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Abstract

This work is devoted to the study of the dynamical behavior of a discrete
predator-prey system with a nonmonotonic functional response. We in-
vestigate the local asymptotic stability of the positive equilibrium of the
system by examining the characteristic equation of the linearized system
corresponding to the model. By choosing the growth rate as a bifurcation
parameter, the existence of Neimark-Sacker and period-doubling (flip) bi-
furcations at the positive equilibrium is established. Furthermore, the
effects of perturbations on the system dynamics are investigated, and nu-
merical simulations are presented to illustrate our main analytical results.

Keywords: Discrete predator-prey model, Neimark-Sacker bifurcation,
flip bifurcation, center manifold theorem.



Résumé

Ce travail est consacré a I’étude du comportement dynamique d’un systeme
prédateur-proie discret avec une réponse fonctionnelle non monotone. Nous
étudions la stabilité asymptotique locale de 1’équilibre positif du systeme
en examinant l’équation caractéristique du systeme linéarisé correspon-
dant au modele. En choisissant le taux de croissance comme parametre
de bifurcation, ’existence de bifurcations de Neimark-Sacker et de double-
ment de période (flip) a I'équilibre positif est établie. De plus, les effets
des perturbations sur la dynamique du systeme sont étudiés, et des simu-
lations numériques sont présentées pour illustrer nos principaux résultats
analytiques.

Mots clés : Modele prédateur-proie discret, bifurcation de Neimark-Sacker,
bifurcation flip, théoreme de la variété centrale.
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General Introduction

The study of dynamical systems constitutes one of the fundamental
pillars of contemporary applied mathematics, providing a powerful math-
ematical framework for modeling and analyzing the time-dependent evo-
lution of complex phenomena across various fields, including physics, eco-
nomics, engineering, and population biology [1]. These systems are gener-
ally classified into continuous-time systems, governed by differential equa-
tions, and discrete-time systems, governed by difference equations and re-
currence relations [3]. In recent decades, discrete-time dynamical systems
have received increasing attention from researchers. This growing interest
arises not only because they provide more accurate modeling for biolog-
ical or ecological phenomena that are inherently discrete (such as non-
overlapping generations), but also because they naturally emerge when
numerical discretization techniques—such as the Euler method or Runge—
Kutta methods—are applied to continuous-time systems [1,4]. Moreover,
discrete systems are remarkably capable of exhibiting highly complex dy-
namical behaviors and rich geometric structures even in lower dimensions
compared to their continuous counterparts [5].

The core objective in studying any discrete-time dynamical system lies
in understanding the long-term behavior of its orbits and trajectories. This
analysis typically begins by identifying the equilibrium points (or fixed
points) and investigating their local stability using the Jacobian matrix and
linearization techniques around these points [1,6]. However, the nonlinear
nature of real-world systems makes the stability of these equilibria highly
sensitive to variations in the system’s parameters [7]. This is where Bifur-
cation Theory plays a vital role as an analytical tool, studying the sudden
structural and qualitative transformations in the system’s behavior when
its parameters cross certain critical thresholds [2,8]. These transforma-
tions include the appearance or disappearance of new equilibrium points,
the exchange of stability between them, or the birth of new periodic orbits,
as observed in period-doubling (flip) bifurcations and Neimark—Sacker bi-
furcations, which lead to the emergence of invariant closed curves and



quasi-periodic motions in two-dimensional spaces [2,9].

As parameters continue to vary through successive cascades of bifur-
cations (such as Feigenbaum cascades), the system often follows a path
that leads to deterministic Chaos [5,10]. Chaotic behavior is defined as
a pseudorandom motion governed by purely deterministic, non-stochastic
equations [1]. It is primarily characterized by a sensitive dependence on
initial conditions—commonly known as the Butterfly Effect—where mi-
nuscule differences in the initial state lead to exponential divergence of
trajectories over time, making long-term predictions practically impossi-
ble [11]. This exponential divergence is quantified by Lyapunov Exponents,
where the presence of at least one positive Lyapunov exponent is consid-
ered a strong indicator of chaotic dynamics and the existence of strange
attractors with fractional (fractal) dimensions [12].

These abstract mathematical concepts find important applications in
mathematical ecology, particularly in modeling the interactions between
living organisms, such as predator—prey systems [2,13]. Understanding
ecological balance and predicting population dynamics represent signifi-
cant challenges because the functional response of predation is often non-
linear and nonmonotonic due to complex environmental factors, including
group defense mechanisms, toxicity, and herd behavior [2,14]. Recent
studies have demonstrated that incorporating a nonmonotonic functional
response into predator—prey models can generate complex periodic oscilla-
tions and multistability phenomena that do not arise in classical monotonic
models [15].

This master’s thesis, entitled “Bifurcation and Chaos Analysis of
a Two-Dimensional Discrete-Time Predator—Prey Model”, aims
to investigate the dynamical behavior of a two-dimensional discrete-time
predator—prey model with a nonmonotonic functional response [2]. The
significance of this study lies in combining rigorous theoretical analysis
with comprehensive numerical simulations to explore the rich dynamical
characteristics of the model and identify the parameter regions in which
ecological equilibrium loses stability, giving rise to periodic oscillations or
chaotic dynamics.

To achieve the objectives of this study, the thesis is organized into three
main chapters, progressing from the fundamental theoretical concepts to
the analysis of the proposed mathematical model:

e Chapter 1 introduces the fundamental concepts of discrete dynam-

ical systems. It presents the discretization of continuous-time mod-
els using numerical methods, with particular emphasis on the Euler
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method. In addition, it discusses one-dimensional discrete dynami-
cal systems, including fixed points, periodic orbits, and local stability
analysis. The chapter also introduces graphical techniques, such as
cobweb plots, together with the concept of topological conjugacy [1].

