nine1 = 911Ny + 912No 0 + 8013Nin + 914N1,, N2, + @151\@,”
+8016Nin + 8017NinN2,n + 5018N1,nN§,n + 8019N§,n + Ri(IN1,ul, IN2,ul)?,

(3.8)
Noui1 = 921N1, + 922No 0 + 8023Nin + ©24N1,, N2, + @251\@,”
+8026Nin + 8027NinN2,n + 8928N1,nN§,n + 8029N§,n + Ro(IN1,ul, IN2ul)*.
where the coefficients @;; are given by
_q I'-—a+1)8° RDP; eD _(CT(B-a+1)8°
o1 = 2T (B) kd+mPy) (D+12) Y27\7 aDprg) /)
e[B-—a+1)s" mDP;, D? CIp-—a+1)S*
P12 = — — + 2| Pn=1- p
al(p) (D+1)(A+mP;) (D+1) al(p)

_((2 R P, \V 1 2eP,
p”_[(Pl ﬂ( K(1+mP2)+(P2+P1)2)) 'ﬁ*ﬂ('m))'

1

Dy
_ 1 R €P2 - €P1 2€P2
P1e=A (P1 * ﬂ( k(L +mPy)  (Pr+ pl)Z))( R b~ s+ P1)2)

-0 P, Y 2P, 1 ACDY 1
SOIS_ﬂ ﬂ(_Rm(1+mP2)2_€(P2+P1)Z) +(PZ+P1)3 ' 925_((13_2_ Py ) %)

B i R eP, a B R
P16 = (P1+ﬂ( K(1+mP2)+(P2+P1)2))(ﬂ5)+ﬂ( x(1 + mP,) (P2+P1)2) )
a
5

$23 =

(ﬂCDPz)2 fr’(CD) ( 1 ACD\ACDP,
+ o4 = ( )

+B .
P2 = P, P ) P P1P2)

The characteristic polynomial of the Jacobian matrix of system (3.8), evaluated at the

fixed point, takes the form

~Tr(5) A + det(S') = 0, (3.9)

51

(P + Py)3

1-4 P 1-4 P
1o = ﬂ[_Rm(1+mP2)2 (P2+P1)2)(ﬂ ) ﬂ[ R’”(1+mpz)2_'g(szrpl)Z) )

|



Qualitative analysis of a ratio-dependent Holling-Tanner predator-prey model ...

with
. TE-—a+1)(S+85)( RDP, eD
Tr(5) =2- L (p) (K(l +mP;) (D +1)2 " C) ’
an T(B—a+1)(S+5)\*( DCRP; meCP; [B-a+D)(S+5)"
det(S") = 1+( aT(p) ) (K(1+mP§) * (D+1)(1+’”P§))_( aT(p) )

RDP; eD
- +CJ.
k(1 +mP;) (D +1)>?

Because (R,x,m,€,C,D,B,a,S) € Ng, Eq. (3.9) admits a pair of complex conjugate

eigenvalues of the form

o Tr(S) i . .
Amwpzﬁ)i%$mww—n@ﬂ
Hence,
A1(S)] = 112(5")] = 4/det(S"),
and N
d|A1(S)] _dIA(S)] _QIB-—a+1) ( aQT(B) )T >0
S ls—o  dS s I'(B) PTB-a+1) '

The requirement Tr(0) # 0, 1 leads to

(3.10)

S 20T@)  \'* al) \"°
i(Qr(ﬁ—aﬂ)) ‘ (QF@—a+1J ‘

which is equivalent to the condition Aa,z +1fori=1,2,3,4.

To derive the normal form of system (3.8) at S’ = 0, we apply the transformation

Nl,n _ 12 0 Pl,n
Ny, T—pn —0 pz,n
where
Tr(0 1
z:%muzg), 6 = I(As) = 5 VA det(0) - Tr(0)”
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Under this transformation, system (3.8) becomes

pl,n+1 = Tpl,n - sz,n + I:Il(pl,nIPZ,n/ So),
(3.11)

