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  صــــــالملخ
  

التفاضلية -التكامليةالتكاملية و تتناول هذه الأطروحة دراسة منهج عددي لحل المعادلات

 التجميعالجزئية من نوع فولتيرا ثنائية البعد الخطية مع تأخير. تم تطوير طريقة 

)Collocation method المعتمدة على كثيرات حدود تايلور لتقريب الحل على (

مكاني مُقسَّم إلى أجزاء. يتيح المخطط المقترح حساب معاملات التقريب زماني  مجال

بطريقة تكرارية دون الحاجة إلى حل أنظمة كبيرة من المعادلات الجبرية. كما يتم إثبات 

ظام المعطيات. وتعرض أمثلة التقارب الشامل للطريقة نظرياً تحت افتراضات مناسبة لانت

  عددية لإبراز كفاءة الطريقة المقترحة ودقتها في تقريب الحلول.

  

 

المعادلات التفاضلية التكاملية  ,معادلات فولتيرا التكاملية ذات التأخير  :الكلمات المفتاحية

 .تايلور، تحليل الخطأ ، كثيرات حدود جميع، طريقة التثنائية البعد لفولتيرا ذات التأخير

 



ABSTRACT

This thesis studies a numerical approach for solving linear two-dimensional delay

partialaVolterra integro-differential equations. A collocation method based on Taylor

polynomials is developed to approximate the solution on a spatial domain defined

piecewise. The proposed scheme computes the approximation coefficients iteratively

without the need to solve large systems of algebraic equations. A theoretical analy-

sis establishes the global convergence of the method under appropriate smoothness

assumptions. Numerical examples are presented to demonstrate the efficiency and

accuracy of the proposed method.

Key Words: DelayaVolterra integralaequations, two-dimensional delayaVolterra

integro-differential equations, collocation method, Taylor polynomials, error analysis.



RÉSUMÉ

Cette thèse étudie une approche numérique pour la résolution des équations intégro-

différentielles partielles deaVolterra bidimensionnelles linéaires avec retard. Une méth-

ode de collocation basée sur les polynômes de Taylor est développée afin dapproximer

la solution sur un domaine spatial défini par morceaux. Le schéma proposé permet de

calculer les coefficients dapproximation de manière itérative sans avoir à résoudre de

grands systèmes algébriques. Une analyse théorique établit la convergence globale de

la méthode sous des hypothèses de régularité appropriées. Des exemples numériques

illustrent lefficacité et la précision de la méthode proposée.

Mots-clés: Équations intégrales deaVolterra à retard, équations intégrales-

différentielles deaVolterra à retard à deux dimensions, méthode de collocation, polynômes

de Taylor, analyse des erreurs.
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GENERAL INTRODUCTION

Volterra integralaequations have long been recognized as fundamental tools in the

mathematical modeling of dynamic systems that depend on their past states. These

equations provide a versatile framework for describing phenomena influenced by

memory effects, making them indispensable in fields such as physics, biology, en-

gineering, and economics [7, 15, 23]. By incorporating time delays and spatial vari-

ables,aVolterra integralaequations allow for a more realistic representation of complex

systems, capturing both temporal and spatial dependencies.

which cannot be accurately described by conventional differential equations alone [7,

15]. For instance, in biological modeling, delay and memory effects are important in

describing the evolution of populations and interactions among species, where the

present state depends on previous states of the system. In engineering, Volterra-type

equations are widely used to model materials and processes exhibiting hereditary be-

havior, such as viscoelastic systems, where the current response depends on the past

history of the material [6, 11]. Moreover, in economic and financial modeling, memory-

dependent models have been employed to describe systems in which current dynamics

are influenced by previous trends and historical information [18].

Recent advances have extended the classical one-dimensionalaVolterra integralaequations
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General Introduction

to multi-dimensional and delayed forms [12, 14, 20, 26]. Multi-dimensionalaVolterra

integralaequations (MDVIEs) generalize the classical theory to functions of multiple

variables, enabling the modeling of systems that evolve simultaneously in space and

time. When coupled with time delays, these equations effectively capture memory-

dependent phenomena in complex systems, such as delayed responses in viscoelastic

materials, ecological dispersal with memory effects, and delayed interactions in epi-

demic models [20, 24, 26].

Due to the complexity of delayed and multi-dimensionalaVolterra integralaequations,

analytical solutions are often unavailable. Therefore, efficient and reliable numerical

methods are crucial. Among the widely used approaches are:

• Taylor Series-based Collocation Methods: This approach approximates the so-

lution using Taylor polynomials within each subinterval and enforces the inte-

gralaequation at selected collocation points [3, 5, 12, 20]. The main advantages

include high accuracy, iterative computation of coefficients, and adaptability to

higher-dimensional problems. These methods are particularly effective for sys-

tems with both spatial dependence and time delays, ensuring convergence and

stability even in complex scenarios.

• Galerkin Methods: The Galerkin approach constructs approximate solutions as

a linear combination of basis functions and minimizes the residual in a weighted

manner [7, 8, 10]. It is widely applied in integral and integro-differential equa-

tions due to its strong theoretical foundation and ability to handle nonlinearity.

Galerkin methods are particularly useful when the solution exhibits smooth be-

havior, and they can be combined with polynomial bases to improve accuracy.

• Operational Matrices Methods: These methods employ polynomial expansions,

such as Bernstein or Chebyshev polynomials, and transform integralaequations

into systems of algebraic equations [13, 20, 23]. Operational matrices allow for

efficient computation by directly approximating the integrals, providing a pow-

erful tool for both linear and nonlinearaVolterra integralaequations. Their main
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General Introduction

benefit is reducing computational complexity while maintaining high accuracy.

• Trapezoidal and Simpsons Rules: Classical numerical integration techniques,

like the trapezoidal and Simpsons rules, have been extended to multi-dimensional

integrals [4, 5, 15]. These methods discretize the integration domain, providing

simple yet effective approximations of the integral terms. They are particularly

useful in heat conduction, fluid dynamics, and other engineering applications

where accurate evaluation of multi-dimensional integrals is required.

These numerical techniques form the backbone of modern approaches to solv-

ing one-dimensional, two-dimensional, and even higher-dimensionalaVolterra inte-

gralaequations with delays. Their development has enabled the analysis of systems

previously intractable due to their complexity and dimensionality.

Delayed and multi-dimensionalaVolterra integralaequations have proven essential

in several scientific and engineering applications:

• Ecological modeling: Multi-dimensional equations are employed to describe

ecosystems where species interactions depend on both spatial location and tem-

poral history, including predator-prey dynamics, resource competition, and nu-

trient dispersal [1, 23, 26]. For example, a spatio-temporal predator-prey system

can be modeled as:

u(x, t) =
∫ t

0

∫
Ω

K(x, y, t − s) f (u(y, s)) dy ds,

where u(x, t) represents population density at location x and time t, and K(x, y, t−s)

is a kernel capturing delayed spatial interactions.

• Engineering and materials science: These equations model viscoelastic and com-

posite materials, capturing how historical stress or strain affects current material

behavior [6, 11, 21]. For instance, the stress in a material with memory can be

expressed as:

σ(t) = Eϵ(t) +
∫ t

0
K(t − s)ϵ(s) ds,

6



General Introduction

where σ(t) is the stress, ϵ(t) is the strain, E is the elastic modulus, and K(t − s)

is the memory kernel. They are also used in thermal analysis for materials with

memory-dependent heat conduction [21, 24], such as:

u(x, t) =
∫ t

0
K(t − s)

∂2u
∂x2 (x, s) ds + f (x, t),

where u(x, t) is the temperature distribution and f (x, t) an external heat source.

• Economics and control systems: In industrial processes and economic modeling,

delayedaVolterra equations describe systems where present outcomes depend on

past performance, environmental factors, or delayed feedback in control sys-

tems [18, 23, 24]. A simple example is:

y(t) =
∫ t

0
K(t − s)u(s) ds + αy(t − τ),

where y(t) is the economic indicator or system output at time t, u(t) is input,

K(t − s) models delayed impact, and τ represents a time delay in feedback.

• Population dynamics and epidemiology: Delays in reproduction or disease incu-

bation periods can be accurately captured using delayaVolterra integralaequations,

improving forecasting and policy planning [1, 21, 26]. For example, the number

of infected individuals in a population with incubation period τ can be modeled

as:

I(t) =
∫ t−τ

0
K(t − s)S(s)I(s) ds,

where I(t) is the number of infected, S(t) the susceptible population, and K(t − s)

a kernel representing the rate of infection spread over time.

The main objectives of this thesis are:

1. To develop a comprehensive numerical framework for solving delayedaVolterra

integralaequations with spatial dependence using Taylor Collocation meth-

ods [3, 5, 12].

7



General Introduction

2. To establish convergence and stability properties of the proposed numerical

method [14, 20, 26].

3. To provide numerical examples validating the efficiency and accuracy of the

method for both one-dimensional and two-dimensional cases [14, 20, 26].

4. To extend the proposed framework for potential applications to multi-dimensional

integral and integro-differential equations in science and engineering.

This thesis is structured into three main chapters, each focusing on a key aspect of

delayed and multi-dimensionalaVolterra integralaequations:

• Chapter 1: This chapter establishes the mathematical foundation required for the

study ofaVolterra integralaequations with delays. It introduces essential defini-

tions, including function spaces and Lipschitz-type conditions, which are funda-

mental for ensuring the well-posedness of the problems considered [10, 22, 23].

The chapter also presents Taylor series expansions in one and multiple variables,

providing the theoretical tools necessary for constructing polynomial approxi-

mations of unknown functions. Integralaequation formulations are rigorously

discussed, including first- and second-kindaVolterra equations, and their rela-

tionships with differential and integro-differential equations. Furthermore, com-

parison techniques and relevant theorems are provided to analyze the conver-

gence, stability, and error bounds of numerical methods. This chapter serves as

the foundation upon which the numerical schemes in the following chapters are

built, ensuring that the approximations preserve the essential properties of the

exact solutions.

• Chapter 2: In this chapter, the focus shifts to the numerical solution of two-

dimensionalaVolterra integralaequations with time delays. The concept of de-

layed dependence is formally introduced, emphasizing how the solution at a

given time depends not only on the current state but also on past states through

integrals with shifted arguments [3, 5, 20, 26]. The Taylor Collocation method

8



General Introduction

is developed in detail, including the construction of collocation points, the ex-

pansion of the unknown function using Taylor polynomials, and the iterative

computation of coefficients without the need to solve large systems of algebraic

equations. Convergence proofs are provided to demonstrate that the method

yields increasingly accurate approximations as the number of collocation points

grows. The chapter also includes illustrative numerical examples, showing the

practical application of the method to delay Volterra integral equations arising

in population dynamics and viscoelastic materials. These examples highlight the

ability of the method to handle both nonlinearities and time delays effectively,

while maintaining computational efficiency.

• Chapter 3: This chapter extends the study to more complex two-dimensional

integro-differential equations with delays in both spatial and temporal vari-

ables [12, 14, 20, 26]. The mathematical formulation of 2D-DPVIDEs is presented,

along with the conditions for existence and uniqueness of solutions. The Taylor

Collocation method is adapted to handle two-dimensional spatial domains, re-

quiring a careful partitioning of the domain and construction of two-dimensional

Taylor expansions. The chapter provides detailed convergence and stability anal-

yses, proving that the numerical approximations converge to the exact solution

under appropriate smoothness and Lipschitz-type assumptions. Several numer-

ical examples are included to demonstrate the method’s accuracy and efficiency

in solving representative two-dimensional delay integro-differential problems.

The chapter emphasizes the generality and scalability of the method, illustrat-

ing how it can be extended to higher-dimensional problems and more complex

integro-differential equations encountered in physics, engineering, and applied

sciences.

Two-dimensional delayaVolterra integro-differential equations form a versatile class

of integralaequations, widely applied in engineering, physics, and biological model-

ing [14, 20, 26]. The combination of time delays and multi-dimensional spatial variables

allows for the modeling of complex systems whose current states depend intricately on

9
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past spatial-temporal interactions. The proposed methodology provides a robust and

flexible numerical framework suitable for analyzing high-dimensional systems with

delays, ensuring convergence, stability, and high accuracy. It establishes a solid foun-

dation for future research into higher-dimensional and more complexaVolterra-type

integral and integro-differential equations.
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CHAPTER 1

BASIC AND ESSENTIAL CONCEPTS
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Basic and Essential Concepts

The purpose of this chapter is to establish the mathematical framework underlying

our study. It gathers essential definitions and theoretical results, including Taylor ex-

pansion representations, integralaequation formulations, and comparison techniques,

which are instrumental in proving the convergence properties of the numerical approx-

imations considered.

1.1 Taylor Expansion

The Taylor expansion is a fundamental analytical tool that allows a smooth function to

be locally approximated by a polynomial constructed from its successive derivatives at

a given point. This representation plays a crucial role in both theoretical and numerical

analysis, particularly when dealing with functions whose exact evaluation is difficult or

impractical. In a neighborhood of the expansion point, the Taylor expansion provides

an accurate approximation of the function and, under suitable regularity conditions,

coincides with it. When the expansion point is chosen to be zero, the resulting expansion

is referred to as the Maclaurin expansion.

In numerical analysis, Taylor expansions serve as the theoretical foundation for

many approximation techniques, especially those based on polynomial interpolation

and collocation methods. They enable the transformation of differential, integral, and

integro-differential equations into algebraic systems by replacing unknown functions

with truncated polynomial representations. This feature makes Taylor expansion par-

ticularly suitable for constructing efficient numerical algorithms.

Definition 1.1.1 Consider a function φ that is differentiable up to order (η+ 1) in the vicinity

of a point τ0. The Taylor theorem asserts that φ(τ) can be approximated by a polynomial

composed of its derivatives evaluated at τ0, together with a remainder term that quantifies the

12



Basic and Essential Concepts

approximation error. Formally, one can write

φ(τ) =
η∑

k=0

φ(k)(τ0)
k!

(τ − τ0)k +
φ(η+1)(ξ)
(η + 1)!

(τ − τ0)η+1︸                  ︷︷                  ︸
remainder term Rη(τ)

,

where ξ is some point between τ0 and τ. This formulation emphasizes that the Taylor polynomial

provides a local approximation of order η, while the remainder term Rη(τ) offers a precise

characterization of the truncation error, ensuring controlled convergence in a neighborhood of

τ0.

The remainder term plays a central role in error estimation and convergence analysis

of numerical methods. In particular, it allows one to derive explicit bounds on the

difference between the exact function and its polynomial approximation, which is

essential for assessing the accuracy and stability of numerical schemes based on Taylor

expansions.

Lemma 1.1.1 (Taylor’s theorem for functions of two variables, [22]) Let φ be a function

continuously differentiable up to order p on the rectangle R = [A0,A1] × [B0,B1], and let

(t0, s0) ∈ R. Then, for any (t, s) ∈ R, the function φ(t, s) can be expressed as

φ(t, s) =
p−1∑

i+ j=0

1
i! j!
∂i

t∂
j
sφ(t0, s0)(t − t0)i(s − s0) j + Rp(t, s),

where the remainder term Rp(t, s) is given by

Rp(t, s) =
∑
i+ j=p

1
i! j!
∂i

t∂
j
sφ(t̃, s̃)(t − t0)i(s − s0) j,

for some point (t̃, s̃) lying on the line segment joining (t0, s0) and (t, s). This expansion shows

that φ(t, s) can be locally approximated by a polynomial in (t − t0) and (s − s0) of total degree

p− 1, while the remainder term Rp(t, s) provides a rigorous measure of the approximation error.

Remark 1.1.1 The multidimensional Taylor expansion presented in Lemma 1.1.1 is a key

13



Basic and Essential Concepts

analytical ingredient in the numerical treatment of problems involving functions of several

variables. It enables the construction of local polynomial approximations that are essential

in higher-dimensional numerical schemes, particularly those based on collocation techniques.

Moreover, the explicit form of the remainder term allows one to control truncation errors and

plays a crucial role in the theoretical analysis of numerical stability and convergence.

Such Taylor expansions are especially relevant in the numerical solution ofaVolterra

integral and integro-differential equations with delays. In these problems, the un-

known function often depends on multiple variables as well as on delayed arguments.

By applying Taylor series expansions, delayed terms can be systematically approxi-

mated using local derivative information, which leads to finite-dimensional represen-

tations of the original problem. This approach constitutes the theoretical foundation

of Taylor collocation methods employed for solving one-, two-, and three-dimensional

delayaVolterra equations.

Furthermore, the structure of the remainder terms in both the one-dimensional and

multidimensional Taylor theorems provides the mathematical framework required for

convergence analysis. These terms allow the derivation of explicit error bounds for the

approximate solutions and will be extensively used in subsequent chapters to establish

the consistency, stability, and convergence of the numerical algorithms developed in

this thesis.

1.2 Integral Equations

An integralaequation is a mathematical expression in which the unknown function,

typically denoted by ω(x), appears under an integral sign. These equations serve as

a fundamental tool in both theoretical and applied mathematics, providing a frame-

work for formulating and solving diverse problems in physics and engineering. Many

problems that originate as initial or boundary value problems for ordinary or partial

differential equations can be equivalently reformulated as integralaequations.

14



Basic and Essential Concepts

Definition 1.2.1 An integralaequation is an equation in which the unknown function appears

inside an integral operator, possibly together with the function itself. The solution of the equation

consists in determining a function that satisfies the relation for all values of the independent

variable in a prescribed domain.

A general linear form of an integralaequation can be written as

φ(τ)ω(τ) = u(τ) + λ
∫ β(τ)

α(τ)
κ(τ, s)ω(s) ds,

whereλ is a constant parameter, κ(τ, s) is the kernel function, and the unknown function

ω(τ) may appear inside the integral, outside the integral, or both. The functions φ(τ),

u(τ), and κ(τ, s) are assumed known, while the limits of integration α(τ) and β(τ) can

be either constants, variables, or a combination thereof.

1.2.1 Linearity and Nonlinearity

integralaequations may also be classified according to their linearity. The equation

is said to be linear if the unknown function ω appears only linearly, that is, it is not

multiplied by itself nor composed with nonlinear operators. Otherwise, the equation is

referred to as a nonlinear integralaequation. Typical nonlinear integralaequations involve

kernels or integrands depending nonlinearly on ω, such as κ(τ, s, ω(s)).

1.2.2 Classification by Limits of Integration

integralaequations can be classified according to the limits of integration:

• Fredholm integralaequations (FIEs): If both integration limits are constants, the

equation takes the form

φ(τ)ω(τ) = u(τ) + λ
∫ b

a
κ(τ, s)ω(s) ds,
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where a and b are fixed constants.

• Volterra integralaequations (VIEs): If at least one limit of integration is variable,

the equation is expressed as

φ(τ)ω(τ) = u(τ) + λ
∫ τ

a
κ(τ, s)ω(s) ds.

Both FIEs and VIEs may be homogeneous or inhomogeneous. The equation is

homogeneous if u(τ) = 0, and inhomogeneous otherwise.

1.2.3 First, Second, and Third Kind

Another common classification is based on the function φ(τ):

• If φ(τ) = 0, the equation is called a first-kind integralaequation (FIE or VIE).

• If φ(τ) = 1, it is referred to as a second-kind integralaequation (FIE or VIE).

• Ifφ(τ) , 0 andφ(τ) , 1, it is classified as a third-kind integralaequation (FIE or VIE).

1.2.4 Order of Volterra Equations

AaVolterra integralaequation of the first kind involves only the integral term, whereas

aaVolterra integralaequation of the second kind contains both the unknown function

and its integral representation. Equations of the second kind are generally better posed

and more suitable for numerical treatment [23].

1.2.5 Delay Volterra Integral Equations

In many practical applications, integralaequations involve delay arguments, where the

unknown function is evaluated at shifted variables. A delayaVolterra integralaequation

16
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typically takes the form

ω(τ) = u(τ) +
∫ τ

a
κ(τ, s)ω(s − δ) ds,

where δ > 0 denotes a constant or variable delay. Such equations naturally arise in

systems with memory effects and hereditary phenomena [3, 14].

1.2.6 Higher-Dimensional Volterra Equations

integralaequations can also be defined in higher-dimensional domains. For instance, a

two-dimensionalaVolterra integralaequation involves an unknown function depending

on two independent variables and integrals taken over planar regions. These equations

appear frequently in models describing spatialtemporal processes and pose additional

analytical and numerical challenges compared to the one-dimensional case [12].