Chapter 2 extends the discussion to two-dimensional and higher-
dimensional discrete dynamical systems. It develops the theoretical
foundations of bifurcation theory by examining several fundamental
bifurcations, including saddle-node, transcritical, and pitchfork bifur-
cations. The chapter concludes with an introduction to chaos theory
and the computation and interpretation of Lyapunov exponents [1,5].

Chapter 3 constitutes the main contribution of this thesis. It formu-
lates and investigates a two-dimensional discrete-time predator—prey
model with a nonmonotonic functional response [2]. The existence
of equilibrium points is established, and their local stability is ana-
lyzed using the Jacobian matrix. Taking the intrinsic growth rate
as the principal bifurcation parameter, the occurrence of flip (period-
doubling) and Neimark—Sacker bifurcations is established analytically.
Finally, extensive numerical simulations, including bifurcation dia-
grams and phase portraits, are presented to validate the theoretical

results and illustrate the transition from regular dynamics to chaotic
behavior [2].
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Chapter 1

Fundamentals of Discrete Dynamical
Systems

Definition 1 Discrete-time dynamical systems arise naturally in mathe-
matics, physics, biology, economics, and engineering whenever processes
evolve wn distinct time steps. Unlike continuous-time systems described
by differential equations, discrete-time systems are governed by recurrence
relations (difference equations).

The general form of a first-order discrete dynamaical system 1s:

Tpt1 = f(xn)

where x,, represents the state of the system at timen, f : D C R™ — D
1s a given function, andn € Z .

The central objective is to understand the behavior of the sequence {x,}
asn — 00, depending on the structure of f and the initial condition xq. [1]

1.1 From Continuous Time to Discrete Time

Discrete systems may arise either because the process is inherently discrete
or by discretizing a continuous system.
1.1.1 Euler Discretization
Consider the continuous system:
T = f(z).
Using Euler’s method with step size At, we approximate:

x(tn+1> B x@n)
At '

#(tn) =

12



This leads to the discrete system:
Tpi1 = xp + AL f(25,).

Thus, differential equations can be transformed into difference equa-
tions.

o

b e— T
=
g
=
=
P
{—_
=

D
hl
E

g
—

Figure 1.1: Euler discretization scheme
1]

1.2 Definition of a Discrete Dynamical System

1.2.1 First-Order Systems in Dimension m

Let D C R"™and f : D — D be continuous and differentiable. A first-order
discrete dynamical system is defined by:

r(0)=20€ D, z(n+1)=f(z(n)), n=>0.
The pair (f, D) defines the system. [1]

1.2.2 Vector Formulation

For m > 2, the state vector is:

The system becomes:
x(n+1) = f(x(n)).

The space R™ is called the phase space.

13



1.2.3 Autonomous and Non-Autonomous Systems
An autonomous system has the form:
LTpt+1 = f(xn)a

while a non-autonomous system depends explicitly on time:
T = f(n, an).

1.2.4 Higher-Order Systems
A higher-order difference equation

z(n+r)= f(z(n),...,x(n+r—1))
can be transformed into a first-order system by defining:

z(n)
y(n) = x(n—i— 1)

x(n +:7’ —1)

1.2.5 Orbits (Trajectories)

Given an initial condition x, the orbit of the system is:

O($0) = {I’(), f(fL‘()), fQ(ZL'()), . }

The behavior of all orbits determines the global behavior of the system.

Figure 1.2: Example of an orbit

14



Example: f(x) = z?

If 0 <xy <1, then z, — 0. If x5 = 1, the orbit is constant. If xy > 1,
then x, — oo.

1]

1.2.6 Fixed (Stationary) Points

A point x* is called a fixed point if:
f(z*) = 2"

Graphically, fixed points are the intersections of the curves y = f(x)
and y = .

x(t+1) x(t+1)

Figure 1.3: Graphical representation of fixed points
3]

Example: Logistic Map

Consider:
f(x) =azx(l —x).
Fixed points satisfy:
r=ax(l —x).

The solutions are:
3 =0 x5 =1— —1
L ’ 2 CL.

5]

1.2.7 Periodic Orbits

A point p is periodic of period k if:
M) = p,

15



and k is the smallest such positive integer.
A fixed point is a periodic point of period 1.
The orbit of a periodic point contains exactly k distinct points.

x(t+1) X(t+1)

Figure 1.4: Periodic orbit example

5]

1.3 Topological Equivalence (Conjugacy)

Two systems
Tyt = f(Tn),  Yns1 = 9(Un)

are topologically conjugate if there exists a homeomorphism A such that:
hof=goh.

This means:
h(f(x)) = g(h(z)).

Topological conjugacy preserves:
e periodic points,
e stability properties,

e qualitative behavior.
7]
1.4 Graphical Study of One-Dimensional Systems

The cobweb diagram is used to visualize the iteration process.
Procedure:

1. Plot y = f(z) and y = x.

16



2. Start from x.

3. Move vertically to the curve y = f(x).
4. Move horizontally to the line y = .
5. Repeat.

This method reveals convergence, divergence, periodic cycles, or com-
plex behavior.

Figure 1.5: Cobweb diagram

1.4.1 Two-Dimensional Systems and Phase Portraits

A two-dimensional system has the form:

Xn+l = f(xn)

Phase portraits are constructed by plotting the direction vector:

f(x) —x.
Fixed points satisfy:
fla) = .
The phase portrait provides qualitative information about attraction,

repulsion, and orbit structure.
[4]

Conclusion

Discrete-time dynamical systems transform simple recurrence relations
into rich mathematical structures. Even simple nonlinear maps can gen-
erate convergence, oscillation, divergence, or complex behavior.