Pyus1 = 0Py, + T Py + Ha(Py, Pay, So)-

The nonlinear functions H; and H, consist of quadratic and cubic terms, whereas
the higherorder contributions are represented by R; and R,. In particular, they are

expressed as

B (P, Pa S0) = DT, + TENGNG, + SENE, + PEND, + PUND N,
12 12 912 912
28N N2+ EEONE R (N, NG,

912 12

(P14, P, So) = (M 8023)an (M 8024)N1 Na,

012 0 012 0
P15(T — P11)  925) 0 (8016(T - P11) 8026) 3
+|——— "= |N; +|—————= N
0912 0 2 0912 0 L
P17(T—911) 927\ P18(T — 1) _ 928 5
— — == |IN; Ny, + | —————= Ny ,N.
i Op12 6 | 1 " 012 o ) e
T — -
D) TR NE e RN N,

and

Ny = g’upl,n, Ny = (t— 8011)151,71 - 9p2,n-

To determine the occurrence of a Neimark—-Sacker bifurcation, we introduce the
quantity

. (1-2A1)A3 1
fo=R(Ayin)— R 1—)\1 il |— —|111| — lial*. (3.12)
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where

B s e T e T s s G

©7 8| ap2  9P2 " ToPidP, \ 92  9P:  “oPdby |,

. 1[¢*H; *H, .[(PH, *H,

111 = Z D2 + D2 +1 D2 + D2 ,

| IP; P3 Py Py Nls—o

_ 1[*H, *H, ’H, . [(PH, I, 9*H,

lpp = = — — — — —— + 1 — — — + 22— ,
81 8P§ 8P§ dP,0P, 8P§ 8P§ dP10P, 320
1

FH, P P PH, (P, PH,  PH PR
oP} ' 9P,oP2  9P2ab,  op

i21:—[_+__+--+ —
16| oP® * 9P,aP2  9P*9P,  ID: oo

Theorem 3.5.1 (Neimark-Sacker bifurcation) Assume that condition (3.10) is satisfied
and that (R, x,m,e,C,D,B,a,S) € Ns with fi # 0. Then system (3.8) undergoes a Neimark—
Sacker bifurcation at the fixed point E when the bifurcation parameter S varies within a suffi-

ciently small neighbourhood of

s —[_aQr@ "
0_(1Pr(/3—a+1)) '

Moreover, the sign of f. determines the stability of the bifurcating invariant curve. If f; <0,
a stable (attracting) invariant closed curve is created near the fixed point for S > Sy. On the

other hand, if f; > O, the bifurcation produces an unstable (repelling) invariant closed curve for

5 < 8§,

3.6 Numerical simulations

In this section, we present bifurcation diagrams, phase portraits, and Lyapunov
exponents for system (3.5) in order to support the preceding theoretical analysis. The
emergence of complex dynamical behavior is demonstrated through numerical simu-

lations and the 0-1 test.

Example 3.6.1 To validate the theoretical findings, system (3.5) is investigated using the
parameter set R = 1.2390, k = 6.09, m = 1.2, ¢ =03, C =15, D =18, a = 0.79, and
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B = 1.2. The bifurcation parameter S is varied over the interval [0, 2], with initial conditions

(P10, P2p) = (2.4,3.14).

Taking S as the control parameter, numerical simulations show that at S = 0.3675, the
positive equilibrium point E = (4.1177, 2.2876) loses its stability. At this critical value,

system (3.5) undergoes a flip bifurcation. The Jacobian matrix evaluated at E is given by

0.7633 —0.4056
(E) = .
12739 -1.2931

Accordingly, the characteristic polynomial is

W(A) = A% +0.5297 A — 0.4703,
which yields the eigenvalues

A1 = =1.000, Ay = 0.4703.

To further illustrate the dynamics, bifurcation diagrams and Lyapunov exponents are presented

16

14t

12 &

10 -

o
T

(P‘I,n’Pz,n)

Lyapunov Exponents (LEs)

0 05 1 13271 1.574.68 2 0 0.5 1 1.3271 1.574 2
S

(a) Bifurcation diagrams. (b) Lyapunov exponents.

Figure 3.1: (a) Flip bifurcation diagram of system (3.5). (b) Corresponding Lyapunov
exponents for the parameter values: R = 1.2390, x = 6.09, m = 1.2, e = 0.3, C = 1.5,
D=18,p=12,a=0.79and S € [0, 2].
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in Figure 3.1. Moreover, Figures 3.2 and 3.3 display the phase portraits and corresponding
time series for selected values of the bifurcation parameter S. These results clearly indicate that
variations in S significantly affect the qualitative behavior of the system, including stability

changes, the emergence of periodic orbits, and transitions to more complex dynamical regimes.