1.2.7 Connection to Numerical Methods

The classification and structural properties of integralaequations play a crucial role

in the development of numerical methods. In particular,aVolterra integralaequations

of the second kind, including their delayed and multidimensional forms, are well

suited for collocation-based techniques. This observation motivates the use of Taylor

collocation methods in the subsequent chapters for constructing accurate and efficient

numerical approximations.

1.3 Piecewise Polynomial Spaces

Piecewise polynomial spaces provide a flexible framework for approximating func-

tions over an interval by partitioning the domain into smaller subintervals and defin-

ing polynomial functions locally on each subinterval. These spaces are widely used
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in numerical analysis, finite element methods, computer-aided geometric design, data

interpolation, and in the numerical solution of integral and integro-differential equa-

tions, offering a localized and adaptable approach to capture complex behaviors within

a domain [7, 10].

Consider a grid (or mesh) on the interval J = [0, b] given by

Jk = {ym : 0 = y0 < y1 < · · · < yM = b}, k =
b
M
,

where k is the step size. Each subinterval is denoted by

δm = [ym, ym+1], m = 0, . . . ,M − 1.

Definition 1.3.1 (Piecewise Polynomial Spaces, adapted from [7]) For given integersη ≥
0 and −1 ≤ d ≤ η, the piecewise polynomial space S(d)

η (Jk) associated with the mesh Jk is defined

as

S(d)
η (Jk) = {u ∈ Cd(J) : u|δm ∈ πη, 0 ≤ m ≤M − 1},

where πη denotes the space of real polynomials of degree at most η.

This space forms a real linear vector space, and its dimension is given by

dimS(d)
η (Jk) =M(η − d) + d + 1.

Remark 1.3.1 A commonly used space for collocation approximations is S(d)
p+d(Jk) with p ≥ 1

and d ≥ −1, which has dimension Mp+d+1. This space is well-suited for approximating solu-

tions to initial-value problems for ordinary differential equations oraVolterra integralaequations

[7, 14].

The choice of the regularity parameter d depends on the number of initial conditions:

• ForaVolterra integralaequations with no initial conditions, set d = −1 [5].

• For first-order ODEs oraVolterra integro-differential equations with one initial condition,

set d = 0 [4, 26].
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• For higher-order ODEs oraVolterra integro-differential equations of order k ≥ 2 with k

initial conditions, set d = k − 1 [5, 26].

For bivariate spline approximations, the tensor-product piecewise polynomial space

S(−1)
p−1,q−1(ΠN,M)

is constructed from the univariate spline spaces S(−1)
p (ΠN) in t and S(−1)

q (ΠM) in s [8, 17].

Functions in this space are allowed to have discontinuities along the interior grid lines t = tn

(n = 1, . . . ,N − 1) and s = sm (m = 1, . . . ,M − 1), which is particularly useful for solving

two-dimensionalaVolterra integralaequations of the first and second kind numerically [17, 12].

Remark 1.3.2 Piecewise polynomial spaces, especially those based on splines, provide the

foundation for collocation methods, spectral methods, and Galerkin-type approaches. They

allow local error control, high-order convergence, and the flexibility to handle nonuniform

grids or singularities in the solution [7, 14]. In the context of delayaVolterra equations, tensor-

product piecewise polynomial spaces facilitate the efficient approximation of functions depending

on multiple variables and delays [3, 5].

1.4 Collocation Method

The collocation method is a prominent numerical technique used to approximate so-

lutions of differential and integralaequations. The central idea is to select a finite-

dimensional space of candidate functions, often polynomials of a specified degree, and

a discrete set of points within the domain, referred to as collocation points. The approx-

imate solution is then constructed such that the governing equation is satisfied exactly

at these points [7, 14].

This approach demonstrates considerable flexibility and can be adapted to a wide

variety of equations. In the context of ordinary differential equations (ODEs), several

specialized collocation techniques have been developed, including:
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• Chebyshev collocation: representing solutions via Chebyshev polynomial ex-

pansions [23];

• Legendre-Gauss collocation: using Legendre-Gauss nodes to efficiently solve

initial-value problems for second-order ODEs [9];

• Bernstein collocation: employing Bernstein polynomials to handle nonlinear

ODEs ;

• Block hybrid collocation: designed specifically for direct solution of third-order

ODEs [13].

For partial differential equations (PDEs), the collocation methodology extends to

more complex frameworks, such as sparse grid stochastic collocation methods based

on Smolyak grids for statistical approximations, wavelet collocation methods utiliz-

ing Daubechies wavelet autocorrelations, and spline collocation employing B-spline

functions for accurate numerical approximation [10, 12].

When applied to integralaequations, the collocation method provides effective

strategies tailored to the problem type. For instance, the Galerkin collocation method is

well-suited for first-kind integralaequations, whereas iterated collocation methods effi-

ciently address nonlinearaVolterra integralaequations of the second kind [4, 14]. In par-

ticular, Taylor collocation methods have proven effective for both one-dimensional and

two-dimensionalaVolterra integralaequations, including those with delays [3, 5, 12].

The reliability and precision of the collocation method depend critically on the

appropriate choice of collocation points, the selection of basis functions (e.g., piecewise

polynomials, splines, or orthogonal polynomials), and the inherent properties of the

equation under study. Careful attention to these aspects ensures both the convergence

and the accuracy of the approximated solution [4, 14].

An additional advantage of this approach is its versatility: in certain implementa-

tions, mesh generation can be avoided entirely through node-based schemes, reducing

computational cost significantly. Combined with its capacity to handle irregular do-
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mains, multidimensional problems, and complex boundary conditions, the collocation

method serves as a robust and adaptable tool in modern numerical analysis, capa-

ble of delivering highly accurate approximations across a wide spectrum of problems

[4, 14, 12].

1.5 Taylor Collocation Method

The Taylor collocation method is a numerical approach for approximating solutions of

differential, integral, and integro-differential equations by representing the unknown

function as a truncated Taylor expansion. In this method, a set of collocation points is

selected within the domain, and the coefficients of the expansion are determined such

that the governing equation is satisfied exactly at these points [3, 14, 12, 13].

Initially developed foraVolterra integralaequations, the method has been progres-

sively refined and applied to more complex problems:

• Karamete and Sezer [13] introduced a spectral Taylor matrix collocation tech-

nique for solving linear integro-differential equations, emphasizing spectral con-

vergence properties.

• Bellour and Bousselsal [3] proposed a framework using Taylor polynomials to ap-

proximate solutions of delay integral and integro-differential equations, demon-

strating accuracy for single- and multi-delay problems.

• Laib et al. [14] applied the method to systems of nonlinearaVolterra delay integro-

differential equations, demonstrating its efficiency for both linear and nonlinear

forms in two-dimensional cases.

• Khennaoui et al. [12] extended the Taylor collocation approach to two-dimensional

partialaVolterra integro-differential equations, illustrating its versatility in multi-

dimensional domains and compatibility with tensor-product piecewise polyno-

mial spaces [7, 10].
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By carefully incorporating delayed terms, multidimensional extensions, and suit-

able basis functions from piecewise polynomial spaces, the Taylor collocation method

has proven to be a robust and adaptable tool for numerically solvingaVolterra-type

equations, providing accurate approximations while maintaining computational effi-

ciency [4, 14, 12].

1.5.1 Application to Delayed Volterra Equations

The collocation method, and in particular the Taylor collocation approach, can be

effectively adapted to solveaVolterra integral and integro-differential equations with

delay. In these equations, the unknown function depends not only on the current time

variable but also on past values, introducing a delay term.

To handle this, the method is modified as follows:

• The collocation points are carefully selected within the domain to account for the

maximum delay, ensuring that all delayed terms are evaluated correctly [3, 14].

• The approximate solution is expressed using a truncated Taylor expansion in

each subinterval, capturing both the current and delayed contributions of the

unknown function [4, 14]

• The coefficients of the Taylor expansion are determined such that the equation,

including all delay terms, is satisfied exactly at the collocation points [3, 14, 12].

This adaptation allows the Taylor collocation method to provide accurate and effi-

cient numerical approximations for both linear and nonlinearaVolterra equations with

delay, extending the flexibility of the general collocation framework to a class of prob-

lems that are otherwise challenging to solve analytically [3, 5, 14, 12].

Building upon these fundamental studies, this thesis develops and refines the Tay-

lor collocation method specifically for delayaVolterra integral and integro-differential
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equations, addressing both two-dimensional and three-dimensional cases. By system-

atically incorporating the effects of delayed terms and leveraging piecewise polynomial

basis functions, the proposed approach targets both linear and nonlinear forms of the

equations. This work aims to extend the practical applicability of the Taylor collocation

technique, offering robust and accurate numerical approximations for a broad range

of multidimensional delayedaVolterra problems that are otherwise difficult to solve

analytically [3, 14, 12, 13].

1.6 Comparison Theorems

In this section, we focus on several fundamental theorems related to both discrete and

continuous inequalities. These results play a central role in establishing the theoretical

foundations required to verify the convergence of numerical approximations toward

the true solution. The applications and proofs of these theorems will be systematically

developed in the following chapters to support the analysis of the proposed methods.

1.6.1 Discrete inequalities

Lemma 1.6.1 (Discrete Gronwall-type inequality [7]) Let {k j}nj=0 be a given non-negative

sequence, and suppose that the sequence {εn} satisfies ε0 ≤ p0 and

εn ≤ p0 +

n−1∑
i=0

kiεi, n ≥ 1,

with p0 ≥ 0. Then εn is bounded by

εn ≤ p0 exp

 n−1∑
j=0

k j

 , n ≥ 1.

Lemma 1.6.2 (Bellman’s inequality [2]) Let h and f be continuous and non-negative
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functions defined on J = [α, β], and let c be a non-negative constant. Then the inequality

h(t) ≤ c +
∫ t

α

f (s)h(s)ds, t ∈ J,

implies that

h(t) ≤ c exp
(∫ t

α

f (s)ds
)
, t ∈ J.

Lemma 1.6.3 (Taylor’s theorem for functions of two independent variables) Let ω be

a p-times continuously differentiable function on D = [a, b] × [c, d] and let (x0, y0) ∈ D. Then

for all (x, y) ∈ D we have

ω(x, y) =
p−1∑

i+ j=0

1
i! j!
∂ i+ jω(x0, y0)
∂xi∂y j (x − x0)i(y − y0) j

+
∑
i+ j=p

1
i! j!
∂ i+ jω(x1, y1)
∂xi∂y j (x − x0)i(y − y0) j,

where 
x1 = εx + (1 − ε)x0 ∈ [a, b],

y1 = εy + (1 − ε)y0 ∈ [c, d],
ε ∈ (0, 1).

Lemma 1.6.4 (Discrete Gronwall inequality) Assume ω(n,m), b(n,m) and e(n,m) are

nonnegative sequences, with b(n,m) being nondecreasing in each variable n and m. Suppose

that

ω(n,m) ≤ b(n,m) +
n−1∑
s=0

m−1∑
t=0

e(s, t)ω(s, t),

for all n,m ∈N. Then

ω(n,m) ≤ b(n,m)
n−1∏
s=0

1 + m−1∑
t=0

e(s, t)

 , n,m ∈N.
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2.1 Introduction

In this chapter, we consider the numerical solution of delayaVolterra integralaequations

with time delay τ > 0:

u(t, x) =



1(t, x) + A(t, x)u(t − τ, x) +
∫ t

0
K1(t, x, s)u(s, x) ds

+

∫ t−τ

0
K2(t, x, s)u(s, x) ds, t ∈ [0,T], x ∈ [0,X],

Φ(t, x), t ∈ [−τ, 0], x ∈ [0,X],

(2.1)

where the functions 1, Φ, A, K1, and K2 are given smooth real-valued functions

defined on D := [0,T] × [0,X] ⊂ R2 and S := {(t, x, s) : 0 ≤ s ≤ t ≤ T, 0 ≤ x ≤ X}.
According to the classical theory ofaVolterra integralaequations (VIEs), equation (2.1)

admits a unique solution u ∈ C(D) [7].

DelayaVolterra integralaequations (DVIEs) play a crucial role in modeling nonlinear

dynamical systems in which memory effects and delays significantly influence system

behavior. Such systems arise in various disciplines, including population dynam-

ics, epidemic models, viscoelastic materials, control systems, and financial modeling,

where the future state of the system depends not only on its current state but also

on its past states. These delay effects often introduce additional complexity, making

analytical solutions difficult or impossible to obtain. Therefore, efficient and accurate

numerical methods are essential for their analysis.

Several researchers have studied numerical methods for solving one-dimensionalaVolterra

integralaequations with time delays (see, for example, [1, 3, 5, 9, 26]). Ali et al. [1]

proposed a spectral method for pantograph-type delay integralaequations using the

Legendre collocation method. Bellour and Bousselsal [3] constructed a collocation solu-

tion to approximate the solution of delay integralaequations. Brunner and Yatsenko [9]

investigated polynomial spline collocation methods for systems of VIEs with unknown

delays. Zheng and Chen [26] developed spectral methods using Chebyshev bases and
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spectral collocation techniques to analyze VIEs with two types of delays.

While numerous studies have focused on two-dimensionalaVolterra integralaequations

[4, 8, 16, 17], fewer works have addressed delayaVolterra integralaequations with a

spatial variable [20]. The primary challenge in solving such problems lies in han-

dling both the spatial dependence and the time delay in the upper integral limits,

which distinguishes these equations from conventional two-dimensionalaVolterra in-

tegralaequations.

To address this problem, we propose a Taylor collocation method that extends the

approach in [3] to approximate the solution of equation (2.1). The main contributions

of this work are as follows:

1. The adaptation of the Taylor collocation method to DVIEs with spatial depen-

dence, which remains a relatively unexplored area in numerical analysis.

2. The development of a computationally efficient framework in which the approx-

imation coefficients are computed iteratively without requiring the solution of

large systems of algebraic equations.

3. The formulation of a general numerical approach that can be extended to higher-

dimensional delay integralaequations encountered in physics, control theory, and

engineering applications.

This chapter is organized as follows. In Section 2.2, we partition the domain [0,T]×
[0,X] into subintervals and approximate the solution of (2.1) in each subinterval using

Taylor polynomials. Section 2.3 establishes the global convergence of the method.

Section 2.4 presents numerical examples illustrating the efficiency and accuracy of the

proposed approach. Finally, the conclusion summarizes the main findings and outlines

possible directions for future work.
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2.2 Description of the Method

We assume, without loss of generality, that T = rτ, where r ∈ N∗. Let

ΠϵN = {tϵn = ϵτ + nh, n = 0, 1, . . . ,N, ϵ = 0, 1, . . . , r}

and

ΠM = {xm = mk, m = 0, 1, . . . ,M}

denote uniform partitions of the intervals [0,T] and [0,X], respectively, with step sizes

h = τ
N and k = X

M . These partitions define a grid for D:

ΠϵN,M = Π
ϵ
N ×ΠM = {(tϵn, xm) | 0 ≤ n ≤ N, 0 ≤ m ≤M, ϵ = 0, 1, . . . , r}.

Define the subintervals as follows:

σϵn = [tϵn, t
ϵ
n+1), σϵN−1 = [tϵN−1, t

ϵ
N], n = 0, 1, . . . ,N − 2, ϵ = 0, 1, . . . , r − 1.

δm = [xm, xm+1), m = 0, 1, . . . ,M − 2, δM−1 = [xM−1, xM].

The rectangular subdomains are defined by

Dϵn,m := σϵn × δm, n = 0, 1, . . . ,N − 1, m = 0, 1, . . . ,M − 1, ϵ = 0, 1, . . . , r − 1.

Moreover, let πp−1 denote the set of all real polynomials of degree at most p − 1 in

the variables t and x. We define the real polynomial spline space of degree p − 1 in t

and x as follows:

S(−1)
p−1 (ΠϵN,M) = {v ∈ C(−1) : vϵn,m = v|Dϵn,m ∈ πp−1,

n = 0, . . . ,N − 1; m = 0, 1, . . . ,M − 1; ϵ = 0, 1, . . . , r − 1}.
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This represents the space of bivariate polynomial spline functions of degree at most

p − 1 in t and x. Its dimension is rNMp2, which corresponds to the total number of

coefficients in the polynomials vϵn,m, where n = 0, . . . ,N − 1, m = 0, . . . ,M − 1, and

ϵ = 0, . . . , r − 1.

To determine these coefficients, we apply Taylor polynomials on each rectangle.

2.2.1 Approximate solution in D0
0,m

The polynomial v0
0,m(t, x) is used to approximate u(t, x) within the rectangle D0

0,m, where

m = 0, . . . ,M − 1, such that

v0
0,m(t, x) =

p−1∑
i+ j=0

1
i! j!
∂(i)

t ∂
( j)
x u(0, xm) ti(x − xm) j. (2.2)

Here, ∂(i)
t ∂

( j)
x u(0, xm) denotes the exact value of ∂(i)

t ∂
( j)
x u at the point (0, xm).

To determine ∂(i)
t ∂

( j)
x u(t, x), we differentiate equation (2.1) j times with respect to x

and i times with respect to t, obtaining

∂(i)
t ∂

( j)
x u(t, x) = ∂(i)

t ∂
( j)
x 1(t, x) + ∂(i)

t ∂
( j)
x (A(t, x)Φ(t − τ, x))

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j
l

)(
q
η

)
∂(q−η)

t

(
∂(i−1−q)

t ∂( j−l)
x K1(t, x, s)

∣∣∣∣
s=t

)
∂(η)

t ∂
(l)
x u(t, x)

+

∫ t

0

j∑
l=0

(
j
l

)
∂(i)

t ∂
( j−l)
x K1(t, x, s) ∂(l)

x u(s, x) ds

− ∂(i)
t ∂

( j)
x

(∫ 0

t−τ
K2(t, x, s)Φ(s, x) ds

)
. (2.3)
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Hence,

∂(i)
t ∂

( j)
x u(0, xm) = ∂(i)

t ∂
( j)
x 1(0, xm) + ∂(i)

t ∂
( j)
x (A(0, xm)Φ(−τ, xm))

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j
l

)(
q
η

)
∂(q−η)

t

(
∂(i−1−q)

t ∂( j−l)
x K1(t, x, s)

∣∣∣∣
s=t

)
t=0,x=xm

∂(η)
t ∂

(l)
x u(0, xm)

− ∂(i)
t ∂

( j)
x

(∫ 0

−τ
K2(t, x, s)Φ(s, x) ds

) ∣∣∣∣
t=0,x=xm

.