This chapter establishes the fundamental concepts of orbits, fixed points,
periodic points, graphical analysis, and topological equivalence, which
form the theoretical foundation for stability analysis, bifurcation theory,
and chaos studied in subsequent chapters.

17



1.5 Discrete One-Dimensional Dynamical Systems

In this section , we study discrete dynamical systems defined on subsets
of R, that is, one-dimensional systems of the form:

Tpt1 = f(xn)a

where f: I C R — [ is a continuous and differentiable function.
The main objective is to analyze the long-term behavior of solutions
using analytical tools. In particular, we focus on:

e Stability of fixed points,
e Local and global behavior,
e Linearization,

e Attractors and repellers.

1.5.1 Fixed Points and Stability

A point z* is called a fixed point if:

fla®) ="
The stability of a fixed point determines whether nearby trajectories
approach or move away from it.

* Stability :
Let z* be a fixed point.
e ¥ is stable if for every € > 0, there exists § > 0 such that:

lzg — 2| <= |z, — 2" <e Vn >0,

e 1" is asymptotically stable if it is stable and:

lim z,, = «*.
n—oo

e z* is unstable if it is not stable.

18



a<a* a=a* a>a*

X(t+1)

™ tangency

Figure 1.6: Stable and unstable fixed points
[5]

1.6 Linearization and Derivative Criterion

To determine stability, we study the derivative of f at the fixed point.
Assume f is differentiable at z*.
Using Taylor expansion near x*:

fl@) = f(a") + f'(@")(x — 27) + o(|z — 27).

Since f(z*) = z*, we obtain:

Tny — 2" & f(27) (2, — 7).

Thus, near x*, the system behaves approximately like:

Yns1 = f' (27 Y-
[5]

1.6.1 Stability Theorem

Let x* be a fixed point.

o If |f'(z*)| < 1, then x* is asymptotically stable.
o If |f'(z*)| > 1, then x* is unstable.

o If |f'(z*)| = 1, the linear test is inconclusive.

This is the fundamental stability criterion for one-dimensional discrete
systems.

5]
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1.6.2 Geometric Interpretation

The derivative f’(x*) represents the slope of the curve y = f(z) at the
intersection with y = x.

o If |f/(2*)| < 1, the graph crosses the diagonal with slope less than 1
in magnitude — trajectories contract.

o If |f'(x*)| > 1, the slope is steep — trajectories expand.
If f'(x*) is negative, oscillations occur around the fixed point.

Example 1 Consider the logistic map:

f(z) =ax(l—2x), a>0.
Fized points satisfy:

r=ax(l—2x).

Solutions:
1
=0 a=1—-—.
L y Lo a
Deriwative:
f(z) = a(l — 22).
At 27 =0:
f(0) =a
Thus:
o Stable if 0 < a < 1,
o Unstable if a > 1.
At x5 =1 — %
flaz) =2-a
Thus:

o Stable if 1 < a < 3,
o Unstable if a > 3.

This shows how parameter variation changes stability.
3]

20



1.7 Attractors and Repellers

1.7.1 Attractor

A fixed point x* is called an attractor if there exists a neighborhood U
such that:

lim f"(x) =2 Vaxel.

n—oo

1.7.2 Repeller

A fixed point is a repeller if nearby points move away from it.
The derivative condition provides a simple test:

|f/(517*)| < 1 = attractor

/()| > 1 = repeller
8]

1.8 Monotonic Maps

If f/(x) > 0 for all z, then f is increasing.
If f'(x) <0, then f is decreasing.
Increasing maps preserve order:

zo < yo = f"(x0) < f"(yo)

Decreasing maps may generate oscillatory behavior.
[14]

1.9 Global Stability

A fixed point x* is globally asymptotically stable if:

T}l_{lolo f"(xg) = x* Vo € I
Sufficient conditions may include:
e f is continuous,
e [ is invariant under f,
o |f'(x)] <1forallzel.
[10]

21



1.10 Periodic Points

A point p is periodic of period k if:

) = p.
Stability of a periodic orbit is determined by:
[(f*) ()] -
o If [(f¥)(p)| < 1, the cycle is stable.

o If [(f¥)(p)| > 1, it is unstable.
For period 2:

(f3)(p) = f'(f®) - f'(p).
[11]

1.11 Basin of Attraction

The basin of attraction of a fixed point x* is defined as:
B(z*)={zpeI: li_>m f(xo) = 2"}
Basins may be:
e Intervals,

e Disconnected sets,

e Fractal in complex systems.

8]

Conclusion

One-dimensional discrete dynamical systems provide a complete frame-
work for understanding nonlinear iteration processes. The derivative test
offers a powerful tool for determining local stability.

Through fixed points, periodic orbits, and parameter dependence, we
observe how simple nonlinear maps can exhibit rich and complex behavior.

22



This chapter establishes the analytical foundation necessary for the
study of higher-dimensional systems and bifurcation theory in the follow-
ing chapters.

23



Chapter 2

Higher-Dimensional Systems,
Bifurcation and Chaos

Two-Dimensional Discrete Dynamical Systems

Definition 2 : In this section , we extend the study of discrete dynam-
ical systems to two-dimensional phase space. A two-dimensional discrete
system 1s defined by:

Xp+1 = F(Xn)v
where X, = (2, y,)! € R? and F : D C R? — R? is a differentiable
map.
Two-dimensional systems are significantly richer than one-dimensional
systems. They allow:

e Spiral behavior,
e Rotations,
e Saddle points,

e Complex geometric structures.

The analysis relies heavily on linear algebra, particularly eigenvalues
and eigenvectors.