Initial conditions (P, P, ;) Initial conditions (P, ,,P, )
1o Stable 2 Points 6

Initial conditions (P ,,P, ;)

< - =
o Fixed point (P,,P,) o

2 25 3 3.5 4 45 5 55 2 3 4 5 6 7 2 3 4 5 6 7 8

P Pin Pin

(a) For S = 0.986. (b) For S = 1.45. (c) For S = 1.56.

an P2n FZH
5 —Pial | 6 —Pin 7 —Pin

& ]
o N R MR TR O R RN YR
= “

o’

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
n n n

(d) For S = 0.986. (e) For S = 1.45. (f) For S = 1.56.

Figure 3.2: Phase portraits and corresponding time evolutions for different values of S:
(a,d) S =0.986, (be) S = 1.45, and (c,f) S = 1.56. The simulations are performed using
the parameter values R = 1.2390, k = 6.09, m =12,¢ =03,C=15D =18, =12,
a = 0.79, with initial conditions (P; o, P2) = (2.4,3.14).

Example 3.6.2 To validate the theoretical analysis, numerical experiments are performed on
system (3.5) using the parameter set R = 3.37,x =5.77,m = 0.1, =2.21,C =118, D = 0.6,
p = 0.6, and o = 0.75. The bifurcation parameter S is varied in the interval [0,1.28], and the

initial conditions are chosen as (P1, P2p) = (2.5, 3.6).

Treating S as the bifurcation parameter, numerical simulations show that at S = 1.01177,

the positive equilibrium point E = (2.4424, 4.0707) loses its stability. At this critical value,
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(a) For S = 1.86. (c) For S = 2.
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(d) For S = 1.86. (e) For S =1.95. (f) For S = 2.

Figure 3.3: Phase portraits and corresponding time evolutions for different values of
S: (ad) S =186, (be) S =195, and (c,f) S = 2. The simulations are performed using
the parameter values R = 1.2390, k = 6.09, m =12,¢ =03,C=15D=18,=1.2,
a = 0.79, with initial conditions (P, P2o) = (2.4,3.14).

system (3.5) undergoes a Neimark—Sacker bifurcation. The Jacobian matrix evaluated at E is

(05018 —0.5532
1.9762 —0.1857)

The characteristic polynomial is given by
Y(A) = A% - 0.3161A + 1,

with eigenvalues

A1 =0.1580 + 0.98751, A1 = 1.

The existence of complex conjugate eigenvalues on the unit circle indicates that the equilibrium
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E loses stability via a Neimark—Sacker bifurcation, leading to the emergence of quasi-periodic

oscillations.

Figure 3.4 shows the Neimark—Sacker bifurcation diagram of system (3.5) with respect to S,
together with the corresponding Lyapunov exponents. At the critical value S = Sy = 1.01177,
the stable fixed point loses stability and quasi-periodic dynamics emerge. This behavior is
confirmed by the Lyapunov spectrum, where the largest Lyapunov exponent approaches zero,
indicating neutral stability associated with invariant closed curves. As S increases further, the

variation of Lyapunov exponents reflects transitions to more complex dynamics.
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(a) Bifurcation diagrams. (b) Lyapunov exponents.

Figure 3.4: (a) Neimark-Sacker bifurcation diagram of system (3.5). (b) Corresponding
Lyapunov exponents for the parameter values: R = 3.37, k = 5.77, m = 0.1, e = 2.21,
C=118,D=06,=06,a=0.75and S € [0, 1.28].

The phase portraits and time evolution plots shown in Figure 3.5 further confirm that
variations in S induce a Neimark=Sacker bifurcation. The fixed point loses stability and is
replaced by invariant closed curves, corresponding to quasi-periodic oscillations in the phase

space.