2.2.2 Approximate solution in D0
n,m

The polynomial v0
n,m(t, x) is used to approximate u(t, x) within the rectangle D0

n,m, where

n = 1, . . . ,N − 1 and m = 0, . . . ,M − 1, such that

v0
n,m(t, x) =

p−1∑
i+ j=0

1
i! j!
∂(i)

t ∂
( j)
x v̂0

n,m(t0
n, xm)(t − t0

n)i(x − xm) j. (2.4)

Here, v̂0
n,m(t, x) denotes the exact solution of the integralaequation

v̂0
n,m(t, x) = 1(t, x) + A(t, x)Φ(t − τ, x) +

n−1∑
η=0

∫ t0
η+1

t0
η

K1(t, x, s)v0
η,m(s, x) ds

+

∫ t

t0
n

K1(t, x, s)v̂0
n,m(s, x) ds −

∫ 0

t−τ
K2(t, x, s)Φ(s, x) ds. (2.5)

To compute ∂(i)
t ∂

( j)
x v̂0

n,m(t, x), we differentiate equation (2.5) j times with respect to x
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and i times with respect to t, obtaining

∂(i)
t ∂

( j)
x v̂0

n,m(t, x) = ∂(i)
t ∂

( j)
x 1(t, x) + ∂(i)

t ∂
( j)
x (A(t, x)Φ(t − τ, x))

+

n−1∑
η=0

∫ t0
η+1

t0
η

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K1(t, x, s)
)
∂(l)

x v0
η,m(s, x) ds

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j
l

)(
q
η

)
∂(q−η)

t

(
∂(i−1−q)

t ∂( j−l)
x K1(t, x, s)

)∣∣∣∣
s=t
∂(η)

t ∂
(l)
x v̂0

n,m(t, x)

+

∫ t

t0
n

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K1(t, x, s)
)
∂(l)

x v̂0
n,m(s, x) ds

− ∂(i)
t ∂

( j)
x

(∫ 0

t−τ
K2(t, x, s)Φ(s, x) ds

)
. (2.6)

2.2.3 Approximate solution in Dϵn,m

The polynomial vϵn,m(t, x) is employed to approximate u(t, x) within the rectangle Dϵn,m,where

n = 0, ...,N − 1, ϵ = 1, ..., r, and m = 0, 1, ...,M − 1, such that

vϵn,m(t, x) =
p−1∑

j+i=0

1
i! j!
∂(i)

t ∂
( j)
x v̂ϵn,m(tϵn, xm)(t − tϵn)i(x − xm) j. (2.7)

Here, v̂ϵn,m(t, x) is the exact solution of the integralaequation

v̂ϵn,m(t, x) = 1(t, x) + A(t, x)vϵ−1
n,m(t − τ, x) +

ϵ−1∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

K1(t, x, s)ve
η,m(s, x)ds

+

n−1∑
η=0

∫ tϵ
η+1

tϵη

K1(t, x, s)vϵη,m(s, x)ds +
∫ t

tϵn

K1(t, x, s)v̂ϵn,m(s, x)ds

+

ϵ−2∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

K2(t, x, s)ve
η,m(s, x)ds +

n−1∑
η=0

∫ tϵ−1
η+1

tϵ−1
η

K2(t, x, s)vϵ−1
η,m(s, x)ds

+

∫ t−τ

tϵ−1
n

K2(t, x, s)vϵ−1
n,m(s, x)ds. (2.8)
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To compute ∂(i)
t ∂

( j)
x v̂ϵn,m(t, x), we differentiate equation (2.8) j- times with respect to x and

i- times with respect to t, obtaining

∂(i)
t ∂

( j)
x v̂ϵn,m(t, x) = ∂(i)

t ∂
( j)
x 1(t, x) +

j∑
l=0

i∑
η=0

(
j
l

)(
i
η

)
∂(i−η)

t

(
∂( j−l)

x A(t, x)
)
∂(η)

t ∂
(l)
x vϵ−1

n,m(t − τ, x)

+

ϵ−1∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K1(t, x, s)
)
∂(l)

x ve
η,m(s, x) ds

+

n−1∑
η=0

∫ tϵ
η+1

tϵη

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K1(t, x, s)
)
∂(l)

x vϵη,m(s, x) ds

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j
l

)(
q
η

)
∂(q−η)

t

[
∂(i−1−q)

t

∣∣∣
s=t

(
∂( j−l)

x K1(t, x, s)
)]
∂(η)

t ∂
(l)
x v̂ϵn,m(t, x)

(2.9)

+

∫ t

tϵn

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K1(t, x, s)
)
∂(l)

x v̂ϵn,m(s, x)ds,

+

ϵ−2∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K2(t, x, s)
)
∂(l)

x ve
η,m(s, x) ds

+

n−1∑
η=0

∫ tϵ−1
η+1

tϵ−1
η

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K2(t, x, s)
)
∂(l)

x vϵ−1
η,m(s, x) ds

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j
l

)(
q
η

)
∂(q−η)

t

[
∂(i−1−q)

t

∣∣∣
s=t−τ

(
∂( j−l)

x K2(t, x, s)
)]
∂(η)

t ∂
(l)
x vϵ−1

n,m(t − τ, x)
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Hence,

∂(i)
t ∂

( j)
x v̂ϵn,m(tϵn, xm) = ∂(i)

t ∂
( j)
x 1(tϵn, xm)

+

j∑
l=0

i∑
η=0

(
j
l

)(
i
η

)
∂(i−η)

t

(
∂( j−l)

x A(tϵn, xm)
)
∂(η)

t ∂
(l)
x vϵ−1

n,m(tϵn − τ, xm)

+

ϵ−1∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K1(tϵn, xm, s)
)
∂(l)

x ve
η,m(s, xm) ds

+

n−1∑
η=0

∫ tϵ
η+1

tϵη

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K1(tϵn, xm, s)
)
∂(l)

x vϵη,m(s, xm) ds

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j
l

)(
q
η

)
∂(q−η)

t

[
∂(i−1−q)

t

∣∣∣
s=t

(
∂( j−l)

x K1(tϵn, xm, s)
)]

t=tϵn,x=xm
∂(η)

t ∂
(l)
x v̂ϵn,m(tϵn, xm)

+

ϵ−2∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K2(tϵn, xm, s)
)
∂(l)

x ve
η,m(s, xm) ds

+

n−1∑
η=0

∫ tϵ−1
η+1

tϵ−1
η

j∑
l=0

(
j
l

)
∂(i)

t

(
∂( j−l)

x K2(tϵn, xm, s)
)
∂(l)

x vϵ−1
η,m(s, xm) ds

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j
l

)(
q
η

)
∂(q−η)

t

[
∂(i−1−q)

t

∣∣∣
s=t−τ

(
∂( j−l)

x K2(tϵn, xm, s)
)]
∂(η)

t ∂
(l)
x vϵ−1

n,m(tϵn − τ, xm)

2.3 Error Analysis

We require the following lemma to establish the convergence of the proposed method.

We will work within the space L∞(D) equipped with the norm

∥∥∥φ∥∥∥
L∞(D)

= inf
{
C ∈ R :

∣∣∣φ(t, x)
∣∣∣ ≤ C for a.e. (t, x) ∈ D

}
< ∞.

Lemma 2.3.1 Let 1, Φ, A, K1, and K2 be p-times continuously differentiable on their

respective domains. Then there exists a positive constant α(p) such that for all n =

0, . . . ,N − 1, m = 0, . . . ,M − 1, ϵ = 0, . . . , r − 1, and i + j = 0, . . . , p, we have∥∥∥∥∥∥∂i+ jv̂ϵn,m
∂ti∂x j

∥∥∥∥∥∥
L∞(Dϵn,m)

≤ α(p).
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Proof. Let ai+ j
ϵ,n = ∥

∂i+ jv̂ϵn,m
∂ti∂x j ∥L∞(Dϵn,m), the proof is organized into three steps

Step 1. we have for all i + j = 0, 1, ..., p,

ai+ j
0,0 ≤ max


∥∥∥∥∥ ∂i+ ju
∂ti∂x j

∥∥∥∥∥
L∞(D0

0,m)
, i + j = 0, 1, ..., p, m = 0, 1, ...,M − 1

 = α1(p). (2.10)

Step 2. from (2.6), we have for all n = 1, . . . ,N − 1, and i + j = 0, 1, ..., p.

ai+ j
0,n ≤ c1 + c2

n−1∑
η=0

j∑
l=0

p−1∑
α+β=l

∫ t0
η+1

t0
η

aα+β0,η ds

+ c3

i−1∑
q=0

j∑
l=0

q∑
s=0

as+l
0,n + c2

j∑
l=0

∫ t

t0
n

al
0,n ds

where, for all i + j = 0, 1, . . . , p, and

K = max
{
K1L∞(D),K2L∞(D)

}
,

c1 = max


∥∥∥∥∥∥∂i+ j1(t, x)
∂ti∂x j

∥∥∥∥∥∥
L∞(D)

+

∥∥∥∥∥∥ ∂i

∂ti

∂ j

∂x j

[∫ t

t−τ
K(t, x, s)Φ(s, x) ds

]∥∥∥∥∥∥
L∞(D)

+
∥∥∥∂(i)

t ∂
( j)
x (A(t, x)Φ(t − τ, x))

∥∥∥
L∞(D)

 .

c2 = max


∥∥∥∥∥∥
(

j
l

)
∂i

∂ti

(
∂ j−l

∂x j−l
[K(t, x, s)]

)
1
α!β!

(t − t0
η)(x − xm)

∥∥∥∥∥∥
L∞(D)

; l = 0, ..., j.

 ,

c3 = max


(

j
l

)(
q
s

) ∥∥∥∥∥∥ ∂q−s

∂tq−s

[
∂i−1−q

∂ti−1−q

∣∣∣∣∣
s=t

(
∂ j−l

∂x j−l
[K(t, x, s)]

)]∥∥∥∥∥∥
L∞(D)

l = 0, ..., j; q = 0, ..., i − 1; s = 0, ..., q

 ,

The constants ci, i = {1, 2, 3}, are positive and independent of N and M, hence,
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ai+ j
0,n ≤ c1 + c2h

n−1∑
η=0

j∑
l=0

p−1∑
α+β=l

aα+β0,η + c3p
i−1∑
s=0

j∑
l=0

as+l
0,n + c2h

j∑
l=0

a0+l
0,n

≤ c1 + pc2h
n−1∑
η=0

p−1∑
α+β=0

aα+β0,η + c4

i+ j−1∑
s+l=0

as+l
0,n,

where c4 = c3p + c2τ.

ai+ j
0,n ≤ c1 + pc2h

n−1∑
η=0

p−1∑
α+β=0

aα+β0,η︸                     ︷︷                     ︸
denoted as P0

+c4

i+ j−1∑
s+l=0

as+l
0,n.

Consider the sequence εi+ j = ai+ j
0,n,

εi+ j ≤ P0 + c4

i+ j−1∑
s+l=0

εl+s.

By applying Lemma 1.6.1, we get

εi+ j ≤ P0 exp

i+ j−1∑
s+l=0

c4


≤ P0 exp(c4(p − 1)2)︸            ︷︷            ︸

c5

.

ai+ j
0,n ≤ c1c5︸︷︷︸

c6

+ pc2c5︸︷︷︸
c7

h
n−1∑
η=0

p−1∑
α+β=0

aα+β0,η

≤ c6 + c7h
n−1∑
η=0

p−1∑
α+β=0

aα+β0,η . (2.11)
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Consider yn =

p−1∑
i+ j=0

ai+ j
0,n. From (2.11), we find:

yn ≤ pc6 + pc7h
n−1∑
η=0

yη.

Using Lemma 1.6.1 we obtain

ai+ j
0,n ≤ yn ≤ pc6exp(pc7τ)︸        ︷︷        ︸

α2(p)

(2.12)

Step 3. from (2.9), for all n = 0, . . .N − 1,m = 0, . . . ,M − 1, and ϵ = 1, . . . , r − 1, i + j =

0, . . . , p.

ai+ j
ϵ,n ≤ c1+c9

j∑
l=0

i∑
s=0

p−1∑
α+β=l+s

aα+βϵ−1,n + c2

ϵ−1∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

j∑
l=0

p−1∑
α+β=l

aα+βe,η ds + c2

n−1∑
η=0

∫ tϵ
η+1

tϵη

j∑
l=0

p−1∑
α+β=l

aα+βϵ,η ds

+ c3

i−1∑
q=0

j∑
l=0

q∑
s=0

as+l
ϵ,n + c2

j∑
l=0

∫ t

tϵn

a0+l
ϵ,n ds + c2

ϵ−2∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

j∑
l=0

p−1∑
α+β=l

aα+βe,η ds

+ c2

n−1∑
η=0

∫ tϵ−1
η+1

tϵ−1
η

j∑
l=0

p−1∑
α+β=l

aα+βϵ−1,ηds + c8

i−1∑
q=0

j∑
l=0

q∑
s=0

p−1∑
α+β=l+s

aα+βϵ−1,n + c2

∫ t−τ

tϵ−1
n

j∑
l=0

p−1∑
α+β=l

aα+βϵ−1,nds

where, for all i + j = 0, 1, ..., p,

c8 = max


(

j
l

)(
q
s

) ∥∥∥∥∥∥ ∂q−s

∂tq−s

[
∂i−1−q

∂ti−1−q

∣∣∣∣∣
s=t−τ

(
∂ j−l

∂x j−l
[K(t, x, s)]

)]∥∥∥∥∥∥
L∞(D)

l = 0, ..., j; q = 0, ..., i − 1; s = 0, ..., q

 ,

c9 = max


∥∥∥∥∥∥
(

j
l

)(
i
s

)
∂(i−η)

t

(
∂( j−l)

x A(t, x)
)∥∥∥∥∥∥

L∞(D)

; l = 0, ..., j; s = 0, ..., i.

 ,
the constants ci, i = {8, 9} , is positive and independent of N and M,

consider ξϵ = max{aα+βϵ,η , α + β = 0, . . . p, η = 0 . . .N − 1}
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hence,

ai+ j
ϵ,n ≤ c1+c9p2

p−1∑
α+β=0

aα+βϵ−1,n + p3c2τ
ϵ−1∑
e=0

ξe + pc2h
n−1∑
η=0

p−1∑
α+β=0

aα+βϵ,η + c3p2
i+ j−1∑
s+l=0

as+l
ϵ,n + c2h

j∑
l=0

a0+l
ϵ,n

+ p3c2τ
ϵ−2∑
e=0

ξe + pc2τ

p−1∑
α+β=0

ξϵ−1 + c8p5ξϵ−1 + p3c2hξϵ−1

ai+ j
ϵ,n ≤ c10 + c11

ϵ−1∑
e=0

ξe + pc2h
n−1∑
η=0

p−1∑
α+β=0

aα+βϵ,η + (c2τ + c3p)
i+ j−1∑
η+l=0

aη+l
ϵ,n

where c10 = c8p5 + 2pc2h + c9p2, c11 = c3p2 + pc2h, and c12 = c2τ + pc3,

ai+ j
ϵ,n ≤ c10 + c11

ϵ−1∑
e=0

ξe + pc2h
n−1∑
η=0

p−1∑
α+β=0

aα+βϵ,η︸                                      ︷︷                                      ︸
P0

+c12

i+ j−1∑
η+l=0

aη+l
ϵ,n

consider the sequence εi+ j = ai+ j
ϵ,n ,

εi+ j ≤ P0 + c12

i+ j−1∑
η+l=0

εη+l,

by applying Lemma 1.6.1 we get

εi+ j ≤ P0exp
i+ j−1∑
η+l=0

c12,

≤ P0 exp(c12.(p − 2))︸            ︷︷            ︸
c13

ai+ j
ϵ,n ≤ c13.c10 + c13.c11

ϵ−1∑
e=0

ξe + c13pc2h
n−1∑
η=0

p−1∑
α+β=0

aα+βϵ,η (2.13)
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consider yn =

p−1∑
α+β=0

aα+βϵ,n From (2.13) we find:

yn ≤ p2c13.c10 + c13p3c2h
n−1∑
η=0

yη︸                         ︷︷                         ︸
c14

+ p2c13.c11︸   ︷︷   ︸
c15

ϵ−1∑
e=0

ξe

ai+ j
ϵ,n ≤ yn ≤ c14 + c15

ϵ−1∑
e=0

ξe

we deduce for all ϵ ∈ {0, . . . , r − 1}

ξϵ ≤ c14 + c15

ϵ−1∑
e=0

ξe

Using Lemma 1.6.1 and ∀ϵ,∀n,∀i + j we obtain :

ai+ j
ϵ,n ≤ ξϵ ≤ c14.exp(rc15)︸        ︷︷        ︸

α3(p)

(2.14)

Hence, from (2.10), (2.12) and (2.14), by setting :

α(p) = max
{
α1(p), α2(p), α3(p)

}
The proof of Lemma 2.3.1 is completed.

The convergence of the suggested method is established by the following theorem.

Theorem 2.3.1 Suppose that 1, Φ, A, K1, and K2 are p-times continuously differentiable

on their respective domains. Then the equations (3.4), (2.4), (2.7) uniquely define an

approximation v ∈ S(−1)
p−1 (ΠϵN,M). Furthermore, the associated error function E = u − v

satisfies the following bound:

∥E∥L∞(D) ≤ C(h + k)p,
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where C is a finite constant independent of h and k.

Proof. Define the error function E on Dϵn,m as

Eϵn,m = u − vϵn,m, ∀n ∈ {0, . . . ,N − 1}, m ∈ {0, . . . ,M − 1}, ϵ ∈ {0, . . . , r − 1}.

The proof is split into three steps.

Step 1. There exists a constant C1 independent of h and k such that,

∥E0
0,m∥L∞(D0

0,m) ≤ C1(h + k)p.

Let (t, x) ∈ Dϵn,m, ϵ = 0 and n = 0,m ∈ {0, . . . ,M − 1}
by using Theorem 1.6.3 and equation (3.4), we write

|E0
0,m(t, x)| ≤

∑
i+ j=p

1
i! j!

∥∥∥∂(i)
t ∂

( j)
x u(0, xm)

∥∥∥ hi(t − t0
m) j.

According to Lemma 2.3.1, this implies

|E0
0,m(t, x)| ≤ α(p)

∑
i+ j=p

1
i! j!

hik j =
α(p)
p!

(h + k)p.

Define C1 =
α(p)
p! . Thus,

∥E0
0,m∥ ≤ C1(h + k)p.

Step 2. There exists a constant C2 independent of h and k such that,

∥E0
n,m∥L∞(D0

n,m) ≤ C2(h + k)p,

For all ϵ = 0 and n ∈ {1, . . . ,N − 1},m ∈ {0, . . . ,M − 1}.

39



Numerical Solution of Delay Volterra Integral Equation

Let (t, x) ∈ D0
n,m,we have from (2.5)

u(t, x) − v̂0
n,m(t, x) =

n−1∑
η=0

∫ t0
η+1

t0
η

K1(t, x, s)(u(s, x) − v0
η,m(s, x)) ds

+

∫ t

t0
n

K1(t, x, s)(u(s, x) − v̂0
n,m(s, x)) ds.

Taking the norm, we get

∥u − v̂0
n,m∥ ≤

n−1∑
η=0

hK∥E0
η,m∥ + K

∫ t

t0
n

∥u − v̂0
n,m∥ dt,

where K = max{∥K1∥, ∥K2∥}. by Lemma 1.6.2,

∥u(t, x) − v̂0
n,m(t, x)∥ ≤

n−1∑
η=0

hK∥E0
η,m∥L∞(D0

η,m) exp (Kτ)

∥u − v̂0
n,m∥ ≤

n−1∑
η=0

hd1∥E0
η,m∥, where d1 = K exp(Kτ).

On the other hand,

∥E0
n,m∥ ≤ ∥u − v̂0

n,m∥ + ∥v̂0
n,m − v0

n,m∥.

≤
n−1∑
η=0

hd1∥E0
η,m∥L∞(D0

η,m) +
∑
i+ j=p

1
i! j!

∥∥∥∥∥∥∂i+ jv̂0
n,m

∂ti∂x j

∥∥∥∥∥∥ hik j.

Substituting the bounds and applying Lemma 2.3.1 and Lemma 1.6.1,we get

∥E0
n,m∥L∞(D0

n,m) ≤
n−1∑
η=0

hd1∥E0
η,m∥L∞(D0

η,m) +
α(p)
p!

(h + k)p.

∥E0
n,m∥ ≤

α(p)
p!

(h + k)p exp(τd1).

Define C2 =
α(p)
p! exp(τd1).
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Step 3. There exists a constant C3 independent of h and k such that,

∥Eϵn,m∥L∞(Dϵn,m) ≤ C3(h + k)p,

∀n ∈ {0, . . . ,N − 1}, m ∈ {0, . . . ,M − 1}, ϵ ∈ {0, . . . , r − 1}.

Let (t, x) ∈ Dϵn,m,we have from (2.7)

u(t, x) − v̂ϵn,m(t, x) ≤ A(t, x)(u(t, x) − vϵ−1
n,m(t − τ, x))

+

ϵ−1∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

K1(t, x, s)(u(t, x) − ve
η,m(s, x))ds +

n−1∑
η=0

∫ tϵ
η+1

tϵη

K1(t, x, s)(u(t, x) − vϵη,m(s, x))ds

+

∫ t

tϵn

K1(t, x, s)(̂u(t, x) − vϵn,m(s, x))ds

+

ϵ−2∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

K2(t, x, s)(u(t, x) − ve
η,m(s, x))ds +

n−1∑
η=0

∫ tϵ−1
η+1

tϵ−1
η

K2(t, x, s)(u(t, x) − vϵ−1
η,m(s, x))ds

+

∫ t−τ

tϵ−1
n

K2(t, x, s)(u(t, x) − vϵ−1
n,m(s, x))ds.