4]

2.0.1 Fixed Points

A point x* is a fixed point if:

F(x*) =x"
To determine stability, we study the Jacobian matrix of F'. [7]

24



2.0.2 Linearization
Let x* be a fixed point. The Jacobian matrix is:
on R
JF(x)=| 35 &4 |-
Ox dy
Evaluated at the fixed point:

A= JF(x").

Near x*, the system behaves approximately like the linear system:

Upy1 = Aum

where u,, = x,, — x*. [7]

2.0.3 Linear Systems in R?

Consider the linear system:

Xni1 = AX,,

where A is a 22 matrix.
The general solution depends on the eigenvalues of A. [7]

Eigenvalues

Eigenvalues satisfy:

det(A — M) =0.

For a 22 matrix:

A — (trA)\ + det A = 0.
Thus:

trA 4 /(trA)? — 4det A

2
The behavior of the system depends entirely on these eigenvalues. [7]

Mg =

2.1 Stability Classification

Let A1 and A9 be the eigenvalues.

25



2.1.1 1. Sink (Asymptotically Stable)
If:

M <1, A <1,
then the fixed point is asymptotically stable.

2.1.2 2. Source (Unstable)
If:

’)\1| > 1, |)\2| > 1,
then the fixed point is unstable.

2.1.3 3. Saddle Point

If one eigenvalue satisfies:

|)\1‘ <1

and the other:
‘)\2‘ > 1,

then the fixed point is a saddle and is unstable.

2.1.4 4. Non-Hyperbolic Case
If:
Al =1

for some 7, linearization is inconclusive.

8]

2.2 Geometric Interpretation

2.2.1 Real Eigenvalues

If eigenvalues are real and distinct:

e Solutions move along eigenvector directions.
e Contraction occurs if |A| < 1.

e Expansion occurs if || > 1.

26



2.2.2 Complex Eigenvalues

If eigenvalues are complex:

then:

e r < 1 — spiral sink,
e r > 1 — spiral source,

e r = 1 — pure rotation (neutral stability).
8]
2.3 Local Stability Analysis of Two-Dimensional Dis-
crete Systems
2.3.1 Trace-Determinant Plane

The eigenvalues depend on:

T=trdA, A =detA.

The characteristic equation becomes:
M —TA+A=0.
Stability conditions:

e Stable if [\ < 1 and |Xo| < 1.

e Equivalent to:

1+7+A >0,
1—-74+A>0,
A <1.

The trace-determinant diagram provides a complete classification of
linear fixed points.

27



2.3.2 Nonlinear Systems

For nonlinear systems:

Xp+1 = F(XTL)7

if all eigenvalues of JF'(x*) satisfy:

then x* is locally asymptotically stable.
If at least one eigenvalue satisfies:

|)\2| > 1,

then the fixed point is unstable.
Such points are called hyperbolic when no eigenvalue satisfies || = 1.

2.3.3 Invariant Manifolds

For a saddle point:

e The stable manifold consists of points approaching the fixed point.

e The unstable manifold consists of points moving away.

These manifolds are tangent to eigenvectors corresponding to stable and
unstable eigenvalues.

Example 2 : Consider:
() =G 3) o)
Yn+1 0 b Yn .
FEigenvalues are a and b.

o If la] <1 and |b] < 1, origin is stable.
e [f one is less than 1 and the other greater than 1, origin is saddle.

o [f both exceed 1 in magnitude, origin is unstable.
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2.3.4 Phase Portraits

The phase portrait shows:

e Direction of trajectories,
e Convergence or divergence,
e Spiral motion,

e Saddle structure.

Graphical analysis complements algebraic classification.

7]

Conclusion

Two-dimensional discrete dynamical systems exhibit richer dynamics than
one-dimensional systems due to interactions between variables.

Linearization using the Jacobian matrix reduces local analysis to eigen-
value study. The classification via eigenvalues, trace, and determinant
provides a complete description of local behavior near hyperbolic fixed
points.

This chapter prepares the foundation for bifurcation theory, where qual-
itative changes occur as parameters vary.

2.4 Bifurcation Theory

Definition 3 : In the previous section, we studied discrete dynamical sys-
tems for fived parameter values. However, many real-world systems depend
on one or more parameters. When parameters vary, the qualitative behav-
1or of the system may change drastically.

Such qualitative changes are called bifurcations.

Constder a parameter-dependent discrete system:

Tp+1 = f(xm :u)v

where 1 € R 15 a parameter.
A bifurcation occurs at o = pg if the qualitative structure of the system
changes as . passes through ji.

8]
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2.4.1 Equilibrium Points and Parameter Dependence
Fixed points satisfy:
f(x*a :u) ="
As p varies:

e The number of fixed points may change.
e Their stability may change.

e New periodic orbits may appear.
Bifurcation theory studies these structural transitions. [§]
2.5 Bifurcation condition

From Chapter 2, a fixed point z* is stable if:

[fal2®, p)] < 1.