For the parameter set (xk = 11.77, m = 2.1, e =421, C=1.18, D=1.6, =06, a =
0.75, S = 0.82) with R € [0.7,5.5], bifurcation diagrams and Lyapunov exponents (see
Figure 3.6) illustrate how changes in the intrinsic growth rate of the prey affect the long-term

dynamics.
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Figure 3.5: Phase portraits and corresponding time evolutions for different values of
S: (ad) S =186, (be) S =195, and (c,f) S = 2. The simulations are performed using
the parameter values R = 3.37, k =5.77, m=0.1,e =221,C =118, D = 0.6, § = 0.6,
a = 0.75, with initial conditions (P;, P2) = (2.5, 3.6).

As R increases, the system first exhibits stable dynamics, where trajectories converge to the
equilibrium E. This corresponds to a single branch in the bifurcation diagram and negative

Lyapunov exponents, indicating asymptotic stability.

For intermediate values of R, the equilibrium loses stability and periodic oscillations emerge
through a cascade of bifurcations. This is observed as branching in the bifurcation diagram, while
one Lyapunov exponent approaches zero and the other remains negative, indicating periodic or

quasi-periodic behavior.

As R increases further, the system exhibits complex and irreqular dynamics. The bifurcation
diagram becomes densely populated, indicating sensitive dependence on initial conditions and
the appearance of chaotic attractors. This is confirmed when the largest Lyapunov exponent

becomes positive over certain intervals, indicating chaos.
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The results also reveal alternations between regular and irregular dynamics. In some

parameter ranges, chaotic behavior disappears and periodic solutions reappear, as indicated by

non-positive largest Lyapunov exponents.

From a biological perspective, the prey growth rate plays a crucial role in determining system
stability. Moderate values of R support stable coexistence, whereas higher values may induce

oscillatory or chaotic fluctuations, increasing the risk of population instability.

Owerall, bifurcation diagrams and Lyapunov exponents provide complementary information:
bifurcation diagrams describe qualitative transitions in dynamics, while Lyapunov exponents

quantify stability and chaotic behavior.

‘ A A, ———-LEs=0 ‘

ST

Lyapunov Exponents (LEs)

(a) Bifurcation diagrams. (b) Lyapunov exponents.

Figure 3.6: (a) Neimark-Sacker bifurcation diagram of system (3.5). (b) Corresponding
Lyapunov exponents for the parameter values: « = 11.77, m = 2.1, e = 4.21, C = 1.18,
D=16,=06,a=075S5=0.82andR €[0.7,5.5].

Example 3.6.3 By applying the 0-1 test method for numerical simulations of flip bifurcation
and Neimark-Sacker bifurcation, we obtain this Figures 3.7 and 3.8 display the (IT}, T12) repre-
sentations corresponding to both regular and chaotic regimes of the predator-prey system (3.5)
for different values of the adjustment speed parameter S. When S = 0.93 and S = 1.56 (see
Figures 3.7(a) and 3.7(b)), as well as for S = 0.65 and S = 1.112 (see Figures 3.8(a) and

3.8(b)), the trajectories remain confined within a bounded region, which is indicative of periodic
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ha
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N

(a) For S = 0.93. (b) For S = 1.56. (c) For S = 2.

Figure 3.7: Results of the 0-1 test for the discrete system (3.5) corresponding to different
values of S. The parameter setis givenby R = 1.2390, x = 6.09,m =12, =0.3,C=1.5,
D=18,=12,and a = 0.79.

dynamics. In contrast, for S = 2 (Figure 3.7(c)) and S = 1.28 (Figure 3.8(c)), the trajectories
exhibit diffusive, Brownian-like motion, providing clear evidence of chaotic behaviour. These
observations are consistent with the outcomes of the 0—1 chaos test, the maximum Lyapunov

exponent (MLE), and the bifurcation diagrams shown in Figures 3.1(b) and 3.4(b).

2
2

(a) For S = 0.65. (b) For § =1.112. (c) For S = 1.28.

Figure 3.8: Results of the 0-1 test for the discrete system (3.5) corresponding to different
values of S. The parameter setis givenby R = 3.37, x =5.77,m = 0.1, = 2.21,C = 1.18,
D =0.6,=0.6,and a = 0.75.
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3.7 Chaos control

The control of chaos in discrete dynamical systems has gained considerable attention
due to the sensitive and unpredictable nature of chaotic behavior. Although chaotic
systems may seem random, they are deterministic and contain numerous unstable
periodic orbits within their attractors. Chaos control aims to stabilize these orbits
using minimal interventions, converting chaotic motion into regular and predictable

dynamics without altering the systems fundamental structure.