≤ A(t, x)Eϵ−1
n,m

+

ϵ−1∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

K1(t, x, s)Ee
η,m(s, x)ds +

n−1∑
η=0

∫ tϵ
η+1

tϵη

K1(t, x, s)(u(t, x) − vϵη,m(s, x))ds

+

∫ t

tϵn

K1(t, x, s)(̂u(t, x) − vϵn,m(s, x))ds +
ϵ−2∑
e=0

N−1∑
η=0

∫ te
η+1

te
η

K2(t, x, s)Ee
η,m(s, x)ds

+

∫ t−τ

tϵ−1
n

K2(t, x, s)Eϵ−1
n,m(s, x)ds
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hence

∥u(t, x) − v̂ϵn,m(t, x)∥ ≤ A(t, x)Eϵ−1
n,m + Kh

ϵ−1∑
e=0

N−1∑
η=0

∥Ee
η,m∥L∞(De

η,m)

+ K
n−1∑
η=0

h
∥∥∥u − vϵη,m

∥∥∥
L∞(Dϵη,m)

+ K
∫ t

tϵn

∥∥∥u(t, x) − v̂ϵn,m(s, x)
∥∥∥ ds

≤ ∥A(t, x)∥∥Eϵ−1
n,m∥ + Kh

ϵ−1∑
e=0

N−1∑
η=0

∥Ee
η,m∥L∞(De

η,m)

+ K
n−1∑
η=0

h
∥∥∥u − v̂ϵη,m

∥∥∥
L∞(Dϵη,m)

+ τK
∑
i+ j=p

1
i! j!

∥∥∥∥∥∥∂i+ jv̂ϵn,m
∂ti∂x j

∥∥∥∥∥∥
+ K

∫ t

tϵn

∥∥∥u(t, x) − v̂ϵn,m(s, x)
∥∥∥ ds

∥u − v̂ϵn,m∥ ≤ ∥A∥
ϵ−1∑
e=0

∥Ee∥ + Kh
n−1∑
η=0

∥Eϵη,m∥ + K
∫ t

tϵn

∥u − v̂ϵn,m∥ ds.

According to Lemma 1.6.2, this implies

∥u − v̂ϵn,m∥ ≤ Â
ϵ−1∑
e=0

∥Ee∥ + K̂h
n−1∑
η=0

∥Eϵη,m∥,

where Â = ∥A∥ exp(Kτ) and K̂ = K exp(Kτ).

On the other hand,

∥Eϵn,m∥L∞(Dϵn,m) ≤∥u − v̂ϵn,m∥L∞(Dϵn,m) + ∥v̂ϵn,m − vϵn,m∥L∞(Dϵn,m)

≤Â
ϵ−1∑
e=0

∥Ee∥ + K̂h
n−1∑
η=0

∥Eϵη,m∥ +
∑
i+ j=p

1
i! j!

∥∥∥∥∥∥∂i+ jv̂ϵn,m
∂ti∂x j

∥∥∥∥∥∥ .
Applying Lemma 2.3.1, we have

∥Eϵn,m∥ ≤ Â
ϵ−1∑
e=0

∥Ee∥ + K̂h
n−1∑
η=0

∥Eϵη,m∥ +
α(p)
p!

(h + k)p.
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consider

∥Eϵ∥ = max ∥Eϵn,m∥

Applying Lemma 1.6.1, we have

∥Eϵ∥ ≤ exp(K̂τ)
α(p)
p!

(h + k)p + exp(K̂τ)Â
ϵ−1∑
e=0

∥Ee∥.

Using Lemma 1.6.1 again, we obtain

∥Eϵ∥ ≤ exp(K̂τ)
α(p)
p!

exp
(
(r − 1) exp(K̂τ)Â

)
︸                                        ︷︷                                        ︸

C3(p)

(h + k)p.

Finally, setting C = max{C1(p),C2(p),C3(p)}, we conclude

∥Eϵn,m∥ ≤ C(h + k)p, ∀n ∈ {0, . . . ,N − 1}, m ∈ {0, . . . ,M − 1}, ϵ ∈ {0, . . . , r − 1}.

Thus, the proof is complete.

2.4 Experimental Results

In this section, we validate the theoretical results derived in the previous section through

numerical examples. The exact solutions for all examples are known in advance. For

each example, we compute the error between the exact solution u and the Taylor

collocation solution v.
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Example 2.4.1 Consider the DVIEs with a time delay τ = 1
5 of the form

u(t, x) =



1(t, x) + (t + x)u(t − 1
5 , x) +

∫ t

0
s cos(xt)u(s, x)ds

+

∫ t− 1
5

0
(2 sin(t + x) + s)u(s, x)ds, t ∈ [0, 1], x ∈ [0, 1],

Φ(t, x), t ∈ [− 1
5 , 0].

The exact solution of this problem is given by u(t, x) = t + sin(x). The function 1(t, x) is

then computed using this exact solution. Numerical results were obtained by applying

the proposed Taylor collocation method for different numbers of collocation points.

The absolute error values are reported in Table 2.1 and Fig. 2.2, showing that the

absolute errors decrease as the number of collocation points increases. The exact and

approximate solutions for N =M = 5, p = 3 are shown in Fig. 2.1.

x
t

0 0.2 0.4 0.6 0.8 1

0 0 1.32 × 10−12 1.15 × 10−11 2.36 × 10−11 2.92 × 10−10 8.23 × 10−10

0.2 3.8 × 10−14 6.54 × 10−11 2.30 × 10−11 1.50 × 10−10 3.45 × 10−10 9.21 × 10−10

0.4 2.66 × 10−11 7.81 × 10−12 7.20 × 10−11 4.01 × 10−10 1.24 × 10−9 1.18 × 10−10

0.6 4.38 × 10−11 3.29 × 10−11 1.99 × 10−10 1.48 × 10−10 3.99 × 10−10 2.79 × 10−10

0.8 8.73 × 10−11 3.45 × 10−10 2.61 × 10−10 2.59 × 10−10 1.00 × 10−9 5.41 × 10−9

Table 2.1 Numerical results for Example 2.4.1.
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(a) Exact solution (b) Approximate solution

Figure 2.1: Exact and approximate solution of Example 2.4.1 for N =M = 5, p = 3.

Figure 2.2: Absolute errors function of Example 2.4.1 for N =M = 5, p = 3.

Example 2.4.2 Let us dedicate the first example to the case that the desired equation is

of form
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u(t, x) =


1(t, x) + (t.x)u(t − 1

5 , x) +
∫ t

0
x.t. cos(s).u(s, x)ds

+

∫ t− 1
5

0
x.e(s−t)(s, x)ds, t ∈ [0, 1], x ∈ [0, 1]

Φ(t, x) t ∈ [−1
5 , 0]

The exact solution of this problem is given by u(t, x) = t sin(x). The function 1(t, x) is

then computed using this exact solution. Numerical results are obtained by applying

the proposed Taylor collocation method for different numbers of collocation points.

The absolute errors are reported in Table 2.2. The results show that the absolute errors

decrease as the number of collocation points increases.

To illustrate the behavior of the approximate solution, the absolute error function

is depicted in Fig. 2.4 for 0 ≤ t ≤ 1 and 0 ≤ x ≤ 1 with N = M = 5. The exact and

approximate solutions for N =M = 5 are shown in Fig. 2.3.

x
t

0 0.2 0.4 0.6 0.8 1

0 0 0 0 0 0 0
0.2 0 1.90 × 10−11 7.72 × 10−12 3.28 × 10−11 8.86 × 10−11 5.00 × 10−11

0.4 0 1.05 × 10−12 8.22 × 10−11 3.79 × 10−11 3.43 × 10−11 1.67 × 10−10

0.6 0 4.17 × 10−11 1.45 × 10−10 7.09 × 10−11 4.69 × 10−11 1.64 × 10−10

0.8 0 8.48 × 10−12 2.69 × 10−11 3.68 × 10−11 1.75 × 10−10 9.19 × 10−11

Table 2.2: Numerical results for Example 2.4.2.
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(a) Exact solution (b) Approximate solution

Figure 2.3: Exact and approximate solution of Example 2.4.2 for N =M = 5.

Figure 2.4: Absolute errors function of Example 2.4.2 for N=M=5.

Example 2.4.3 Consider the linear two-dimensionalaVolterra integralaequation (VIE) from

[17]

u(x, t) = x2
(
−1 + e−t + x2 + et − x2et

)
+

∫ t

0
(x2 + e−2s) u(x, s) ds,
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for (x, t) ∈ [0, 1] × [0, 1], which has the exact solution

u(x, t) = x2et.

The numerical results for p − 1 = 2, 4, 6 with h = k = 0.1, obtained using the Taylor

collocation method (TCM), are compared with the numerical results obtained using a method

based on expanding the solution in terms of bivariate shifted Legendre polynomials [17]. The

comparison is presented in Table 2.3.

Present method (TCM) Method in Ref. [17]
(x, t) p − 1 = 2 p − 1 = 4 p − 1 = 6 M = 2 M = 4 M = 6
(0, 0) 0 0 0 0 0 0

(0.1, 0.1) 3.6 × 10−8 7.3 × 10−12 1.4 × 10−11 2.9 × 10−5 2.0 × 10−7 1.3 × 10−9

(0.2, 0.2) 3.0 × 10−7 9.8 × 10−11 1.3 × 10−11 1.6 × 10−4 4.7 × 10−7 5.8 × 10−9

(0.3, 0.3) 1.0 × 10−6 2.5 × 10−10 3.4 × 10−10 4.9 × 10−4 9.5 × 10−7 1.3 × 10−8

(0.4, 0.4) 2.8 × 10−6 1.1 × 10−9 3.2 × 10−10 5.8 × 10−4 2.4 × 10−6 2.3 × 10−8

(0.5, 0.5) 6.3 × 10−6 2.1 × 10−9 1.0 × 10−10 1.5 × 10−5 3.4 × 10−7 3.6 × 10−8

(0.6, 0.6) 1.3 × 10−5 3.9 × 10−9 3.0 × 10−10 1.3 × 10−3 4.9 × 10−6 5.2 × 10−8

(0.7, 0.7) 2.5 × 10−5 7.8 × 10−9 2.8 × 10−9 3.0 × 10−3 5.6 × 10−6 7.0 × 10−8

(0.8, 0.8) 4.8 × 10−5 1.5 × 10−8 1.5 × 10−9 3.4 × 10−3 6.9 × 10−6 9.1 × 10−8

(0.9, 0.9) 9.1 × 10−5 3.0 × 10−8 1.3 × 10−9 6.2 × 10−4 1.7 × 10−5 1.1 × 10−7

CPU time (sec) 56.17 253.82 997.32 / / /

Table 2.3 Comparison of absolute errors for Example 2.4.3.
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Figure 2.5: Plot of the absolute error function for Example 2.4.3 (method In Ref.[17]);
left: p = 5, right: p = 7.

Figure 2.6: Plot of the absolute error function for Example 2.4.3 (Present method)
;p = 7,p = 5.
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Figure 2.7: Comparison of absolute errors for p − 1 = 2.
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Figure 2.8: Comparison of absolute errors for p − 1 = 4.
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Figure 2.9: Comparison of absolute errors for p − 1 = 6.

2.5 Conclusion

In this chapter, we proposed a new numerical method based on Taylor polynomials to

construct a collocation solution for approximating the solution of delayaVolterra inte-

gral equations (DVIEs) with a spatial variable. Unlike existing approaches, our method

efficiently handles both time delay and spatial dependence in the integralaequation,
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which is a key challenge in solving such problems

A rigorous convergence analysis confirms that the proposed method is accurate and

stable, with an O(h + k)p error bound. Numerical examples validate its effectiveness,

demonstrating that it provides high-precision approximations while maintaining com-

putational efficiency.

The novelty of our approach lies in the extension of the Taylor Collocation Method to

DVIEs with spatial dependence,an area that has received limited attention in previ-

ous studies. Additionally, our method is computationally efficient as it computes the

approximation coefficients iteratively without requiring the solution of any system of

algebraic equations. Moreover, it can be adapted to various delay integralaequations

encountered in applied sciences and engineering.

These contributions make our method a powerful and efficient alternative for solving

DVIEs with spatial variables,laying the groundwork for further extensions to higherdi-

mensional problems.
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3.1 Introduction

In this chapter, we investigate a numerical method for the linear two-dimensional delay

partialaVolterra integrodifferential equation (2D-DPVIDE):

∂u
∂x

(x, y) = 1(x, y) + L(x, y)u(x, y) +M(x, y)u(x − τ1, y − τ2)

+

∫ x

0

∫ y

0
K(x, y, t, s)u(t − τ1, s − τ2) ds dt, (x, y) ∈ D,

(3.1)

where u(x, y) = ϕ(x, y) for x ∈ [−τ1, 0] or y ∈ [−τ2, 0], and the functions 1, L, M, and K

are given real-valued smooth functions defined, respectively, on

D := [0, a] × [0, b] ⊂ R2,

and

S := {(x, y, t, s) : 0 ≤ t ≤ x ≤ a, 0 ≤ s ≤ y ≤ b}.

It follows, by analogy with the results in [12], that the linear twodimensional de-

layaVolterra integrodifferential equation (3.1) admits a unique solution u ∈ C(D) under

sufficiently smooth data and appropriate Lipschitz-type conditions.

Twodimensional delayaVolterra integrodifferential equations play an important role

in modeling linear and semi-linear dynamical systems in which delays in both variables

significantly affect the system behavior. Such systems arise in various applied fields,

including engineering processes, control systems, and economic or physical modeling,

where the future state depends not only on the current state but also on past states

of the system. The presence of delays introduces additional mathematical complexity

and often prevents the derivation of analytical solutions. Therefore, accurate and

efficient numerical methods, such as the Taylor collocation method, are essential for

approximating the solutions of these equations.

Several researchers have investigated numerical methods for solving twodimen-

sional delayaVolterra integrodifferential equations (see, for example, [4, 8, 10, 16, 2, 14,
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12]). Brunner [7] presented collocation methods foraVolterra integral and related func-

tional differential equations. Brunner [8] studied the numerical solution of twodimen-

sionalaVolterra integralaequations using collocation and iterated collocation methods.

Ghorpade and Limaye [10] provided theoretical foundations in multivariable calculus

and analysis applicable to numerical methods for integralaequations. McKee et al. [16]

developed an Euler-type method for twodimensionalaVolterra integralaequations of

the first kind. Bellman [2] investigated the stability of solutions of linear differential

equations, which supports uniqueness results for linear integralaequations. Laib et

al. [14] proposed a Taylor collocation method for twodimensional linear and nonlin-

earaVolterra integralaequations. Khennaoui et al. [12] extended the Taylor collocation

method to twodimensional partialaVolterra integrodifferential equations.

While numerous studies have focused on twodimensionalaVolterra integralaequations

[4, 8, 16, 17], relatively few works have addressed twodimensional delayaVolterra in-

tegrodifferential equations with spatial variables [20, 14, 12]. The main difficulty in

solving such equations lies in simultaneously handling the spatial dependence and the

delays appearing in the arguments of the unknown function inside the integral terms,

which distinguishes these problems from conventional twodimensionalaVolterra inte-

gralaequations.

To address this problem, we propose a Taylor collocation method that extends the

approach presented in [3, 14, 12] to approximate the solution of the linear twodimen-

sional delayaVolterra integrodifferential equation (3.1). The main contributions of this

work can be summarized as follows:

1. The adaptation of the Taylor collocation method to twodimensional delayaVolterra

integrodifferential equations with spatial variables, which remains a relatively

unexplored area in numerical analysis.

2. The development of a computationally efficient scheme in which the approxi-

mation coefficients are computed iteratively without solving a large system of

algebraic equations.
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3. The formulation of a general numerical framework that can be extended to high-

erdimensional delay integral and integrodifferential equations arising in physics,

control systems, and engineering applications.

This chapter is organized as follows. In Section 3.2, we partition the domain

[0, a] × [0, b] into subdomains and approximate the solution of (3.1) in each subdo-

main using Taylor polynomials. Section 3.3 establishes the global convergence of the

proposed method. Section 2.4 presents numerical examples illustrating the accuracy

and effectiveness of the method. Finally, the conclusion summarizes the main findings

and outlines possible directions for future work.

3.2 Description of the Method

we suppose without loss of generality that a = r1τ1 ,b = r2τ2 where {r1, r2} ∈ N∗

Let ΠϵN = {xϵn = ϵτ1 + nh, n = 0, 1, ...,N, ϵ = 0, 1, ..., r1 − 1}
and ΠρM = {y

ρ
m = ρτ2 + mk, m = 0, 1, ...,M, ρ = 0, 1, 2, ....r2 − 1} denote, respectively,

uniform partitions of the intervals [0, a] and [0, b] with the stepsizes are given by h = τ1
N

and k = τ2
M . These partitions defined a grid for D

Π
ϵ+ρ
N,M = Π

ϵ
N×Π

ρ
M = {(xϵn, y

ρ
m), 0 ≤ n ≤ N, 0 ≤ m ≤M, ϵ = 0, 1, 2, ....r1−1, ρ = 0, 1, 2, ....r2−1}

Set the subintervals

σϵn = [xϵn; xϵn+1], n = 0, 1, ...,N − 1; σϵN−1 = [xϵN−1, x
ϵ
N], ϵ = 0, 1, ..., r1 − 1

δρm = [yρm; yρm+1)], m = 0, 1, ...,M − 1; δρM−1 = [yρM−1, y
ρ
M], ρ = 0, 1, ...r2 − 1.

and Dϵ,ρn,m := σϵn × δ
ρ
m for all n = 0, 1, ...,N − 1, m = 0, 1, ...,M − 1, ϵ = 0, 1, ..., r1 − 1,

ρ = 0, 1, ..., r2 − 1.

Moreover, denote by πp,p the set of all real polynomials of degree not exceeding p in x

and y. We define the real polynomial spline space of degree p in x and y as follows:
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S(0)
p,p(Πϵ,ρN,M) = {v ∈ C(D) : vϵ,ρn,m = v|Dϵ,ρn,m

∈ πp,p, (3.2)

n = 0, ...,N − 1; m = 0, 1, ...,M − 1; ϵ = 0, 1, ..., r1 − 1; ρ = 0, 1, ..., r2 − 1; }.
(3.3)

This is the space of bivariate polynomial spline functions of degree (at most) p in x and y.

Its dimension is r1r2NM(p+1)2 ,i.e., the same as the total number of the coefficients of the

polynomials vϵ,ρn,m, n = 0, ...,N−1, m = 0, 1, ...,M−1 , ϵ = 0, 1, ..., r1−1, ρ = 0, 1, ..., r2−1,

.To find these coefficients, we use Taylor polynomial on each rectangle.

3.2.1 Approximate solution in D0,0
0,0

The polynomial v0,0
0,0(x, y) is employed to approximate u(x, y) within the rectangle D0,0

0,0

such that

v0,0
0,0(x, y) =

p∑
i+ j=0

1
i! j!
∂i+ ju(0, 0)
∂xi∂y j xiy j ; (x, y) ∈ D0,0

0,0, (3.4)

where
∂i+ ju(0, 0)
∂xi∂y j is the exact value of

∂i+ ju
∂xi∂y j at point (0, 0).

To compute
∂i+ ju(x, y)
∂xi∂y j , we differentiate equation (3.1) j- times with respect to y and
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(i − 1)- times with respect to x, obtaining

∂i+ ju(x, y)
∂xi∂y j = ∂(i−1)

1 ∂( j)
2 1(x, y) +

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
L(x, y)

]
∂l+ηu(x, y)
∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
M(x, y)

]
∂l+ηϕ(x − τ1, y − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])] ∂l+ηϕ(x − τ1, y − τ2)

∂xη∂yl

(3.5)

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

0

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lϕ(t − τ1, y − τ2)

∂yl
dt

+

i−2∑
q=0

q∑
η=0

(
q
η

) ∫ y

0

∂q−η

∂xq−η

[
∂(i−2−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂ηϕ(x − τ1, s − τ2)
∂xη

ds

+

∫ x

0

∫ y

0
∂(i−1)

1 ∂( j)
2 K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt

Hence,

∂i+ ju(0, 0)
∂xi∂y j = ∂(i−1)

1 ∂( j)
2 1(0, 0) +

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
L(0, 0)

]
∂l+ηu(0, 0)
∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
M(0, 0)

]
∂l+ηϕ(−τ1,−τ2)
∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]

x=y=0

∂l+ηϕ(−τ1,−τ2)
∂xη∂yl

.