A bifurcation may occur when:

[fo(@®, p)| = 1.
There are two important cases:
o fulz*,p) =1
b f%('x*vﬂ) =-1
These lead to different types of bifurcations.
3]

2.5.1 Saddle-Node (Fold) Bifurcation

A saddle-node bifurcation occurs when two fixed points collide and anni-
hilate each other.

a<a” a=a* a>a*

X(t+1)

™ tangency

xt ¢ x xt) ¢ Sa*e LIH L 0 !
Figure 2.1: Sink (asymptotically stable)
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The bifurcation diagram is the graph of a multivalued function, showing
for every value of the parameter a in a neighbourhood of the bifurcation
value a the fixed points of fa in a neighbourhood of x. Stable fixed points
are marked by a continuous line, unstable points by a dotted line.

x 4
unstzla_ble____
,,—“'—
-~
&
' 4
) G R 4

I

I

|

I

| stable

|

l. - >

a a

Figure 2.2: Geometric interpretation using eigenvectors

Normal Form
A typical normal form is:
_ 2
Tp+l = Ty + U — 2,

Fixed points satisfy:
x° = p.
e If > 0, there are two fixed points.

e If 1 =0, there is one (degenerate) fixed point.

e If 1 < 0, no fixed points exist.
Thus, at 1 = 0, a qualitative change occurs. [§]

2.5.2 Transcritical Bifurcation

In a transcritical bifurcation, two fixed points exchange stability.
Normal Form

31



2
Tptl = Ty + UTp — T,

Fixed points:

* *
-CE]_:O, 3:2:/1/

As p changes sign, stability is exchanged between the two equilibria. [8]

2.5.3 Pitchfork Bifurcation

Pitchfork bifurcations occur in symmetric systems.
Normal Form

3
Tptl = Ty + UTy — T,

Fixed points satisfy:
z(p— 2*) = 0.
o If 1 <0, only x = 0 exists.
o If 41 > 0, three fixed points exist.
There are two types:
e Supercritical pitchfork (stable branches emerge),

e Subcritical pitchfork (unstable branches emerge).

x A

stable

. stable

unstable

stable

Figure 2.3: Bifurcation diagram of a pitch-fork bifurcation..)
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a<a* a=a* a>a*

x(t+1)

S
! tangency

' i
1 0 * 1 0 1
X, ) X X() sabie 1 oo X0
unstable

Figure 2.4: Bifurcation diagram of a saddle-node bifurcation.)
8]

2.5.4 Period-Doubling (Flip) Bifurcation

A period-doubling bifurcation occurs when a fixed point loses stability as:

A stable period-2 orbit is created.

a=2.5 a=3 a=3.4

x(t+2)

I
x|

R SEEEEEEE
|
x>

% A’
.

Figure 2.5: The pitchfork bifurcation exemple

a=3.4 a=3.5

x(t+4) X(t+4)

I o P Coh
; . L ! |

0 | IR PTX 0 T R
X 4- periodic pdints

Figure 2.6: The loss of stability of x1 and x2 and birth of 4 stable 4-periodic points

Example 3 Consider the logistic map:

f(z) = az(l — x).

We previously determined:
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o Stable fixed point for 1 < a < 3.

o Ata =3, f'(z*) = —1.

Thus:

e For a > 3, the fized point becomes unstable.
e A stable period-2 orbit appears.

As a increases further, additional period-doubling bifurcations occur,
leading to a cascade.

a<1 a=1 a=1.5

X(t+1)

tangency

W stable Xt ¢ () O Fembe 4

unstable

Figure 2.7: The logistic map for a < 3

a<3 a=3 a>3

X(t+1)

1 0 1 0 1
sabie X0 Xt uns:able Xt

Figure 2.8: The logistic map for a = 3
7]
2.6 Routes to Chaos and Higher-Dimensional Bifur-
cations
9]

2.6.1 Bifurcation Diagram

A bifurcation diagram plots:

p o vs x, (long-term behavior).

For the logistic map:
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e Small a — single stable fixed point.
e Moderate a — period-2 cycle.
e Larger a — period-4, 8, 16, ...
e Eventually — chaotic regime.

The diagram visually demonstrates how complexity arises from simple
nonlinear maps.

2.6.2 Feigenbaum Cascade

In many one-dimensional maps, period-doubling occurs in a universal pat-
tern.

Let a, be parameter values where period doubles.
Then:

ap41 — Ap N 5,
an+2 — Gn+1
where 0 ~ 4.669 is the Feigenbaum constant.
This constant is universal for a wide class of maps.

a=3.5

X(t+1)

— UNSTABLE 2-CYCLE

STABLE 4-CYCLE

4-periodic points

Figure 2.9: The stable 4-cycle and the unstable 2-cycle.

a=3.5 a=3.56

x(t+1) x(t+1)

i T

4-periodic points 8-periodic points

Figure 2.10: By a period doubling bifurcation a 4-cycle loses stability and appears a
stable 8-cycle.
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8]

2.6.3 Two-Dimensional Bifurcations

In two-dimensional systems, bifurcations occur when eigenvalues of the
Jacobian satisfy:

e A\ = 1 — saddle-node type.
e A\ = —1 — flip bifurcation.

e |A\| =1 (complex eigenvalues) — Neimark-Sacker bifurcation.
8]

Neimark-Sacker Bifurcation

This occurs when complex eigenvalues cross the unit circle:

A:eiﬁ

A closed invariant curve may appear, leading to quasi-periodic behavior.
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Figure 2.11:  Supercritical Neimark—Sacker bifurcation. (a) Stable focus for uug (b)
Stable closed invariant curve for o > 0.
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Figure 2.12: Subcritical Neimark—Sacker bifurcation. (a) Stable focus for (b) Unstable
closed invariant curve for

8]

2.6.4 Structural Stability

A system is structurally stable if small parameter changes do not alter its
qualitative behavior.
At bifurcation points, structural stability is lost.

9]

Conclusion

Bifurcation theory explains how qualitative changes arise in parameter-
dependent discrete systems. Simple variations in parameters can lead to:

e Creation or destruction of equilibria,

e Stability exchange,



e Emergence of periodic orbits,

e (Cascades toward chaos.

The period-doubling cascade, particularly in the logistic map, provides
a fundamental route to chaos.

This chapter prepares the theoretical foundation for the final chapter,
where chaotic dynamics are studied in detail.