Common techniques include the Ott-Grebogi—Yorke (OGY) method [61], feedback
control [62, 63], and hybrid control approaches [64]. The OGY method works by apply-
ing small, state-dependent parameter perturbations near the desired orbit. Feedback
control uses corrective inputs based on deviations from a reference state, providing
simplicity and robustness. Hybrid strategies combine multiple methods to enhance

stability, performance, and robustness under uncertainty and noise.

In this section, we investigate chaos control for system (3.5) using a hybrid control
approach. This method is straightforward to implement and is obtained by formulating

the controlled version of system (3.5) as follows:

1 )(1 _ pl,n) €P2,n ) T(ﬁ -+ 1)5“

P11 = CPyexp ((R( ) + (1= C) Py,

1+ sz,n K - Pz,n + Pl,n af(ﬁ)
_ DP,,\T( —a+1)S*
Py = CPyexp (C(l D, ) TP +(1=0C) Py,

(3.13)
where the parameter C € (0, 1) determines the intensity of the control. This formulation
represents a convex combination of the uncontrolled system and a stabilizing feedback

term.

By appropriately selecting C, the qualitative behaviour of the system near E can be
modified. In particular, the occurrence of bifurcations such as period-doubling and

Neimark-Sacker can be delayed, advanced, or completely eliminated.
To analyse local stability, the Jacobian matrix of the controlled system is evaluated
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at the fixed point E = (P}, P;) and is given by

RDP, D mDP, D2
1 _ﬂC(K(l TmP) D+ 1)2) _ﬂec((D T +mPy) D+ 1)2)

J(Py, Py) =

ACC
5 1-ACC
The corresponding characteristic equation is given by
We(A) = A% = Tr(J9)A + det(J9), (3.14)
where
o CIB—a+1)S*( RDP; eD
) =21 (K(l +mPy)  (D+17 C)’
and
cr(ﬁ—aﬂ)sa)z( DCRP;, meCP; ) (CF(ﬁ—a+1)S“)
det(J) =1 -
etf) =1+ ( aT(p) k(L +mPy) | (D+1)(1+mPy) aT(p)
RDP; eD
(K(l +mPy)  (D+17 C)‘

The fixed point E is locally asymptotically stable if the eigenvalues of the Jacobian lie

inside the unit circle. This requirement leads to the following conditions:

(3.15)

CT(B—a+1)S*\*( DCRP, meCP;, .
aT(B) ) (K(l + mP%) * D+ 1)1 + mP;)) Y

W) = (
2
We(—1) = 4 - 2Tr(J°) + W(1) > O, (3.16)

We(0) = det(J°) < 1. (3.17)

These inequalities define the admissible region of the control parameter C for which the

hybrid control strategy stabilizes the system.

Lemma 3.7.1 The coexistence fixed point E of the controlled system (3.13) is locally asymptot-
ically stable provided that conditions (3.15), (3.16), and (3.17) are satisfied.
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Example 3.7.1 Figure 3.9 illustrates the system dynamics before the implementation of the
hybrid control strategy, while Figure 3.10 presents the corresponding behavior after control is
applied. The simulations are performed using the parameter set R = 3.37, x = 5.77, m = 0.1,
€=221,C=118,D=0.6,=0.6,a=0.75and S = 1.23.

For the control parameter C € (0,0.859], the controlled system (3.13) stabilizes at the
equilibrium point E. Figure 3.10(a) shows the bifurcation diagram of the controlled system,
where all state variables converge to E throughout the considered range of C. This indicates that,
after the introduction of the control mechanism, the system suppresses irregular oscillations and

asymptotically approaches the fixed point.

PZ, n

1F Initial contitions (PLD,PM)

P n

(a) Phase portrait of the system (3.5). (b) Corresponding time evolution.

Figure 3.9: (a) Phase portrait of the system (3.5) before applying the hybrid control
strategy. (b) Corresponding time evolution for the parameter values: R = 3.37,x = 5.77,
m=0.1€=221,C=118,D=0.6,=06,a=0.75and S = 1.23.