Moreover, by integrating both sides of Equation (3.1) with respect to x we get inte-

gralaequation

u(x, y) = u(0, y) +
∫ x

0

(
1(z, y) + L(z, y) u(z, y) +M(z, y) u(z − τ1, y − τ2)

+

∫ z

0

∫ y

0
K(z, y, t, s) u(t − τ1, s − τ2) ds dt

)
dz.

(3.6)
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Then

∂ ju
∂y j (x, y) =

∂ ju
∂y j (0, y) +

∫ x

0

∂ j

∂y j

(
1(z, y) + L(z, y) u(z, y) +M(z, y) u(z − τ1, y − τ2)

+

∫ z

0

∫ y

0
K(z, y, t, s) u(t − τ1, s − τ2) ds dt

)
dz,

(3.7)

such that u(0, 0) = ϕ(0, 0) and ∂ ju
∂y j (0, 0) = d j

dy j u(0, y)
∣∣∣∣
y=0
= d j

dy j ϕ(0, y)
∣∣∣∣
y=0
.

3.2.2 Approximate solution in Dϵ,0n,m

The polynomial vϵ,0n,m(x, y) is employed to approximate u(x, y) within the rectangle Dϵ,0n,m,

where n = 0, . . . ,N − 1, m = 0, . . . ,M − 1, and ϵ = 1, . . . , r1 − 1, such that

vϵ,0n,m(x, y) =
p∑

j+i=0

1
i! j!
∂i+ jv̂ϵ,0n,m(xϵn, y0

m)
∂xi∂y j (x − xϵn)i(y − y0

m) j; (x, y) ∈ Dϵ,0n,m, (3.8)

where v̂ϵ,0n,m(x, y) is the exact solution of the integralaequation:

∂v̂ϵ,0n,m(x, y)
∂x

= 1(x, y) + L(x, y)v̂ϵ,0n,m(x, y) +M(x, y)ϕ(x − τ1, y − τ2)

+

∫ x

0

∫ y

0
K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt.

(3.9)
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To compute
∂i+ jv̂ϵ,0n,m(x, y)
∂xi∂y j , we differentiate equation (3.9) j- times with respect to y and

(i − 1)- times with respect to x, obtaining

∂i+ jv̂ϵ,0n,m(x, y)
∂xi∂y j = ∂(i−1)

1 ∂( j)
2 1(x, y) +

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
L(x, y)

]
∂l+ηv̂ϵ,0n,m(x, y)
∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
M(x, y)

]
∂l+ηϕ(x − τ1, y − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])] ∂l+ηϕ(x − τ1, y − τ2)

∂xη∂yl

(3.10)

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

0

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lϕ(t − τ1, y − τ2)

∂yl
dt

+

i−2∑
q=0

q∑
η=0

(
q
η

) ∫ y

0

∂q−η

∂xq−η

[
∂(i−2−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂ηϕ(x − τ1, s − τ2)
∂xη

ds

+

∫ x

0

∫ y

0
∂(i−1)

1 ∂( j)
2 K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt

Moreover, when (x, y) ∈ Dϵ,0n,m from Equation (3.6) we get

v̂ϵ,0n,m(x, y) = ϕ(0, y) +
ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

L(z, y) ve,0
η,m(z, y) dz +

n−1∑
η=0

∫ xϵ
η+1

xϵη

L(z, y) vϵ,0η,m(z, y) dz

+

∫ x

xϵn

L(z, y) v̂ϵ,0n,m(z, y) dz +
∫ x

0

(
1(z, y) +M(z, y)ϕ(z − τ1, y − τ2)

+

∫ z

0

∫ y

0
K(z, y, t, s)ϕ(t − τ1, s − τ2) ds dt

)
dz.

(3.11)
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Then
∂ jv̂ϵ,0n,m

∂y j (x, y) =
∂ jϕ

∂y j (0, y)

+

ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, y)
∂ j−kve,0

η,m

∂y j−k
(z, y) dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, y)
∂ j−kvϵ,0η,m
∂y j−k

(z, y) dz

+

∫ x

xϵn

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, y)
∂ j−kv̂ϵ,0n,m

∂y j−k
(z, y) dz

+

∫ x

0

∂ j

∂y j

(
1(z, y) +M(z, y)ϕ(z − τ1, y − τ2)

+

∫ z

0

∫ y

0
K(z, y, t, s)ϕ(t − τ1, s − τ2) ds dt

)
dz.

(3.12)

Now, in the subdomain σ0,0
n,0,n = 1, ...,N − 1, we impose the continuity condition

v̂0,0
n,0(x0

n, 0) = ϕ(x0
n, 0).

Hence,for Equation (3.10) for i ≥ 1,

∂i+ jv̂0,0
n,0(x0

n, 0)

∂xi∂y j = ∂(i−1)
1 ∂( j)

2 1(x
0
n, 0)

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂x i−1−η

[
∂ j−l

∂y j−l
L(x0

n, 0)
]
∂l+ηv̂0,0

n,0(x0
n, 0)

∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂x i−1−η

[
∂ j−l

∂y j−l
M(x0

n, 0)
]
∂l+ηϕ(x0

n − τ1,−τ2)
∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂x q−η

[
∂i−2−q

∂x i−2−q

( ∂r−l

∂y r−l
[∂( j−1−r)

2 K(x, y, t, y)]
)∣∣∣∣∣∣

t=x

]
x=x0

n
y=0

∂l+ηϕ(x0
n − τ1,−τ2)
∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x0
n

0

∂i−1

∂x i−1

[
∂r−l

∂y r−l
[∂( j−1−r)

2 K(x0
n, 0, t, 0)]

]
∂lϕ(t − τ1,−τ2)

∂yl
dt.
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and for Equation (3.22)

∂ jv̂0,0
n,0

∂y j

(
x0

n, 0
)
=
∂ jϕ

∂y j
(0, 0)

+

n−1∑
η=0

∫ x0
η+1

x0
η

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, 0)
∂ j−kv0,0

η,0

∂y j−k
(z, 0) dz

+

∫ x0
n

0

∂ j

∂y j

(
1(z, 0) +M(z, 0)ϕ(z − τ1,−τ2)

)
dz.

(3.13)

Now, in the subdomain σ0,0
n,m,n = 0, ...,N − 1; m = 1, ...,M − 1, we impose the

continuity condition

v̂0,0
n,m(x0

n, y
0
m) = v0,0

n,m−1(x0
n, y

0
m).

Hence,for Equation (3.10), for i ≥ 1,

∂i+ jv̂0,0
n,m(x0

n, y0
m)

∂xi∂y j = ∂(i−1)
1 ∂( j)

2 1(x
0
n, y

0
m)

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂x i−1−η

[
∂ j−l

∂y j−l
L(x0

n, y
0
m)

]
∂l+ηv̂0,0

n,m(x0
n, y0

m)
∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂x i−1−η

[
∂ j−l

∂y j−l
M(x0

n, y
0
m)

]
∂l+ηϕ(x0

n − τ1, y0
m − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂x q−η

[
∂i−2−q

∂x i−2−q

∣∣∣∣∣
t=x

( ∂r−l

∂y r−l
[∂( j−1−r)

2 K(x, y, t, y)]
)]

x=x0
n

y=y0
m

∂l+ηϕ(x0
n − τ1, y0

m − τ2)
∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x0
n

0

∂i−1

∂x i−1

[
∂r−l

∂y r−l
[∂( j−1−r)

2 K(x0
n, y

0
m, t, y

0
m)]

]
∂lϕ(t − τ1, y0

m − τ2)
∂yl

dt

+

i−2∑
q=0

q∑
η=0

(
q
η

) ∫ y0
m

0

∂q−η

∂x q−η

[
∂(i−2−q)

1 ∂( j)
2 K(x0

n, y
0
m, x

0
n, s)

] ∂ηϕ(x0
n − τ1, s − τ2)
∂xη

ds

+

∫ x0
n

0

∫ y0
m

0
∂(i−1)

1 ∂( j)
2 K(x0

n, y
0
m, t, s)ϕ(t − τ1, s − τ2) ds dt.
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and for Equation (3.22)

∂ jv̂0,0
n,m

∂y j

(
x0

n, y
0
m

)
=
∂ jϕ

∂y j

(
0, y0

m

)
+

n−1∑
η=0

∫ x0
η+1

x0
η

j∑
k=0

(
j
k

)
∂kL
∂yk

(
z, y0

m

) ∂ j−kv0,0
η,m

∂y j−k

(
z, y0

m

)
dz

+

∫ x0
n

0

∂ j

∂y j

(
1
(
z, y0

m

)
+M

(
z, y0

m

)
ϕ
(
z − τ1, y0

m − τ2

)
+

∫ z

0

∫ y0
m

0
K
(
z, y0

m, t, s
)
ϕ(t − τ1, s − τ2) ds dt

)
dz.

(3.14)

Now in σϵ,00,m, where m = 0, . . . ,M−1, and ϵ = 1, . . . , r1−1, such that v̂ϵ,00,m(xϵ0, y
0
m) =

vϵ−1,0
N−1,m(xϵ0, y

0
m),

Hence,for Equation (3.10), for i ≥ 1,

∂i+ jv̂ϵ,00,m(xϵ0, y
0
m)

∂xi∂y j = ∂(i−1)
1 ∂( j)

2 1(x
ϵ
0, y

0
m) +

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
L(xϵ0, y

0
m)

]
∂l+ηv̂ϵ,00,m(xϵ0, y

0
m)

∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
M(xϵ0, y

0
m)

]
∂l+ηϕ(xϵ0 − τ1, y0

m − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]

x=xϵ0,y=y0
m

∂l+ηϕ(xϵ0 − τ1, y0
m − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xϵ0

0

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(xϵ0, y
0
m, t, y

0
m)]

]
∂lϕ(t − τ1, y0

m − τ2)
∂yl

dt

+

i−2∑
q=0

q∑
η=0

(
q
η

) ∫ y0
m

0

∂q−η

∂xq−η

[
∂(i−2−q)

1 ∂( j)
2 K(xϵ0, y

0
m, x

ϵ
0, s)

] ∂ηϕ(xϵ0 − τ1, s − τ2)
∂xη

ds

+

∫ xϵ0

0

∫ y0
m

0
∂(i−1)

1 ∂( j)
2 K(xϵ0, y

0
m, t, s)ϕ(t − τ1, s − τ2)dsdt
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and for Equation (3.22)

∂ jv̂ϵ,00,m

∂y j

(
xϵ0, y

0
m

)
=
∂ jϕ

∂y j

(
0, y0

m

)
+

ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

j∑
k=0

(
j
k

)
∂kL
∂yk

(
z, y0

m

) ∂ j−kve,0
0,m

∂y j−k

(
z, y0

m

)
dz

+

∫ xϵ0

0

∂ j

∂y j

(
1
(
z, y0

m

)
+M

(
z, y0

m

)
ϕ
(
z − τ1, y0

m − τ2

)
+

∫ z

0

∫ y0
m

0
K
(
z, y0

m, t, s
)
ϕ(t − τ1, s − τ2) ds dt

)
dz.

(3.15)

Now in σϵ,0n,m, where n = 1, . . . ,N − 1,m = 0, . . . ,M − 1, and ϵ = 1, . . . , r1 − 1, such

that v̂ϵ,0n,m(xϵn, y
0
m) = vϵ,0n−1,m(xϵn, y

0
m),

Hence, for Equation (3.10), for i ≥ 1,

∂i+ jv̂ϵ,0n,m(xϵn, y0
m)

∂xi∂y j = ∂(i−1)
1 ∂( j)

2 1(x
ϵ
n, y

0
m) +

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
L(xϵn, y

0
m)

]
∂l+ηv̂ϵ,0n,m(xϵn, y0

m)
∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
M(xϵn, y

0
m)

]
∂l+ηϕ(xϵn − τ1, y0

m − τ2)
∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]

x=xϵn,y=y0
m

∂l+ηϕ(xϵn − τ1, y0
m − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xϵn

0

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(xϵn, y
0
m, t, y

0
m)]

]
∂lϕ(t − τ1, y0

m − τ2)
∂yl

dt

+

i−2∑
q=0

q∑
η=0

(
q
η

) ∫ y0
m

0

∂q−η

∂xq−η

[
∂(i−2−q)

1 ∂( j)
2 K(xϵn, y

0
m, x

ϵ
n, s)

] ∂ηϕ(xϵn − τ1, s − τ2)
∂xη

ds

+

∫ xϵn

0

∫ y0
m

0
∂(i−1)

1 ∂( j)
2 K(xϵn, y

0
m, t, s)ϕ(t − τ1, s − τ2)dsdt
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and for Equation (3.22)

∂ jv̂ϵ,0n,m

∂y j

(
xϵn, y

0
m

)
=
∂ jϕ

∂y j

(
0, y0

m

)
+

ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

j∑
k=0

(
j
k

)
∂kL
∂yk

(
z, y0

m

) ∂ j−kve,0
η,m

∂y j−k

(
z, y0

m

)
dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kL
∂yk

(
z, y0

m

) ∂ j−kvϵ,0η,m
∂y j−k

(
z, y0

m

)
dz

+

∫ xϵn

0

∂ j

∂y j

(
1
(
z, y0

m

)
+M

(
z, y0

m

)
ϕ
(
z − τ1, y0

m − τ2

)
+

∫ z

0

∫ y0
m

0
K
(
z, y0

m, t, s
)
ϕ(t − τ1, s − τ2) ds dt

)
dz.

(3.16)

3.2.3 Approximate solution in D0,ρ
n,m

The polynomial v0,ρ
n,m(x, y) is employed to approximate u(x, y) within the rectangle D0,ρ

n,m,

n = 0, ...,N − 1, m = 0, ...,M − 1, ρ = 1, ..., r2 − 1, such that

v0,ρ
n,m(x, y) =

p∑
i+ j=0

1
i! j!
∂i+ jv̂0,ρ

n,m(x0
n, y

ρ
m)

∂xi∂y j (x − x0
n)i(y − yρm) j ; (x, y) ∈ D0,ρ

n,m, (3.17)

where
∂v̂0,ρ

n,m(x, y)
∂x

is the exact solution of the integralaequation:

∂v̂0,ρ
n,m(x, y)
∂x

= 1(x, y) + L(x, y)v̂0,ρ
n,m(x, y) +M(x, y)ϕ(x − τ1, y − τ2)

+

∫ x

0

∫ y

0
K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt

(3.18)

To compute
∂i+ jv̂0,ρ

n,m(x, y)
∂xi∂y j , we differentiate equation (3.18) j- times with respect to y and
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(i − 1)- times with respect to x, obtaining

∂i+ jv̂0,ρ
n,m(x, y)
∂xi∂y j = ∂(i−1)

1 ∂( j)
2 1(x, y) +

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l

[
L(x, y)

]] ∂l+ηv̂0,ρ
n,m(x, y)
∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
M(x, y)

]
∂l+ηϕ(x − τ1, y − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])] ∂l+ηϕ(x − τ1, y − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

0

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lϕ(t − τ1, y − τ2)

∂yl
dt

+

i−2∑
q=0

q∑
η=0

(
q
η

) ∫ y

0

∂q−η

∂xq−η

[
∂(i−2−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂ηϕ(x − τ1, s − τ2)
∂xη

ds

+

∫ x

0

∫ y

0
∂(i−1)

1 ∂( j)
2 K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt

Moreover, when (x, y) ∈ D0,ρ
n,m from Equation (3.6) we get

v̂0,ρ
n,m(x, y) = ϕ(0, y) +

n−1∑
η=0

∫ x0
η+1

x0
η

L(z, y) v0,ρ
η,m(z, y) dz +

∫ x

x0
n

L(z, y) v̂0,ρ
n,m(z, y) dz

+

∫ x

0

(
1(z, y) +M(z, y)ϕ(z − τ1, y − τ2) +

∫ z

0

∫ y

0
K(z, y, t, s)ϕ(t − τ1, s − τ2) ds dt

)
dz.

(3.19)

Then
∂ jv̂0,ρ

n,m

∂y j (x, y) =
∂ jϕ

∂y j (0, y)

+

n−1∑
η=0

∫ x0
η+1

x0
η

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, y)
∂ j−kv0,ρ

η,m

∂y j−k
(z, y) dz

+

∫ x

x0
n

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, y)
∂ j−kv̂0,ρ

n,m

∂y j−k
(z, y) dz

+

∫ x

0

∂ j

∂y j

(
1(z, y) +M(z, y)ϕ(z − τ1, y − τ2)

+

∫ z

0

∫ y

0
K(z, y, t, s)ϕ(t − τ1, s − τ2) ds dt

)
dz.

(3.20)
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Now in σ0,ρ
n,0, such that v̂0,ρ

n,0(x0
n, y

ρ
0) = v0,ρ−1

n,M−1(x0
n, y

ρ
0),

Hence,

∂i+ jv̂0,ρ
n,0(x0

n, y
ρ
0)

∂xi∂y j = ∂(i−1)
1 ∂( j)

2 1(x
0
n, y

ρ
0) +

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l

[
L(x0

n, y
ρ
0)
]] ∂l+ηv̂0,ρ

n,0(x0
n, y

ρ
0)

∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
M(x0

n, y
ρ
0)
]
∂l+ηϕ(x0

n − τ1, y
ρ
0 − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]

x=x0
n,y=yρ0

∂l+ηϕ(x0
n − τ1, y

ρ
0 − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x0
n

0

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(xn, y
ρ
0 , t, y

ρ
0)]

]
∂lϕ(t − τ1, y

ρ
0 − τ2)

∂yl
dt

+

i−2∑
q=0

q∑
η=0

(
q
η

) ∫ yρ0

0

∂q−η

∂xq−η

[
∂(i−2−q)

1 ∂( j)
2 K(x0

n, y
ρ
0 , x

0
n, s)

] ∂ηϕ(x0
n − τ1, s − τ2)
∂xη

ds

+

∫ x0
n

0

∫ yρ0

0
∂(i−1)

1 ∂( j)
2 K(x0

n, y
ρ
0 , t, s)ϕ(t − τ1, s − τ2)dsdt,

and
∂ jv̂0,ρ

n,0

∂y j (x0
n, y

ρ
0) =

∂ jϕ

∂y j (0, yρ0)

+

n−1∑
η=0

∫ x0
η+1

x0
η

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, yρ0)
∂ j−kv0,ρ

η,0

∂y j−k
(z, yρ0) dz

+

∫ x0
n

0

∂ j

∂y j

(
1(z, yρ0) +M(z, yρ0)ϕ(z − τ1, y

ρ
0 − τ2)

+

∫ z

0

∫ yρ0

0
K(z, yρ0 , t, s)ϕ(t − τ1, s − τ2) ds dt

)
dz.

(3.21)

Now in σ0,ρ
n,m, such that v̂0,ρ

n,m(x0
n, y

ρ
m) = v0,ρ

n,m−1(x0
n, y

ρ
m),
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Hence,

∂i+ jv̂0,ρ
n,m(x0

n, y
ρ
m)

∂xi∂y j = ∂(i−1)
1 ∂( j)

2 1(x
0
n, y

ρ
m) +

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l

[
L(x0

n, y
ρ
m)

]] ∂l+ηv̂0,ρ
n,m(x0

n, y
ρ
m)

∂xη∂yl

+

j∑
l=0

i−1∑
η=0

(
j
l

)(
i − 1
η

)
∂i−1−η

∂xi−1−η

[
∂ j−l

∂y j−l
M(x0

n, y
ρ
m)

]
∂l+ηϕ(x0

n − τ1, y
ρ
m − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]

x=x0
n,y=yρm

∂l+ηϕ(x0
n − τ1, y

ρ
m − τ2)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x0
n

0

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x0
n, y

ρ
m, t, y

ρ
m)]

]
∂lϕ(t − τ1, y

ρ
m − τ2)

∂yl
dt

+

i−2∑
q=0

q∑
η=0

(
q
η

) ∫ yρm

0

∂q−η

∂xq−η

[
∂(i−2−q)

1 ∂( j)
2 K(x0

n, y
ρ
m, x0

n, s)
] ∂ηϕ(x0

n − τ1, s − τ2)
∂xη

ds

+

∫ x0
n

0

∫ yρm

0
∂(i−1)

1 ∂( j)
2 K(x0

n, y
ρ
m, t, s)ϕ(t − τ1, s − τ2)dsdt,

and
∂ jv̂0,ρ

n,m

∂y j (x0
n, y

ρ
m) =

∂ jϕ

∂y j (0, yρm)

+

n−1∑
η=0

∫ x0
η+1

x0
η

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, yρm)
∂ j−kv0,ρ

η,m

∂y j−k
(z, yρm) dz

+

∫ x0
n

0

∂ j

∂y j

(
1(z, yρm) +M(z, yρm)ϕ(z − τ1, y

ρ
m − τ2)

+

∫ z

0

∫ yρm

0
K(z, yρm, t, s)ϕ(t − τ1, s − τ2) ds dt

)
dz.