2.7 Introduction to Chaos Theory

Definition 4 Chaos theory studies deterministic systems that exhibit un-
predictable and highly complex behavior. Although the governing equations
are completely deterministic, the long-term behavior may appear random.

In discrete dynamical systems, chaos arises naturally in nonlinear maps
when parameters reach certain critical values. The logistic map is one of
the most famous examples demonstrating chaotic dynamics.

In this chapter, we introduce the fundamental concepts of chaos in dis-
crete systems.

2.7.1 Deterministic Chaos

A dynamical system is called chaotic if it satisfies three main properties:
e Sensitive dependence on initial conditions,
e Topological transitivity,
e Density of periodic orbits.

These properties define chaos in a rigorous mathematical sense. [9]

2.7.2 Sensitive Dependence on Initial Conditions

Sensitive dependence means that arbitrarily close initial conditions even-
tually separate exponentially.

Formally, the system exhibits sensitivity if there exists o > 0 such that
for any xy and any neighborhood of x, there exists y, arbitrarily close to
ro and some n such that:

[f"(x0) = f"(wo)| > 0.
Thus, small differences in initial conditions grow significantly over time.
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This phenomenon explains why chaotic systems are practically unpre-
dictable.

-2. 4
-2.4 x 2.5

Figure 2.13: Lozi attractor obtained for x = 1:7 and y = 0:5.
7]

2.7.3 Lyapunov Exponent

The Lyapunov exponent measures the average exponential rate of separa-
tion of nearby trajectories.
For a one-dimensional map:

Tn41 — f(xn)a

the Lyapunov exponent is defined by:

n—1
1 ,
A= i 5 2 Il el

e If A <0, trajectories converge.
e If A = 0, neutral behavior.

e If A > 0, trajectories diverge exponentially — chaos.

A positive Lyapunov exponent is a strong indicator of chaotic dynamics.
Lyapunov exponent of the logistic map as a function of the parameter a.
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Figure 2.14: Lyapunov exponent of the logistic map as a function of the parameter a.

Figure (2.14) shows the two Lyapunov exponents of the Hénon map
defined by:

— 2
Xpe1 = 1 —axg + by,

Yn+1 = Xn

forb=0.3and 0.2 <a < 1.5.

Figure 2.15: Lyapunov exponents of the Hénon map for b=10:3and0:2 <a <1:5.

[12]

2.7.4 Topological Transitivity

A system is topologically transitive if, for any two open sets U and V,
there exists n such that:

1 UYNv #£0.
This means that trajectories eventually move throughout the phase
space.
Topological transitivity implies strong mixing behavior.
[10]
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2.7.5 Density of Periodic Points
Periodic points are dense if every neighborhood contains a periodic point.

This property implies that chaotic systems contain infinitely many un-
stable periodic orbits embedded within chaotic regions.

[11]
2.7.6 Chaos in the Logistic Map
Consider the logistic map:
f(x) =azx(l —x).
For:
e 0 < a < 3 — stable fixed point.

e 3 <a<3.5699... — period-doubling cascade.

e a > 3.5699... — chaotic regime (with periodic windows).

When a = 4, the map becomes fully chaotic on (0, 1).

The bifurcation diagram shows a transition from order to chaos through
period-doubling.

[10]
2.7.7 Invariant Sets
An invariant set S satisfies:

f(8) =5

Chaotic attractors are invariant sets with complicated internal struc-
ture. [?]
2.7.8 Strange Attractors

In higher-dimensional systems, chaotic attractors may have fractal struc-
ture. These are called strange attractors.
They have the following properties:

e Fractal geometry,

e Sensitive dependence,
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e Non-periodic motion.

Strange attractors combine geometric complexity with dynamical insta-
bility.
3]
2.7.9 Symbolic Dynamics

Chaotic maps can often be described using symbolic sequences.
For example, the logistic map at a = 4 is conjugate to the shift map on
binary sequences.
Each orbit can be encoded as a sequence of symbols, providing a com-
binatorial description of chaos.
3]
2.7.10 Mixing Property

A system is mixing if for any two sets U and V:

Tim p(fH(U)OV) = w(U) (V)
Mixing systems exhibit strong statistical randomness.
10]
2.7.11 Fractal Dimension

Chaotic attractors often have non-integer dimension.
One measure is the Hausdorff dimension.
Fractal geometry explains the intricate structure of chaotic sets.

7]
2.7.12 Route to Chaos
Discrete systems may reach chaos through:
e Period-doubling cascade,
e Quasi-periodicity,
e Intermittency.

The period-doubling route is the most common in one-dimensional
maps.
[11]
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2.7.13 Importance of Chaos Theory
Chaos theory has applications in:

e Physics,

e Biology,

e Economics,

e Engineering,

e Climate modeling.

It explains irregular behavior in deterministic systems and highlights
limitations of long-term prediction.
[10]

Conclusion

Chaos theory reveals that simple nonlinear discrete systems can gener-
ate extremely complex behavior. Despite deterministic equations, chaotic
systems exhibit unpredictability due to sensitive dependence on initial con-
ditions.

The study of Lyapunov exponents, invariant sets, bifurcations, and sym-
bolic dynamics provides a rigorous framework for understanding chaotic
phenomena.

With this chapter, the theory of discrete dynamical systems progresses
from fixed points and stability to bifurcations and ultimately to chaos,
completing the theoretical structure of the course.
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Chapter 3

Bifurcation and Chaos Analysis of a

Two-Dimensional Discrete-Time
Predator—Prey Model

3.1 Introduction

In the previous chapters, the theoretical foundations of discrete dynam-
ical systems, bifurcation theory, and chaos were presented. These con-
cepts provide the mathematical framework required to analyze nonlinear
discrete-time models arising in biological systems.