In contrast to the uncontrolled dynamics depicted in Figure 3.9, the post-control behavior
exhibits a marked reduction in oscillatory and irregular patterns. This is further supported by
the phase portraits and time series shown in Figures 3.10(b) and 3.10(c), which demonstrate
that trajectories rapidly converge to the equilibrium without exhibiting complex fluctuations.
These results confirm the effectiveness of the proposed hybrid control strategy in stabilizing the
system at the desired fixed point E.
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system (3.13).

Figure 3.10: (a) Bifurcation diagrams of the system (3.13) in C € (0,1). (a) Phase
portrait of the system (3.13). (c) Corresponding time evolution for the parameter
values: R =3.37,k =577, m=0.1,e =221,C=118,D =06, = 0.6, « = 0.75 and
5=1.23.
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Conclusion

In this thesis, we investigated the dynamical behavior of a discrete fractional-order
predator—prey model incorporating ratio-dependent interactions and the fear effect.
The study focused on understanding the qualitative properties of the system and the

influence of its parameters on the resulting dynamics.

The existence and stability of the fixed points were analyzed using fixed-point theory
and the Jury stability criterion. Furthermore, the occurrence of flip and Neimark—Sacker
bifurcations was examined, revealing the transition of the system from stable behavior

to periodic and more complex dynamical regimes.

To characterize the chaotic dynamics of the model, Lyapunov exponents and the 0-1
test for chaos were employed. The obtained results confirmed the presence of chaos
for certain parameter values and demonstrated the rich dynamical behavior generated

by the discrete fractional-order system.

Finally, a hybrid chaos control strategy was implemented to suppress chaotic oscil-
lations and stabilize the system. Numerical simulations showed that an appropriate
choice of the control parameter successfully drives the system toward asymptotic sta-

bility, confirming the effectiveness of the proposed control method.

In addition, the results obtained in Chapter 3 were organized and presented in a
research paper, which has been submitted to a peer-reviewed scientific journal with a

good impact factor.
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Conclusion

Overall, the results of this work contribute to a deeper understanding of the dy-
namics of fractional-order predator—prey systems and highlight the important roles of

memory effects, fear effects, and control mechanisms in shaping population dynamics.

Future Work

Several directions can be considered for future research. First, the model may be
extended by incorporating additional ecological effects such as harvesting, time delays,
or environmental noise, which may lead to richer dynamical behavior. Second, different
definitions of fractional derivatives can be investigated and compared to further study
the influence of memory effects on system dynamics. Third, the analysis may be
extended to higher-dimensional systems, such as three-species food chain or food web
models. Finally, more advanced and efficient control strategies could be developed
to better regulate chaotic dynamics and improve the stability of complex ecological

systems.
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Abstract — Predator-prey models are essential instruments for understanding population struc-
ture and ecosystem stability. This article analyses the dynamical behaviour of a discretized gen-
eralized conformable fractional-order ratio-dependent Holling-Tanner predator-prey model which
contains a fear effect in the prey population. The concept of the generalized conformable fractional
derivative is utilized to deal with the fractional derivative. Then, the piecewise constant argument
approach is successfully invoked to find the discrete-time corresponding model. Moreover, the equi-
librium points of the considered model are found. We then discuss the stability of these equilibrium
points. The flip and Neimark—Sacker bifurcations are explored using the theory of the bifurcation.
In order to determine whether the governed system exhibits regular or chaotic behaviour, the 0-1
test and chaos control are presented. Furthermore, we introduce some numerical confirmations for
all parts to verify the used techniques. Finally, the used strategies show their validity to be used in
other nonlinear systems.

Keywords: generalized conformable, prey-predator model, stability analysis, bifurcations, 0-1 test, chaos
control.
MSC(2010): 37N25. 37N30. 34D35. 34D05. 34D08. 39A30. 39A05.

1. Introduction

The relationships between predators and their prey are an important topic in mathematical ecology, present-
ing an organized structure for understanding the mechanisms controlling population persistence, extinction, os-
cillations, and complicated dynamical behaviors. Continuous-time mathematical models, such as Lotka-Volterra
and Holling-Tanner types, have been utilized for decades as foundational instruments for demonstrating sig-
nificant ecological phenomena. Discrete-time schemes, nevertheless, are both theoretically advantageous and
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