(3.22)

3.2.4 Approximate solution in Dϵ,ρn,m

The polynomial vϵ,ρn,m(x, y) is employed to approximate u(x, y) within the rectangle Dϵ,ρn,m,

n = 0, ...,N − 1, m = 1, ...,M − 1, ϵ = 1, ..., r1 − 1, and ρ = 1, ..., r2 − 1, such that

vϵ,ρn,m(x, y) =
p∑

j+i=0

1
i! j!
∂i+ jv̂ϵ,ρn,m(xϵn, y

ρ
m)

∂xi∂y j (x − xϵn)i(y − yρm) j; (x, y) ∈ Dϵ,ρn,m, (3.23)
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where
∂v̂ϵ,ρn,m(x, y)
∂x

is the exact solution of the integralaequation:

∂v̂ϵ,ρn,m(x, y)
∂x

= 1(x, y) + L(x, y)v̂ϵ,ρn,m(x, y) +M(x, y)vϵ−1,ρ−1
n,m (x − τ1, y − τ2)

+

∫ x

0

∫ τ2

0
K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt

+

∫ τ1

0

∫ y

τ2

K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt

+

ϵ−1∑
e=1

ρ−1∑
p=1

N−1∑
η=0

M−1∑
µ=0

∫ xe
η+1

xe
η

∫ yp
µ+1

yp
µ

K(x, y, t, s)ve−1,p−1
η,µ (t − τ1, s − τ2)dsdt.

+

ϵ−1∑
e=1

N−1∑
η=0

m−1∑
µ=0

∫ xe
η+1

xe
η

∫ yρ
µ+1

yρµ

K(x, y, t, s)ve−1,ρ−1
η,µ (t − τ1, s − τ2)dsdt.

+

ρ−1∑
p=1

n−1∑
η=0

M−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yp
µ+1

yp
µ

K(x, y, t, s)vϵ−1,p−1
η,µ (t − τ1, s − τ2)dsdt.

+

n−1∑
η=0

m−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yρ
µ+1

yρµ

K(x, y, t, s)vϵ−1,ρ−1
η,µ (t − τ1, s − τ2)dsdt.

+

ϵ−1∑
e=1

N−1∑
η=0

∫ xe
η+1

xe
η

∫ y

yρm

K(x, y, t, s)ve−1,ρ−1
η,m (t − τ1, s − τ2)dsdt. (3.24)

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

∫ y

yρm

K(x, y, t, s)vϵ−1,ρ−1
η,m (t − τ1, s − τ2)dsdt.

+

ρ−1∑
p=1

M−1∑
µ=0

∫ x

xϵn

∫ yp
µ+1

yp
µ

K(x, y, t, s)vϵ−1,p−1
n,µ (t − τ1, s − τ2)dsdt.

+

m−1∑
µ=0

∫ x

xϵn

∫ yρ
µ+1

yρµ

K(x, y, t, s)vϵ−1,ρ−1
n,µ (t − τ1, s − τ2)dsdt.

+

∫ x

xϵn

∫ y

yρm

K(x, y, t, s)vϵ−1,ρ−1
n,m (t − τ1, s − τ2)dsdt.

To compute
∂i+ jv̂ϵ,ρn,m(x, y)
∂xi∂y j , we differentiate equation (3.24) j- times with respect to y and

(i − 1)- times with respect to x, obtaining
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∂i+ jv̂ϵ,ρn,m(x, y)
∂xi∂y j = ∂(i−1)

1 ∂( j)
2 1(x, y) + ∂(i−1)

1 ∂( j)
2

(∫ x

0

∫ τ2

0
K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt

)
+ ∂(i−1)

1 ∂( j)
2

(∫ τ1

0

∫ y

τ2

K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt
)

+

j∑
l=0

i−1∑
σ=0

(
j
l

)(
i − 1
σ

)
∂i−1−σ

∂xi−1−σ

[
∂ j−l

∂y j−l
L(x, y)

]
∂l+σv̂ϵ,ρn,m(x, y)
∂xσ∂yl

+

j∑
l=0

i−1∑
σ=0

(
j
l

)(
i − 1
σ

)
∂i−1−σ

∂xi−1−σ

[
∂ j−l

∂y j−l
M(x, y)

]
∂l+σvϵ−1,ρ−1

n,m (x − τ1, y − τ2)
∂xσ∂yl

+

ϵ−1∑
e=1

ρ−1∑
p=1

N−1∑
η=0

M−1∑
µ=0

∫ xe
η+1

xe
η

∫ yp
µ+1

yp
µ

∂(i−1)
1 ∂( j)

2 K(x, y, t, s)ve−1,p−1
η,µ (t − τ1, s − τ2)dsdt

+

ϵ−1∑
e=1

N−1∑
η=0

m−1∑
µ=0

∫ xe
η+1

xe
η

∫ yρ
µ+1

yρµ

∂(i−1)
1 ∂( j)

2 K(x, y, t, s)ve−1,ρ−1
η,µ (t − τ1, s − τ2)dsdt

+

ρ−1∑
p=1

n−1∑
η=0

M−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yp
µ+1

yp
µ

∂(i−1)
1 ∂( j)

2 K(x, y, t, s)vϵ−1,p−1
η,µ (t − τ1, s − τ2)dsdt

+

n−1∑
η=0

m−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yρ
µ+1

yρµ

∂(i−1)
1 ∂( j)

2 K(x, y, t, s)vϵ−1,ρ−1
η,µ (t − τ1, s − τ2)dsdt

+

ϵ−1∑
e=1

N−1∑
η=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xe
η+1

xe
η

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lve−1,ρ−1
η,m (t − τ1, y − τ2)

∂yl
dt

(3.25)

+

n−1∑
η=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xϵ
η+1

xϵη

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lvϵ−1,ρ−1
η,m (t − τ1, y − τ2)

∂yl
dt

+

ϵ−1∑
e=1

N−1∑
η=0

∫ xe
η+1

xe
η

∫ y

yρm

∂(i−1)
1 ∂( j)

2 K(x, y, t, s)ve−1,ρ−1
η,m (t − τ1, s − τ2)dsdt

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

∫ y

yρm

∂(i−1)
1 ∂( j)

2 K(x, y, t, s)vϵ−1,ρ−1
η,m (t − τ1, s − τ2)dsdt

+

ρ−1∑
p=1

M−1∑
µ=0

i−2∑
q=0

q∑
σ=0

(
q
σ

) ∫ yp
µ+1

yp
µ

∂q−σ

∂xq−σ

[
∂(i−2−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂σvϵ−1,p−1
n,µ (x − τ1, s − τ2)

∂xσ

+

m−1∑
µ=0

i−2∑
q=0

q∑
σ=0

(
q
σ

) ∫ yρ
µ+1

yρµ

∂q−σ

∂xq−σ

[
∂(i−2−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂σvϵ−1,ρ−1
n,µ (x − τ1, s − τ2)

∂xσ
ds
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+

ρ−1∑
p=1

M−1∑
µ=0

∫ x

xϵn

∫ yp
µ+1

yp
µ

∂(i−1)
1 ∂( j)

2 K(x, y, t, s)vϵ−1,p−1
n,µ (t − τ1, s − τ2)dsdt.

+

m−1∑
µ=0

∫ x

xϵn

∫ yρ
µ+1

yρµ

∂(i−1)
1 ∂( j)

2 K(x, y, t, s)vϵ−1,ρ−1
n,µ (t − τ1, s − τ2)dsdt.

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
σ=0

(
r
l

)(
q
σ

)
∂q−σ

∂xq−σ

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])] ∂l+σv̂ϵ−1,ρ−1

n,m (x − τ1, y − τ2)
∂xσ∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

xϵn

∂i−1

∂xi−1

[
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
]] ∂lvϵ−1,ρ−1

n,m (t − τ1, y − τ2)
∂yl

dt.

+

i−2∑
q=0

q∑
σ=0

(
q
σ

) ∫ y

yρm

∂q−σ

∂xq−σ

[
∂(i−2−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂σv̂ϵ−1,ρ−1
n,m (x − τ1, s − τ2)

∂xσ
ds

+

∫ x

xϵn

∫ y

yρm

∂(i−1)
1 ∂( j)

2 K(x, y, t, s)vϵ−1,ρ−1
n,m (t − τ1, s − τ2)dsdt.
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by integrating Equation (3.24) from 0 to x

v̂ϵ,ρn,m(x, y) = v̂ϵ,ρn,m(0, y) +
∫ x

0
1(z, y) dz +

ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

M(z, y) ve−1,ρ−1
η,m (z − τ1, y − τ2) dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

M(z, y) vϵ−1,ρ−1
η,m (z − τ1, y − τ2) dz +

∫ x

xϵn

M(z, y) vϵ−1,ρ−1
n,m (z − τ1, y − τ2) dz

+

ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

L(z, y) v̂e,ρ
η,m(z, y) dz +

n−1∑
η=0

∫ xϵ
η+1

xϵη

L(z, y) v̂ϵ,ρη,m(z, y) dz +
∫ x

xϵn

L(z, y) v̂ϵ,ρn,m(z, y) dz

+

∫ x

0

(∫ z

0

∫ τ2

0
K(z, y, t, s)ϕ(t − τ1, s − τ2) ds dt

)
dz (3.26)

+

∫ x

0

(∫ τ1

0

∫ y

τ2

K(z, y, t, s)ϕ(t − τ1, s − τ2) ds dt
)

dz

+

∫ x

0

( ϵ−1∑
e=1

ρ−1∑
p=1

N−1∑
η=0

M−1∑
µ=0

∫ xe
η+1

xe
η

∫ yp
µ+1

yp
µ

K(z, y, t, s)ve−1,p−1
η,µ (t − τ1, s − τ2) ds dt

)
dz

+

∫ x

0

( ϵ−1∑
e=1

N−1∑
η=0

m−1∑
µ=0

∫ xe
η+1

xe
η

∫ yρ
µ+1

yρµ

K(z, y, t, s)ve−1,ρ−1
η,µ (t − τ1, s − τ2) ds dt

)
dz

+

∫ x

0

( ρ−1∑
p=1

n−1∑
η=0

M−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yp
µ+1

yp
µ

K(z, y, t, s)vϵ−1,p−1
η,µ (t − τ1, s − τ2) ds dt

)
dz

+

∫ x

0

( n−1∑
η=0

m−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yρ
µ+1

yρµ

K(z, y, t, s)vϵ−1,ρ−1
η,µ (t − τ1, s − τ2) ds dt

)
dz

+

∫ x

0

( ϵ−1∑
e=1

N−1∑
η=0

∫ xe
η+1

xe
η

∫ y

yρm

K(z, y, t, s)ve−1,ρ−1
η,m (t − τ1, s − τ2) ds dt

)
dz

+

∫ x

0

( n−1∑
η=0

∫ xϵ
η+1

xϵη

∫ y

yρm

K(z, y, t, s)vϵ−1,ρ−1
η,m (t − τ1, s − τ2) ds dt

)
dz

+

∫ x

0

( ρ−1∑
p=1

M−1∑
µ=0

∫ z

xϵn

∫ yp
µ+1

yp
µ

K(z, y, t, s)vϵ−1,p−1
n,µ (t − τ1, s − τ2) ds dt

)
dz

+

∫ x

0

( m−1∑
µ=0

∫ z

xϵn

∫ yρ
µ+1

yρµ

K(z, y, t, s)vϵ−1,ρ−1
n,µ (t − τ1, s − τ2) ds dt

)
dz

+

∫ x

0

(∫ z

xϵn

∫ y

yρm

K(z, y, t, s)vϵ−1,ρ−1
n,m (t − τ1, s − τ2) ds dt

)
dz.

Then
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∂ jv̂ϵ,ρn,m

∂y j (x, y) =
∂ jϕ

∂y j (0, y) +
∫ x

0

∂ j

∂y j1(z, y)dz

+

N−1∑
η=0

∫ x0
η+1

x0
η

j∑
k=0

(
j
k

)
∂kM
∂yk

(z, y)
∂ j−kϕ

∂y j−k
(z − τ1, y − τ2) dz

+

ϵ−1∑
e=1

N−1∑
η=0

∫ x0
η+1

x0
η

j∑
k=0

(
j
k

)
∂kM
∂yk

(z, y)
∂ j−kve−1,ρ−1

η,m

∂y j−k
(z − τ1, y − τ2) dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kM
∂yk

(z, y)
∂ j−kvϵ−1,ρ−1

η,m

∂y j−k
(z − τ1, y − τ2) dz

+

∫ x

xϵn

j∑
k=0

(
j
k

)
∂kM
∂yk

(z, y)
∂ j−kvϵ−1,ρ−1

n,m

∂y j−k
(z − τ1, y − τ2) dz

+

ϵ−1∑
e=0

N−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, y)
∂ j−kve,ρ−1

η,m

∂y j−k
(z, y) dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, y)
∂ j−kvϵ,ρ−1

η,m

∂y j−k
(z, y) dz

+

∫ x

xϵn

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, y)
∂ j−kv̂ϵ,ρn,m

∂y j−k
(z, y) dz

(3.27)
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+

∫ x

0

∂ j

∂y j

(∫ z

0

∫ τ2

0
K(z, y, t, s)ϕ(t − τ1, s − τ2) ds dt +

∫ τ1

0

∫ y

τ2

K(z, y, t, s)ϕ(t − τ1, s − τ2) ds dt
)

dz

+

∫ x

0

( ϵ−1∑
e=1

ρ−1∑
p=1

N−1∑
η=0

M−1∑
µ=0

∫ xe
η+1

xe
η

∫ yp
µ+1

yp
µ

∂( j)
2 K(z, y, t, s)ve−1,p−1

η,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ x

0

( ϵ−1∑
e=1

N−1∑
η=0

m−1∑
µ=0

∫ xe
η+1

xe
η

∫ yρ
µ+1

yρµ

∂( j)
2 K(z, y, t, s)ve−1,ρ−1

η,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ x

0

( ρ−1∑
p=1

n−1∑
η=0

M−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yp
µ+1

yp
µ

∂( j)
2 K(z, y, t, s)vϵ−1,p−1

η,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ x

0

( n−1∑
η=0

m−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yρ
µ+1

yρµ

∂( j)
2 K(z, y, t, s)vϵ−1,ρ−1

η,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ x

0

( ϵ−1∑
e=1

N−1∑
η=0

j−1∑
r=0

r∑
k=0

(
r
k

) ∫ xe
η+1

xe
η

∂r−k

∂yr−k

[
∂( j−1−r)

2 k(z, y, t, y)
] ∂kve−1,ρ−1

η,m (t − τ1, y − τ2)

∂yk
dt

)
dz

+

∫ x

0

( n−1∑
η=0

j−1∑
r=0

r∑
k=0

(
r
k

) ∫ xϵ
η+1

xϵη

∂r−k

∂yr−k

[
∂( j−1−r)

2 k(z, y, t, y)
] ∂kvϵ−1,ρ−1

η,m (t − τ1, y − τ2)

∂yk
dt

)
dz

+

∫ x

0

( ϵ−1∑
e=1

N−1∑
η=0

∫ xe
η+1

xe
η

∫ y

yρm

∂( j)
2 K(z, y, t, s)ve−1,ρ−1

η,m (t − τ1, s − τ2) ds dt
)
dz

+

∫ x

0

( n−1∑
η=0

∫ xϵ
η+1

xϵη

∫ y

yρm

∂( j)
2 K(z, y, t, s)vϵ−1,ρ−1

η,m (t − τ1, s − τ2) ds dt
)
dz

+

∫ x

0

( ρ−1∑
p=1

M−1∑
µ=0

∫ z

xϵn

∫ yp
µ+1

yp
µ

∂( j)
2 K(z, y, t, s)vϵ−1,p−1

n,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ x

0

( m−1∑
µ=0

∫ z

xϵn

∫ yρ
µ+1

yρµ

∂( j)
2 K(z, y, t, s)vϵ−1,ρ−1

n,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ x

0

 j−1∑
r=0

r∑
k=0

(
r
k

) ∫ z

xϵn

∂r−k

∂yr−k

[
∂( j−1−r)

2 K(z, y, t, y)
] ∂kvϵ−1,ρ−1

n,m (t − τ1, y − τ2)
∂yk

dt

 dz.

+

∫ x

0

(∫ z

xϵn

∫ y

yρm

∂( j)
2 K(z, y, t, s)vϵ−1,ρ−1

n,m (t − τ1, s − τ2) ds dt
)

dz.

Now in σϵ,ρn,0, such that v̂ϵ,ρn,0(xϵn, y
ρ
0) = vϵ,ρ−1

n,M−1(xϵn, y
ρ
0),
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Hence,

∂i+ jv̂ϵ,ρn,0(xϵn, y
ρ
0)

∂xi∂y j = ∂(i−1)
1 ∂( j)

2 1(x
ϵ
n, y

ρ
0)

+ ∂(i−1)
1 ∂( j)

2

(∫ x

0

∫ τ2

0
K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt

)
(xϵn, y

ρ
0)

+ ∂(i−1)
1 ∂( j)

2

(∫ τ1

0

∫ y

τ2

K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt
)

(xϵn, y
ρ
0)

+

j∑
l=0

i−1∑
σ=0

(
j
l

)(
i − 1
σ

)
∂i−1−σ

∂xi−1−σ

[
∂ j−l

∂y j−l
[L(xϵn, y

ρ
0)
]
∂l+σv̂ϵ,ρn,0(xϵn, y

ρ
0)

∂xσ∂yl

+

j∑
l=0

i−1∑
σ=0

(
j
l

)(
i − 1
σ

)
∂i−1−σ

∂xi−1−σ

[
∂ j−l

∂y j−l
M(xϵn, y

ρ
0)
]
∂l+σvϵ−1,ρ−1

n,0 (xϵn − τ1, y
ρ
0 − τ2)

∂xσ∂yl

+

ϵ−1∑
e=1

N−1∑
η=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xe
η+1

xe
η

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(xϵn, y
ρ
0 , t, y

ρ
0)]

] ∂lve−1,ρ−1
η,0 (t − τ1, y

ρ
0 − τ2)

∂yl
dt

+

n−1∑
η=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xϵ
η+1

xϵη

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(xϵn, y
ρ
0 , t, y

ρ
0)]

] ∂lvϵ−1,ρ−1
η,0 (t − τ1, y

ρ
0 − τ2)

∂yl
dt

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
σ=0

(
r
l

)(
q
σ

)
∂q−σ

∂xq−σ

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]x=xϵn

y=yρ0

∂l+σv̂ϵ−1,ρ−1
n,0 (xϵn − τ1, y

ρ
0 − τ2)

∂xσ∂yl
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and

∂ jv̂ϵ,ρn,0

∂y j (xϵn, y
ρ
0) =

∂ jϕ

∂y j (0, yρ0) +
∫ xϵn

0

∂ j

∂y j1(z, y
ρ
0)dz

+

ϵ−1∑
e=0

N−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kM
∂yk

(z, yρ0)
∂ j−kve−1,ρ−1

η,0

∂y j−k
(z − τ1, y

ρ
0 − τ2) dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kM
∂yk

(z, yρ0)
∂ j−kvϵ−1,ρ−1

η,0

∂y j−k
(z − τ1, y

ρ
0 − τ2) dz

+

ϵ−1∑
e=0

N−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, yρ0)
∂ j−kve,ρ−1

η,0

∂y j−k
(z, yρ0) dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, yρ0)
∂ j−kvϵ,ρ−1