In this chapter, we study a two-dimensional discrete-time predator—prey
model with a nonmonotonic functional response. First, the mathematical
model is derived from biological assumptions. Then, the existence and
local stability of its equilibrium points are investigated by analyzing the
Jacobian matrix and the associated characteristic equation.

Furthermore, the conditions for the occurrence of flip and Neimark—
Sacker bifurcations are established using local bifurcation theory. Finally,
numerical simulations are presented to illustrate the analytical results and
to demonstrate the rich dynamical behaviors of the model, including pe-
riodic oscillations, invariant closed curves, and chaotic dynamics.

3.2 Derivation of the Model

We consider a predator—prey model consisting of two interacting popula-

tions.
Let

()

denote the density of the prey population and
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y(t)
denote the density of the predator population at time ¢.

Assumption 1
When predators are absent, the prey population grows according to the
logistic map

z(t+1) =rz(t)(1 —z(t)) (3.1)
[13]

Assumption 2

When predators are present, prey decreases due to predation. The inter-
action follows a Holling type III functional response.
Thus equation (1) becomes

z(t)*y(t)
t+1)=rx(t)(1—z(t)) — b—F— 2
ot +1) = ()1~ 2(0) - 57500 (32)
[13]
Assumption 3
The predator population grows depending on prey consumption.
Hence
z(t)%y(t)
t+1)=0—="—= :
y(t+1) 5:6@)2“ (3.3)
Therefore the predator—prey system becomes
t)?y(t
et 4+ 1) = ra(t)(1 - a(t)) — g2 YD
)"y
t+1)=0—=——
y(t+1) ﬁx(t)2+1

with positive initial conditions

where
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e 1 is the intrinsic growth rate of the prey

e 3 is the maximum predation rate

The system can be written in the map form

2
re(l—x)— 0 fyl
Fla.y) = o 35)
B:I:Q +1

[13]

3.3 Fixed Points: Existence and Stability

In this section, we look at the existence and stability of the system’s fixed
points in Ri. Results about the existence of fixed points are summarized
as follows. :contentReference[oaicite:0)index=0

Proposition 3.1. For model (3.4), we can have at most three fixed
points:

1. The trivial fixed point
Ey(0,0)

always exists.

2. The predator-free fixed point

exists if r > 1.

3. The interior fixed point

1 (B—=1)(r—1)—ry/B—-1
a(F= )

exists if § > 2 and
1—-6v/p0—1
B+1-p5

Proof. By solving the following algebraic system, the fixed points
correspond to the steady states of the model population (3.4):

r >
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Bty

Tx(l_x)_ic2—|—l_$20’ (3.6)
B’y
—y=0. 3.7

Then all non—negative fixed points of system (3.4) are

—1
E0(070)7 El (T r 70) )

which is positive if r > 1, and

5 1 B-=1(r—1)—ry/p—-1
2 ) )
C S RV
which is positive if § > 2 and the above condition on r holds. :con-
tentReferencefoaicite:1]index=1
[13]

3.3.1 Dynamic Behavior of the Model

Now, we investigate how the solutions of model (3.4) behave around Ej,
FEy, and E,. Computing the variation matrix corresponding to each fixed
point can be used to study the local stability of the model. :contentRefer-
ence|oaicite:2]index=2

The Jacobian matrix of model (3.4) about the fixed point (x,y) is

(1) 2Bzy | 2Bx%y Ba?
r(l—x)—rx— —
Iz, y) = 2+1 0 (2241)2 22 +1
Y= 20xy Ba?
(2 +1)2 241
Its characteristic equation is
A —p(z, y)\ + q(z,y) =0, (3.1)

where

(2.9) —2r2® + (r + B)at — drad + (2r + B)z? = 2(By + )z + 7

€T =
pT,y (22 + 1) ’
and
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Bra?(1 — 2x)
2+1
We recall the following definitions. :contentReference|oaicite:3]index=3

Definition 3.1. Let E(z,y) be a fixed point of system (3.4) and let
{1, fi2 be the eigenvalues of (3.1).

q(z,y) =

1. FE is called a sink (locally asymptotically stable) if

] <1, fuof <1
2. F is called a source if

il > 1, fuof > 1.
3. F is called a saddle if

| <1, |pel > 1 or [m] > 1, |pus| <1.
4. F is called non—hyperbolic if
| =1 or || =1.

[14]

3.4 Stability and Bifurcation Analysis

3.4.1 A Useful Lemma

Lemma 3.1. Let R(u) = p? + Ap + B and suppose R(1) > 0. Let uq, uo
be the roots of R(y) = 0. Then:

(i) |p1| <1, |pe| < 1iff R(—1) > 0 and B < 1;

(ii) one root inside and one outside the unit circle iff R(—1) < 0;

(iv

)
)
(iil) |p1| > 1, |po| > 1 iff R(—1) > 0 and B > 1;
) pp = —1iff R(—1) =0 and B # 0, 2;
)

(v) complex conjugate roots with |p| = || = 1 iff A2 — 4B < 0 and
B =1.

[14]
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3.4.2 Stability of Fixed Points
Proposition 3.2. For the fixed point Fjy:

(i) Epis asink if 0 <7 < 1;
(ii) Ep is never a source;
(iii) Ep is a saddle if r > 1;
(iv) Ejy is non-hyperbolic if r = 1.
Proposition 3.3. The fixed point F; is asymptotically stable iff:

22 —2r 4+ 1
=12

l<r<3 and pB<

Moreover, E; loses stability via:
(i) a branch bifurcation at r = 1 (towards Ey);
(ii) a branch bifurcation at § = % (towards FEj);
13

(iii) a supercritical flip bifurcation at r = 3 when 3 < .