η,0

∂y j−k
(z, yρ0) dz

+

∫ xϵn

0

∂ j

∂y j

∫ z

0

∫ τ2

0
K(z, yρ0 , t, s)ϕ(t − τ1, s − τ2) ds dt +

∫ τ1

0

∫ yρ0

τ2

K(z, yρ0 , t, s)ϕ(t − τ1, s − τ2) ds dt

 dz

+

∫ xϵn

0

( ϵ−1∑
e=1

ρ−1∑
p=1

N−1∑
η=0

∫ xe
η+1

xe
η

∫ yp
1

yp
0

∂( j)
2 K(z, yρ0 , t, s)ve−1,p−1

η,0 (t − τ1, s − τ2) ds dt
)
dz

+

∫ xϵn

0

( ρ−1∑
p=1

N−1∑
η=0

∫ xϵ
η+1

xϵη

∫ yp
1

yp
0

∂( j)
2 K(z, yρ0 , t, s)vϵ−1,p−1

η,0 (t − τ1, s − τ2) ds dt
)
dz

+

∫ xϵn

0

( n−1∑
η=0

∫ xϵ
η+1

xϵη

∫ yρ1

yρ0

∂( j)
2 K(z, yρ0 , t, s)vϵ−1,ρ−1

η,0 (t − τ1, s − τ2) ds dt
)
dz

+

∫ xϵn

0

( ϵ−1∑
e=1

N−1∑
η=0

j−1∑
r=0

r∑
k=0

(
r
k

) ∫ xe
η+1

xe
η

∂r−k

∂yr−k

[
∂( j−1−r)

2 k(z, yρ0 , t, y
ρ
0)
] ∂kve−1,ρ−1

η,0 (t − τ1, y
ρ
0 − τ2)

∂yk
dt

)
dz

+

∫ xϵn

0

( n−1∑
η=0

j−1∑
r=0

r∑
k=0

(
r
k

) ∫ xϵ
η+1

xϵη

∂r−k

∂yr−k

[
∂( j−1−r)

2 k(z, yρ0 , t, y
ρ
0)
] ∂kvϵ−1,ρ−1

η,0 (t − τ1, y
ρ
0 − τ2)

∂yk
dt

)
dz

+

∫ xϵn

0

 ρ−1∑
p=1

∫ z

xϵn

∫ yp
1

yp
0

∂( j)
2 K(z, yρ0 , t, s)vϵ−1,p−1

n,0 (t − τ1, s − τ2) ds dt

+

∫ z

xϵn

∫ yρ1

yρ0

∂( j)
2 K(z, yρ0 , t, s)vϵ−1,ρ−1

n,0 (t − τ1, s − τ2) ds dt

 dz

+

∫ xϵn

0

 j−1∑
r=0

r∑
k=0

(
r
k

) ∫ z

xϵn

∂r−k

∂yr−k

[
∂( j−1−r)

2 K(z, yρ0 , t, y
ρ
0)
] ∂kvϵ−1,ρ−1

n,0 (t − τ1, y
ρ
0 − τ2)

∂yk
dt

 dz.
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Now in σϵ,ρn,m, such that v̂ϵ,ρn,m(xϵn, y
ρ
m) = vϵ,ρn,m−1(xϵn, y

ρ
m),

Hence,

∂i+ jv̂ϵ,ρn,m(xϵn, y
ρ
m)

∂xi∂y j = ∂(i−1)
1 ∂( j)

2 1(x
ϵ
n, y

ρ
m)

+ ∂(i−1)
1 ∂( j)

2

(∫ x

0

∫ τ2

0
K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt

)
(xϵn, y

ρ
m)

+ ∂(i−1)
1 ∂( j)

2

(∫ τ1

0

∫ y

τ2

K(x, y, t, s)ϕ(t − τ1, s − τ2)dsdt
)

(xϵn, y
ρ
m)

+

j∑
l=0

i−1∑
σ=0

(
j
l

)(
i − 1
σ

)
∂i−1−σ

∂xi−1−σ

[
∂ j−l

∂y j−l
L(xϵn, y

ρ
m)

]
∂l+σv̂ϵ,ρn,m(xϵn, y

ρ
m)

∂xσ∂yl

+

j∑
l=0

i−1∑
σ=0

(
j
l

)(
i − 1
σ

)
∂i−1−σ

∂xi−1−σ

[
∂ j−l

∂y j−l
M(xϵn, y

ρ
m)

]
∂l+σvϵ−1,ρ−1

n,m (xϵn − τ1, y
ρ
m − τ2)

∂xσ∂yl

+

ϵ−1∑
e=1

ρ−1∑
p=1

N−1∑
η=0

M−1∑
µ=0

∫ xe
η+1

xe
η

∫ yp
µ+1

yp
µ

∂(i−1)
1 ∂( j)

2 K(xϵn, y
ρ
m, t, s)ve−1,p−1

η,µ (t − τ1, s − τ2)dsdt

+

ϵ−1∑
e=1

N−1∑
η=0

m−1∑
µ=0

∫ xe
η+1

xe
η

∫ yρ
µ+1

yρµ

∂(i−1)
1 ∂( j)

2 K(xϵn, y
ρ
m, t, s)ve−1,ρ−1

η,µ (t − τ1, s − τ2)dsdt

+

ρ−1∑
p=1

n−1∑
η=0

M−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yp
µ+1

yp
µ

∂(i−1)
1 ∂( j)

2 K(xϵn, y
ρ
m, t, s)vϵ−1,p−1

η,µ (t − τ1, s − τ2)dsdt

+

n−1∑
η=0

m−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yρ
µ+1

yρµ

∂(i−1)
1 ∂( j)

2 K(xϵn, y
ρ
m, t, s)vϵ−1,ρ−1

η,µ (t − τ1, s − τ2)dsdt

+

ϵ−1∑
e=1

N−1∑
η=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xe
η+1

xe
η

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(xϵn, y
ρ
m, t, y

ρ
m)]

]
∂lve−1,ρ−1
η,m (t − τ1, y

ρ
m − τ2)

∂yl
dt

+

n−1∑
η=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xϵ
η+1

xϵη

∂i−1

∂xi−1

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(xϵn, y
ρ
m, t, y

ρ
m)]

]
∂lvϵ−1,ρ−1
η,m (t − τ1, y

ρ
m − τ2)

∂yl
dt

+

ρ−1∑
p=1

M−1∑
µ=0

i−2∑
q=0

q∑
σ=0

(
q
σ

) ∫ yp
µ+1

yp
µ

∂q−σ

∂xq−σ

[
∂(i−2−q)

1 ∂( j)
2 K(xϵn, y

ρ
m, xϵn, s)

] ∂σvϵ−1,p−1
n,µ (xϵn − τ1, s − τ2)

∂xσ
ds

+

m−1∑
µ=0

i−2∑
q=0

q∑
σ=0

(
q
σ

) ∫ yρ
µ+1

yρµ

∂q−σ

∂xq−σ

[
∂(i−2−q)

1 ∂( j)
2 K(xϵn, y

ρ
m, xϵn, s)

] ∂σvϵ−1,ρ−1
n,µ (xϵn − τ1, s − τ2)

∂xσ
ds

+

j−1∑
r=0

r∑
l=0

i−2∑
q=0

q∑
σ=0

(
r
l

)(
q
σ

)
∂q−σ

∂xq−σ

[
∂i−2−q

∂xi−2−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]x=xϵn

y=yρm

∂l+σv̂ϵ−1,ρ−1
n,m (xϵn − τ1, y

ρ
m − τ2)

∂xσ∂yl
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and

∂ jv̂ϵ,ρn,m

∂y j (xϵn, y
ρ
m) =

∂ jϕ

∂y j (0, yρm) +
∫ x

0

∂ j

∂y j1(z, y
ρ
m)dz

+

n−1∑
η=0

∫ x0
η+1

x0
η

j∑
k=0

(
j
k

)
∂kM
∂yk

(z, yρm)
∂ j−kϕ

∂y j−k
(z − τ1, y

ρ
m − τ2) dz

+

ϵ−1∑
e=1

N−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kM
∂yk

(z, yρm)
∂ j−kve−1,ρ−1

η,m

∂y j−k
(z − τ1, y

ρ
m − τ2) dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kM
∂yk

(z, yρm)
∂ j−kvϵ−1,ρ−1

η,m

∂y j−k
(z − τ1, y

ρ
m − τ2) dz

+

ϵ−1∑
e=0

N−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, yρm)
∂ j−kv̂e,ρ

η,m

∂y j−k
(z, yρm) dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

j∑
k=0

(
j
k

)
∂kL
∂yk

(z, yρm)
∂ j−kv̂ϵ,ρη,m
∂y j−k

(z, yρm) dz

+

∫ xϵn

0

∂ j

∂y j

∫ z

0

∫ τ2

0
K(z, yρm, t, s)ϕ(t − τ1, s − τ2) ds dt +

∫ τ1

0

∫ yρm

τ2

K(z, yρm, t, s)ϕ(t − τ1, s − τ2) ds dt

 dz

+

∫ xϵn

0

( ϵ−1∑
e=1

ρ−1∑
p=1

N−1∑
η=0

M−1∑
µ=0

∫ xe
η+1

xe
η

∫ yp
µ+1

yp
µ

∂( j)
2 K(z, yρm, t, s)ve−1,p−1

η,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ xϵn

0

( ϵ−1∑
e=1

N−1∑
η=0

m−1∑
µ=0

∫ xe
η+1

xe
η

∫ yρ
µ+1

yρµ

∂( j)
2 K(z, yρm, t, s)ve−1,ρ−1

η,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ xϵn

0

( ρ−1∑
p=1

n−1∑
η=0

M−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yp
µ+1

yp
µ

∂( j)
2 K(z, yρm, t, s)vϵ−1,p−1

η,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ xϵn

0

( n−1∑
η=0

m−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yρ
µ+1

yρµ

∂( j)
2 K(z, yρm, t, s)vϵ−1,ρ−1

η,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ xϵn

0

( ϵ−1∑
e=1

N−1∑
η=0

j−1∑
r=0

r∑
k=0

(
r
k

) ∫ xe
η+1

xe
η

∂r−k

∂yr−k

[
∂( j−1−r)

2 k(z, yρm, t, y
ρ
m)

] ∂kve−1,ρ−1
η,m (t − τ1, y

ρ
m − τ2)

∂yk
dt

)
dz

+

∫ xϵn

0

( n−1∑
η=0

j−1∑
r=0

r∑
k=0

(
r
k

) ∫ xϵ
η+1

xϵη

∂r−k

∂yr−k

[
∂( j−1−r)

2 k(z, yρm, t, y
ρ
m)

] ∂kvϵ−1,ρ−1
η,m (t − τ1, y

ρ
m − τ2)

∂yk
dt

)
dz

+

∫ xϵn

0

( ρ−1∑
p=1

M−1∑
µ=0

∫ z

xϵn

∫ yp
µ+1

yp
µ

∂( j)
2 K(z, yρm, t, s)vϵ−1,p−1

n,µ (t − τ1, s − τ2) ds dt
)
dz

+

∫ xϵn

0

( m−1∑
µ=0

∫ z

xϵn

∫ yρ
µ+1

yρµ

∂( j)
2 K(z, yρm, t, s)vϵ−1,ρ−1

n,µ (t − τ1, s − τ2) ds dt
)
d

+

∫ xϵn

0

 j−1∑
r=0

r∑
k=0

(
r
k

) ∫ z

xϵn

∂r−k

∂yr−k

[
∂( j−1−r)

2 K(z, yρm, t, y
ρ
m)

] ∂kvϵ−1,ρ−1
n,m (t − τ1, y

ρ
m − τ2)

∂yk
dt

 dz.
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3.3 Error Analysis

We need the following lemma gives the convergence of the presented method. We

consider the space L∞(D) with the norm

∥∥∥φ∥∥∥
L∞(D)

= inf
{
C ∈ R :

∣∣∣φ(x, y)
∣∣∣ ≤ C for a.e. (x, y) ∈ D

}
< ∞.

Lemma 3.3.1 Let 1, L, M, and K be (p+1)-times continuously differentiable functions on their

respective domains. Then there exists a positive constant α(p) such that for all n = 0, . . . ,N−1,

m = 0, . . . ,M − 1, ϵ = 0, . . . , r1 − 1, ρ = 0, . . . , r2 − 1, and for all integers i, j satisfying

i + j = 0, 1, . . . , p + 1, we have ∥∥∥∥∥∥∂ i+ jv̂ϵ,ρn,m

∂xi∂y j

∥∥∥∥∥∥
L∞(Dϵ,ρn,m)

≤ α(p).

Moreover, for the initial rectangle we have

v̂0,0
0,0(x, y) = u(x, y), (x, y) ∈ D0,0

0,0.

Proof. The proof follows the same steps and ideas as the proof of Lemma 3.6 in [12].

Theorem 3.3.1 Assume that the functions 1, L, M, and K are (p+1)-times continuously differ-

entiable on their respective domains, and that the history functionϕ is sufficiently smooth. Then

the Taylor collocation scheme defined by equations (3.4), (3.8), (3.17), and (3.23) determines a

unique approximate solution

v ∈ S(0)
p,p(Πϵ,ρN,M).

Let u(x, y) denote the exact solution of problem (3.1), and define the error function

e(x, y) := u(x, y) − v(x, y), (x, y) ∈ D.
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Then the following estimate holds:

∥e∥L∞(D) ≤ C (h + k)p+1 ,

where C is a positive constant independent of the stepsizes h and k.

Proof. Define the error e(x, y) on Dϵ,ρn,m by

eϵ,ρn,m(x, y) = u(x, y) − vϵ,ρn,m(x, y), (x, y) ∈ Dϵ,ρn,m,

for all n ∈ {0, . . . ,N − 1}, m ∈ {0, . . . ,M − 1}, ϵ = 0, 1, ..., r1 − 1; ρ = 0, 1, ..., r2 − 1 .

Claim 1. There exists a constant C1 independent of h and k such that

∥e0,0
0,0∥L∞(D0,0

0,0) ≤ C1(h + k)p+1.

Let (x, y) ∈ D0,0
0,0. Using Lemma 1.6.3, we obtain

|e0,0
0,0(x, y)| ≤

∑
i+ j=p+1

1
i! j!

∥∥∥∥∥∥ ∂ i+ ju
∂xi∂y j

∥∥∥∥∥∥∞,D hik j.

Hence, by Lemma 3.3.1, we have

|e0,0
0,0(x, y)| ≤ α(p)

∑
i+ j=p+1

1
i! j!

hik j =
α(p)

(p + 1)!
(h + k)p+1.

Therefore,

∥e0,0
0,0∥L∞(D0,0

0,0) ≤ C1(h + k)p+1, C1 =
α(p)

(p + 1)!
.

Claim 2. There exists a constant C2 independent of h and k such that

∥eϵ,0n,m∥L∞(Dϵ,0n,m) ≤ C2(h+k)p+1, n = 0, . . . ,N−1, m = 0, . . . ,N−1, ϵ = 0, . . . , r1−1.
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and (n,m, ϵ) , (0, 0, 0). Let (x, y) ∈ Dϵ,0n,m. From Equation (3.11), and the definition of the

approximate solution v̂ϵ,0n,m, we obtain

u(x, y) − v̂ϵ,0n,m(x, y) =
ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

L(z, y)
(
u(z, y) − ve,0

η,m(z, y)
)

dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

L(z, y)
(
u(z, y) − vϵ,0η,m(z, y)

)
dz

+

∫ x

xϵn

L(z, y)
(
u(z, y) − v̂ϵ,0n,m(z, y)

)
dz.

Hence, taking absolute values and using the boundedness of L, we get

|u(x, y) − v̂ϵ,0n,m(x, y)| ≤ ∥L∥∞,D
ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

|u(z, y) − ve,0
η,m(z, y)| dz

+ ∥L∥∞,D
n−1∑
η=0

∫ xϵ
η+1

xϵη

|u(z, y) − vϵ,0η,m(z, y)| dz

+ ∥L∥∞,D
∫ x

xϵn

|u(z, y) − v̂ϵ,0n,m(z, y)| dz.

Therefore,

|u(x, y) − v̂ϵ,0n,m(x, y)| ≤ h∥L∥∞,D
ϵ−1∑
e=0

N−1∑
η=0

∥ee,0
η,m∥L∞(De,0

η,m)

+ h∥L∥∞,D
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m)

+ ∥L∥∞,D
∫ x

xϵn

|u(z, y) − v̂ϵ,0n,m(z, y)| dz.

Set

Ψ(x) := sup
xϵn≤ξ≤x

y∈δ0
m

|u(ξ, y) − v̂ϵ,0n,m(ξ, y)|.

80



Taylor Collocation Algorithms for 2D DVIDEs

Then

Ψ(x) ≤ h∥L∥∞,D
ϵ−1∑
e=0

N−1∑
η=0

∥ee,0
η,m∥L∞(De,0

η,m)

+ h∥L∥∞,D
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m) + ∥L∥∞,D
∫ x

xϵn

Ψ(z) dz.

Applying Gronwall’s inequality, we obtain

Ψ(x) ≤
(
h∥L∥∞,D

ϵ−1∑
e=0

N−1∑
η=0

∥ee,0
η,m∥L∞(De,0

η,m)

+ h∥L∥∞,D
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m)

)
exp

(
∥L∥∞,Dh

)
.

Hence,

∥u − v̂ϵ,0n,m∥L∞(Dϵ,0n,m) ≤ C
(
h
ϵ−1∑
e=0

N−1∑
η=0

∥ee,0
η,m∥L∞(De,0

η,m) + h
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m)

)
,

where C > 0 is independent of h and k.

Now, by the decomposition

eϵ,0n,m(x, y) = u(x, y) − vϵ,0n,m(x, y) =
(
u(x, y) − v̂ϵ,0n,m(x, y)

)
+

(
v̂ϵ,0n,m(x, y) − vϵ,0n,m(x, y)

)
,

we deduce that

∥eϵ,0n,m∥L∞(Dϵ,0n,m) ≤ ∥u − v̂ϵ,0n,m∥L∞(Dϵ,0n,m) + ∥v̂ϵ,0n,m − vϵ,0n,m∥L∞(Dϵ,0n,m).

Using Claim 1 and Lemma 3.3.1, we have

∥v̂ϵ,0n,m − vϵ,0n,m∥L∞(Dϵ,0n,m) ≤ C(h + k)p+1.
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Set

Tϵ := ∥eϵ,0∥L∞(Dϵ,0), ϵ = 0, 1, . . . , r1 − 1,

where

∥eϵ,0∥L∞(Dϵ,0) := max
0≤n≤N−1
0≤m≤M−1

∥eϵ,0n,m∥L∞(Dϵ,0n,m).

From the previous estimate, we have

∥eϵ,0n,m∥L∞(Dϵ,0n,m) ≤ C
(
h
ϵ−1∑
s=0

N−1∑
η=0

∥es,0
η,m∥L∞(Ds,0

η,m) + h
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m)

)
+ C(h + k)p+1.

Since

∥es,0
η,m∥L∞(Ds,0

η,m) ≤ ∥es,0∥L∞(Ds,0) = Ts,

and since Nh = τ1, it follows that

∥eϵ,0n,m∥L∞(Dϵ,0n,m) ≤ C
(
h
ϵ−1∑
s=0

N−1∑
η=0

Ts + h
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m)

)
+ C(h + k)p+1

= C
(
τ1

ϵ−1∑
s=0

Ts + h
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m)

)
+ C(h + k)p+1.

Taking the maximum over n and m, we obtain

Tϵ ≤ C
(
τ1

ϵ−1∑
s=0

Ts + h
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m)

)
+ C(h + k)p+1. (3.28)

Applying Lemma 1.6.1 to the sequence (Tϵ)r1−1
ϵ=0 , we get

Tϵ ≤ C
(
h

n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m) + (h + k)p+1

)
exp(Cτ1r1).
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Hence, there exists a constant C′ > 0, independent of h and k, such that

Tϵ ≤ C′h
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m) + C′(h + k)p+1. (3.29)

Since

∥eϵ,0n,m∥L∞(Dϵ,0n,m) ≤ ∥eϵ,0∥L∞(Dϵ,0) = Tϵ,

it follows from (3.29) that

∥eϵ,0n,m∥L∞(Dϵ,0n,m) ≤ C′h
n−1∑
η=0

∥eϵ,0η,m∥L∞(Dϵ,0η,m) + C′(h + k)p+1.