[14]

3.4.3 Stability of the Interior Fixed Point F,

Proposition 3.4. The positive equilibrium Fjs is locally asymptotically
stable iff:

. (26— 1)yF—1
A E |
F—1

(@) r>"m=—7
(iii) r(v/B—1-2)<+/B—-1.

These conditions are obtained using Lemma 3.1 applied to the charac-

teristic equation:
N —pA+q¢=0.

[14]
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3.4.4 Bifurcation of F,

Proposition 3.5. The fixed point E» loses stability via:
(i) a flip bifurcation if £ < 3 < 6.8926 and
o eA-DVE-T
—/B—-1+8+1
(ii) a Neimark—Sacker bifurcation if g > 6.8926 and
g—1

r= NS
(iii) a branch bifurcation if g > <2 and

Vb n
VB—-1-1

T =

where F5 bifurcates to Ei;

(iv) a branch-flip (BPPD) point at

Dli(T’:?),ﬁ:?).

| - NS curve
BP curve './
PD curve
o
“oog o
54 °°uoto
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oo
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Figure 3.1: Stability regions in (f , r)-space.
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3.5 Numerical Simulations

In this section, we present comprehensive numerical simulation results to
verify and illustrate the theoretical analysis obtained for our main discrete-
time predator-prey system. By selecting the intrinsic growth rate r» and the
predation rate § as control parameters, we investigate the diverse dynam-
ical behaviors of the system, including stable states, periodic oscillations,
and the transition into chaotic regimes via period-doubling cascades.

To deeply investigate the dynamic behaviors of the system, we consider
the following numerical configurations and scenarios:

3.5.1 Case 1: Stability of the Trivial Equilibrium FE,

We choose the parameter values » = 0.5 and § = 2 with the initial con-
ditions (xo,%0) = (0.1,0.1). Based on our previous analytical criteria, the
eigenvalues of the Jacobian matrix evaluated at the origin fall strictly in-
side the unit circle, confirming that the trivial equilibrium point Ey(0, 0)
acts as a stable sink.

As shown in the numerical trajectory, both prey and predator popula-
tions decrease rapidly and converge directly to the origin. Furthermore, as
the continuation curve indicates, when r increases and crosses the critical
threshold r = 1, Ej loses its stability and undergoes a branch point (BP)
bifurcation.

04 r= 0.5, § = 2, with initial value (0.1,0.1)

0.09

0.08 |
0.07
0.06 - 1 0

=005 - 4 0s
0.04 - 1 Tos
0.03 -

002}
Dot f g BP

0 " L L L L L
1] 001 002 003 004 005 006 007 008 009 01 0 02 04 06 08 12 14 16 18 2
r

(a) stable equilibrium (b) Continuation of Ey in (r, z)-space.
The branch point (BP)

Figure 3.2: Phase portraits and bifurcation tracking of the trivial equilibrium point
Ey(0,0) under parameter values r = 0.5 and 8 = 2: (a) Stable equilibrium trajectory
directly converging to the origin with initial values (0.1,0.1), (b) Numerical continuation
of Ey in the (r, z)-space highlighting the precise boundary location of the Branch Point
(BP) threshold.
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3.5.2 Case 2: Bifurcations and Chaos of the Boundary Scenario
Ey

Next, we adjust the parameter values to r = 2.9 and 8 = 1 with the initial
conditions (xg,y0) = (0.6,0.4) to evaluate the behavior of the boundary
equilibrium FE;. In this scenario, the system displays sharp oscillatory
behaviors that pulse near the state boundaries as shown in the trajectory
plot.

The continuation curve in (7, x)-space demonstrates that after emerging
from the Branch Point (BP), the boundary equilibrium curve propagates
until it encounters a Period-Doubling (PD) bifurcation point, where £
loses its local stability and triggers a cascade toward complex orbits.

r=2.9, g =1, with initial value (0.6,0.4)

i ol BPY
— ]

0 L L L L L L
059 06 061 062 0863 064 0865 066 067 0.68 1 15 2 25 3 35 4
x r

(a) stable equilibrium (b) Continuation of E; in (r,z)-space. The

branch point (BP), period doubling point (PD)

Figure 3.3: Phase portraits and bifurcation tracking of the boundary equilibrium point
E; under parameter values r = 2.9 and = 1: (a) Dynamic trajectory exhibiting stable
oscillatory behavior under initial values (0.6,0.4), (b) Numerical continuation curve of
Ej in the (7, z)-space mapping the sequence from the Branch Point (BP) up to the onset
of the Period-Doubling (PD) threshold.

3.5.3 Chaotic Regime and Strange Attractors

Further increase and variation of the system parameter space leads to a
cascade of period-doubling bifurcations that completely break down pe-
riodic orbits, eventually evolving into chaotic dynamics. In another pa-
rameter region, the system undergoes a Neimark-Sacker bifurcation where
an attractive closed invariant curve appears around the positive interior
equilibrium state, confirming the emergence of highly complex strange at-
tractors.

[15]
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Conclusion

In this paper we studied a two—dimensional discrete-time predator—prey
model with a nonmonotonic functional response.

The existence of equilibrium points was determined and the local sta-
bility of the positive equilibrium was analyzed using the Jacobian matrix.

By choosing the intrinsic growth rate as a bifurcation parameter, we
showed that the system can undergo flip bifurcation and Neimark—Sacker
bifurcation.

Numerical simulations were performed to illustrate the analytical results
and showed that the system can exhibit complex dynamical behaviors
including periodic oscillations and chaotic dynamics.

These results contribute to the understanding of the dynamical prop-
erties of discrete predator—prey systems.

:ewritingvariant="document” id="37769"
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