Now, for each fixed ϵ and m, define

Γn := ∥eϵ,0n,m∥L∞(Dϵ,0n,m), n = 0, 1, . . . ,N − 1.

Then

Γn ≤ C′h
n−1∑
η=0

Γη + C′(h + k)p+1.

Applying Lemma 1.6.1 once again, this time to the sequence (Γn)N−1
n=0 , we obtain

Γn ≤ C′(h + k)p+1 exp(C′nh).

Since nh ≤ Nh = τ1, we get

Γn ≤ C′(h + k)p+1 exp(C′τ1).

Therefore, there exists a constant C2 > 0, independent of h and k, such that

∥eϵ,0n,m∥L∞(Dϵ,0n,m) ≤ C2(h + k)p+1.

where C2 is a positive constant independent of h and k. This proves Claim 2.
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Using the same arguments as those employed in Claim 2, we obtain

∥e0,ρ
n,m∥L∞(D0,ρ

n,m) ≤ C3(h+k)p+1, n = 0, . . . ,N−1, m = 0, . . . ,M−1, ρ = 1, . . . , r2−1.

Claim 3. There exists a constant C4 independent of h and k such that

∥eϵ,ρn,m∥L∞(Dϵ,ρn,m) ≤ C4(h + k)p+1,

for

n = 0, . . . ,N − 1, m = 0, . . . ,M − 1, ϵ = 1, . . . , r1 − 1, ρ = 1, . . . , r2 − 1.

Let (x, y) ∈ Dϵ,ρn,m. From Equation (3.26) and the integralaequation satisfied by the
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exact solution u, we obtain after subtraction

u(x, y) − v̂ϵ,ρn,m(x, y) =
ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

M(z, y)
(
u(z − τ1, y − τ2) − ve−1,ρ−1

η,m (z − τ1, y − τ2)
)

dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

M(z, y)
(
u(z − τ1, y − τ2) − vϵ−1,ρ−1

η,m (z − τ1, y − τ2)
)

dz

+

∫ x

xϵn

M(z, y)
(
u(z − τ1, y − τ2) − vϵ−1,ρ−1

n,m (z − τ1, y − τ2)
)

dz

+

ϵ−1∑
e=0

N−1∑
η=0

∫ xe
η+1

xe
η

L(z, y)
(
u(z, y) − v̂e,ρ

η,m(z, y)
)

dz

+

n−1∑
η=0

∫ xϵ
η+1

xϵη

L(z, y)
(
u(z, y) − v̂ϵ,ρη,m(z, y)

)
dz

+

∫ x

xϵn

L(z, y)
(
u(z, y) − v̂ϵ,ρn,m(z, y)

)
dz.

+

∫ x

0

( ϵ−1∑
e=1

ρ−1∑
p=1

N−1∑
η=0

M−1∑
µ=0

∫ xe
η+1

xe
η

∫ yp
µ+1

yp
µ

K(z, y, t, s)
(
u(t − τ1, s − τ2) − ve−1,p−1

η,µ (t − τ1, s − τ2)
)

ds dt
)
dz

+

∫ x

0

( ϵ−1∑
e=1

N−1∑
η=0

m−1∑
µ=0

∫ xe
η+1

xe
η

∫ yρ
µ+1

yρµ

K(z, y, t, s)
(
u(t − τ1, s − τ2) − ve−1,ρ−1

η,µ (t − τ1, s − τ2)
)

ds dt
)
dz

+

∫ x

0

( ρ−1∑
p=1

n−1∑
η=0

M−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yp
µ+1

yp
µ

K(z, y, t, s)
(
u(t − τ1, s − τ2) − vϵ−1,p−1

η,µ (t − τ1, s − τ2)
)

ds dt
)
dz

+

∫ x

0

( n−1∑
η=0

m−1∑
µ=0

∫ xϵ
η+1

xϵη

∫ yρ
µ+1

yρµ

K(z, y, t, s)
(
u(t − τ1, s − τ2) − vϵ−1,ρ−1

η,µ (t − τ1, s − τ2)
)

ds dt
)
dz

+

∫ x

0

( ϵ−1∑
e=1

N−1∑
η=0

∫ xe
η+1

xe
η

∫ y

yρm

K(z, y, t, s)
(
u(t − τ1, s − τ2) − ve−1,ρ−1

η,m (t − τ1, s − τ2)
)

ds dt
)
dz

+

∫ x

0

( n−1∑
η=0

∫ xϵ
η+1

xϵη

∫ y

yρm

K(z, y, t, s)
(
u(t − τ1, s − τ2) − vϵ−1,ρ−1

η,m (t − τ1, s − τ2)
)

ds dt
)
dz

+

∫ x

0

( ρ−1∑
p=1

M−1∑
µ=0

∫ z

xϵn

∫ yp
µ+1

yp
µ

K(z, y, t, s)
(
u(t − τ1, s − τ2) − vϵ−1,p−1

n,µ (t − τ1, s − τ2)
)

ds dt
)
dz

+

∫ x

0

( m−1∑
µ=0

∫ z

xϵn

∫ yρ
µ+1

yρµ

K(z, y, t, s)
(
u(t − τ1, s − τ2) − vϵ−1,ρ−1

n,µ (t − τ1, s − τ2)
)

ds dt
)
dz

+

∫ x

0

(∫ z

xϵn

∫ y

yρm

K(z, y, t, s)
(
u(t − τ1, s − τ2) − vϵ−1,ρ−1

n,m (t − τ1, s − τ2)
)

ds dt
)

dz.
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Taking absolute values and using the boundedness of L, M and K, we obtain

∣∣∣u(x, y) − v̂ϵ,ρn,m(x, y)
∣∣∣ ≤ ϵ−1∑

s=0

τ1L0

∣∣∣u(z, y) − v̂s,ρ(z, y)
∣∣∣ + hL0

n−1∑
η=0

∥u(z, y) − v̂ϵ,ρη,m(z, y)∥

+ L0

∫ x

xϵn

∣∣∣u(z, y) − v̂ϵ,ρn,m(z, y)
∣∣∣ dz + r1τ1k0

(
hM0 + τ1M0 + r1τ1M0

τ1τ2 + τ1τ2 + τ1τ2 + τ1τ2 + τ1k + τ1k + τ2h + τ2h + hk
) ϵ−1∑

s=1

ρ−1∑
p=1

∥es−1,p−1∥

≤ k0r1τ
2
1

(
2M0 + r1M0 + 9τ1τ2

) ϵ−1∑
s=1

ρ−1∑
p=1

∥es−1,p−1∥ + τ1L0

ϵ−1∑
s=0

∣∣∣u(z, y) − v̂s,ρ(z, y)
∣∣∣

+ hL0

n−1∑
η=0

∣∣∣u(z, y) − v̂ϵ,ρη,m(z, y)
∣∣∣ + L0

∫ x

xϵn

∣∣∣u(z, y) − v̂ϵ,ρn,m(z, y)
∣∣∣ dz

≤ c5

ϵ−1∑
s=1

ρ−1∑
p=1

∥es−1,p−1∥ + τ1L0

ϵ−1∑
s=0

∣∣∣u(z, y) − v̂s,ρ(z, y)
∣∣∣

+ hL0

n−1∑
η=0

∣∣∣u(z, y) − v̂ϵ,ρη,m(z, y)
∣∣∣ + L0

∫ x

xϵn

∣∣∣u(z, y) − v̂ϵ,ρn,m(z, y)
∣∣∣ dz.

Using Lemma 1.6.2, we get

∣∣∣u(x, y) − v̂ϵ,ρn,m(x, y)
∣∣∣ ≤ c5

ϵ−1∑
s=1

ρ−1∑
p=1

∥es−1,p−1∥ + τ1L0

ϵ−1∑
s=0

∣∣∣u(z, y) − v̂s,ρ(z, y)
∣∣∣

+ hL0

n−1∑
η=0

∣∣∣u(z, y) − v̂ϵ,ρη,m(z, y)
∣∣∣ . exp(τ1.L0)︸     ︷︷     ︸

c6

≤ c5c6

ϵ−1∑
s=1

ρ−1∑
p=1

∥es−1,p−1∥ + c6τ1L0

ϵ−1∑
s=0

∣∣∣u(z, y) − v̂s,ρ(z, y)
∣∣∣

+ c6hL0

n−1∑
η=0

∣∣∣u(z, y) − v̂ϵ,ρη,m(z, y)
∣∣∣ .
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Using Lemma 1.6.1, for fixed m, ϵ, ρ

∣∣∣u(x, y) − v̂ϵ,ρn,m(x, y)
∣∣∣ ≤ c5c6

ϵ−1∑
s=1

ρ−1∑
p=1

∥es−1,p−1∥ + c6τ1L0

ϵ−1∑
s=0

∣∣∣u(z, y) − v̂s,ρ(z, y)
∣∣∣ . exp(c6τ1L0)︸       ︷︷       ︸

c7

.

Then

∣∣∣u(x, y) − v̂ϵ,ρ(x, y)
∣∣∣ ≤ c5c6c7

ϵ−1∑
s=1

ρ−1∑
p=1

∥es−1,p−1∥ + c6c7τ1L0

ϵ−1∑
s=0

∣∣∣u(z, y) − v̂s,ρ(z, y)
∣∣∣ .

such That

vϵ,ρ = max
0≤n≤N−1
0≤m≤M−1

{
vϵ,ρn,m

}

Using Lemma 1.6.1, for fixed ρ

∣∣∣u(x, y) − v̂ϵ,ρ(x, y)
∣∣∣ ≤ c5c6c7

ϵ−1∑
s=1

ρ−1∑
p=1

∥es−1,p−1∥
 . exp(c6c7τ1L0r1)︸            ︷︷            ︸

c8

.

∣∣∣u(x, y) − v̂ϵ,ρ(x, y)
∣∣∣ ≤ c5c6c7c8︸  ︷︷  ︸

c9

ϵ−1∑
s=1

ρ−1∑
p=1

∥es−1,p−1∥.

Using the decomposition

∥eϵ,ρ∥ ≤ ∥u − v̂ϵ,ρ∥ + ∥v̂ϵ,ρ − vϵ,ρ∥ ,

≤ c9

ϵ−1∑
s=1

ρ−1∑
p=1

∥es−1,p−1∥ + α(p)
(p + 1)!

(h + k)p+1.
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Using Lemma 1.6.4, we get

∥eϵ,ρ∥ ≤ α(p)
(p + 1)!

(h + k)p+1.
ϵ−1∏
s=0


1 +

ρ−1∑
p=0

c9︸︷︷︸
r2c9


≤ α(p)

(p + 1)!
(h + k)p+1. (1 + r2c9)ϵ

≤ c10(h + k)p+1.

By Claims 1 and 2 we already have

∥ee,ρ∥L∞(De,ρ) ≤ C(h + k)p+1, ∥eϵ,p∥L∞(Dϵ,p) ≤ C(h + k)p+1.

Hence

∥eϵ,ρn,m∥L∞(Dϵ,ρn,m) ≤ C4(h + k)p+1,

where C4 is independent of h and k. This proves Claim 3.

Now, from Claims 1–3, we know that there exist positive constants C1, C2, and C4,

independent of h and k, such that

∥e0,0
0,0∥L∞(D0,0

n,m) ≤ C1(h + k)p+1,

∥eϵ,0n,m∥L∞(Dϵ,0n,m) ≤ C2(h + k)p+1,

∥e0,ρ
n,m∥L∞(D0,ρ

n,m) ≤ C3(h + k)p+1,

and

∥eϵ,ρn,m∥L∞(Dϵ,ρn,m) ≤ C4(h + k)p+1,

for all admissible indices

n = 0, . . . ,N − 1, m = 0, . . . ,M − 1, ϵ = 0, . . . , r1 − 1, ρ = 0, . . . , r2 − 1.
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Set

C := max{C1,C2,C3,C4}.

Since

D =
r1−1⋃
ϵ=0

r2−1⋃
ρ=0

N−1⋃
n=0

M−1⋃
m=0

Dϵ,ρn,m,

we obtain

∥e∥L∞(D) = max
0≤ϵ≤r1−1
0≤ρ≤r2−1
0≤n≤N−1
0≤m≤M−1

∥eϵ,ρn,m∥L∞(Dϵ,ρn,m)

≤ C(h + k)p+1.

Therefore,

∥u − v∥L∞(D) ≤ C(h + k)p+1.

which completes the proof of Theorem 3.3.1.

3.4 Experimental Results

In this section, we validate the theoretical results established in the previous sections

by applying the proposed method to numerical examples. In each case, the exact

solution is known, which allows a direct comparison with the approximate solution.

The Taylor collocation method is then used to compute the numerical solution, and its

accuracy is assessed by evaluating the absolute error between the exact solution u and

the approximate solution v. This comparison illustrates the efficiency and accuracy of

the proposed approach.

Example 3.4.1 As a first example, we consider the following problem with time delays τ1 =

τ2 =
1
5

:
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∂u
∂x

(x, y) = 1(x, y) + xy u
(
x − 1

5
, y − 1

5

)
+

∫ x

0

∫ y

0

(
x + y + t + s2

)
u
(
t − 1

5
, s − 1

5

)
ds dt,

x ∈ [0, 1], y ∈ [0, 1].

The exact solution of the problem is given by

u(x, y) = y4 + sin(x).

Accordingly, the function 1(x, y) is determined from this exact solution. Numerical results

are obtained by applying the proposed Taylor collocation method for different values of the

polynomial degree p. The absolute errors corresponding to p = 3, 4, 5 are reported in Table 3.1

and illustrated in Fig. 3.3 and Fig. 3.1. It can be clearly observed that the absolute error

decreases as p increases, confirming the accuracy of the proposed method. Moreover, the exact

and approximate solutions for N =M = 5 are shown in Fig. 3.2.

N =M = 5
(x, y) p = 3 p = 4 p = 5
(0, 0) 0 0 0

(0.1, 0.1) 9.99 × 10−5 9.74 × 10−13 9.74 × 10−13

(0.2, 0.2) 2.00 × 10−4 2.68 × 10−11 2.68 × 10−11

(0.3, 0.3) 2.99 × 10−4 7.63 × 10−11 7.63 × 10−11

(0.4, 0.4) 4.00 × 10−4 7.49 × 10−12 7.49 × 10−12

(0.5, 0.5) 5.01 × 10−4 7.62 × 10−8 5.23 × 10−10

(0.6, 0.6) 6.03 × 10−4 7.73 × 10−7 6.70 × 10−10

(0.7, 0.7) 7.01 × 10−4 4.50 × 10−6 4.38 × 10−8

(0.8, 0.8) 7.79 × 10−4 1.89 × 10−5 3.90 × 10−7

(0.9, 0.9) 7.84 × 10−4 6.33 × 10−5 2.14 × 10−6

CPU time (sec) 9.02 9.98 10.67

Table 3.1 Numerical results for Example 3.4.1.
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Figure 3.1: Numerical results for Example 3.4.1.

(a) Exact solution (b) Approximate solution

Figure 3.2: Exact and approximate solution of Example 3.4.1 for N =M = 5.
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Figure 3.3: Absolute errors function of Example 3.4.1 for p = 3, 4, 5, respectively.

Example 3.4.2 As a second example, we consider the following two-dimensional Volterra

integro-differential problem with constant delays

τ1 = τ2 =
1
2
.

The problem is defined on the domain

(x, y) ∈ [0, 1] × [0, 1],

and is given by

∂u
∂x

(x, y) = 1(x, y) + L(x, y)u(x, y) +M(x, y)u
(
x − 1

2
, y − 1

2

)
+

∫ x

0

∫ y

0
K(x, y, t, s) u

(
t − 1

2
, s − 1

2

)
ds dt,

where

L(x, y) = 0, M(x, y) = x sin(y),

and

K(x, y, t, s) = s cos(x) + 2 sin(t + y).

The exact solution is chosen as

u(x, y) = y cos(x).

Consequently, the function 1(x, y) is obtained by substituting the exact solution into the given
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equation.

The Taylor collocation method is applied for N = M = 5 and for different values of the

polynomial degree p. The absolute error is computed by

E(x, y) =
∣∣∣u(x, y) − v(x, y)

∣∣∣ ,
where u is the exact solution and v is the approximate solution. The numerical results cor-

responding to p = 2, 3, 4 are presented in Table 3.2. In addition, the absolute error profiles

are illustrated in Fig. 3.4. The obtained results show that the proposed method provides ac-

curate approximations for the considered delayed two-dimensional Volterra integro-differential

problem.

N =M = 5
(x, y) p = 2 p = 3 p = 4
(0, 0) 0 0 0

(0.1, 0.1) 3.53 × 10−12 3.53 × 10−12 3.53 × 10−12

(0.2, 0.2) 3.18 × 10−11 3.18 × 10−11 3.18 × 10−11

(0.3, 0.3) 4.79 × 10−13 4.79 × 10−13 4.79 × 10−13

(0.4, 0.4) 3.06 × 10−11 3.06 × 10−11 3.06 × 10−11

(0.5, 0.5) 2.74 × 10−5 1.52 × 10−6 1.33 × 10−8

(0.6, 0.6) 1.03 × 10−4 2.98 × 10−6 6.56 × 10−7

(0.7, 0.7) 2.76 × 10−4 3.44 × 10−6 3.58 × 10−6

(0.8, 0.8) 6.64 × 10−4 1.32 × 10−5 3.47 × 10−6

(0.9, 0.9) 1.49 × 10−3 3.99 × 10−5 3.97 × 10−5

Table 3.2 Absolute errors for Example 3.4.2 with different values of p.

3.5 Conclusion

In this chapter, we proposed a new numerical method based on Taylor polynomials to

construct a collocation solution for approximating the solution of delayaVolterra inte-

gral equations (DVIEs) with a spatial variable. Unlike existing approaches, our method

efficiently handles both time delay and spatial dependence in the integralaequation,

which is a key challenge in solving such problems
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(a) p = 2 (b) p = 4

Figure 3.4: Absolute error profiles for Example 3.4.2 with N =M = 5.

A rigorous convergence analysis confirms that the proposed method is accurate and

stable, with an O(h + k)p+1 error bound. Numerical examples validate its effectiveness,

demonstrating that it provides high-precision approximations while maintaining com-

putational efficiency.

The novelty of our approach lies in the extension of the Taylor Collocation Method to

DVIEs with spatial dependence,an area that has received limited attention in previ-

ous studies. Additionally, our method is computationally efficient as it computes the

approximation coefficients iteratively without requiring the solution of any system of

algebraic equations. Moreover, it can be adapted to various delay integralaequations

encountered in applied sciences and engineering.

These contributions make our method a powerful and efficient alternative for solving

DVIEs with spatial variables,laying the groundwork for further extensions to higherdi-

mensional problems.
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This thesis has been devoted to the numerical analysis and approximation of delayed

and multi-dimensional Volterra integral and integro-differential equations. Such equa-

tions arise naturally in the modeling of dynamical systems with memory effects, where

the current state depends not only on the present variables but also on past spatial-

temporal interactions. Because of the presence of delay terms and integral operators,

analytical solutions are generally unavailable, making the development of efficient

numerical techniques an important research topic.

The main contribution of this thesis is the development of Taylor collocation meth-

ods for solving classes of delay Volterra integral and integro-differential equations with

spatial variables. The proposed numerical framework combines Taylor polynomial ap-

proximations with collocation techniques to construct accurate approximations of the

exact solution. A significant advantage of the developed algorithms is that the approx-

imation coefficients are computed iteratively, avoiding the solution of large systems of

algebraic equations and leading to a computationally efficient implementation.

Theoretical analyses have established the convergence and stability of the proposed

methods under suitable assumptions, providing a rigorous mathematical justification

for their application. These results guarantee that the numerical approximations con-
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verge to the exact solutions as the discretization parameters are refined.

The effectiveness of the proposed methods has been verified through several numer-

ical examples. The obtained results demonstrate excellent agreement between the exact

and approximate solutions, with very small absolute errors. Furthermore, comparisons

with existing methods confirm that the proposed Taylor collocation approach achieves

higher accuracy while maintaining a simple and efficient computational procedure.

Overall, the results of this thesis demonstrate that Taylor collocation methods pro-

vide reliable, accurate, and flexible numerical tools for the solution of delay Volterra

integral and integro-differential equations. The proposed framework offers an effective

approach for treating a broad class of problems arising in applied mathematics, physics,

engineering, and related scientific disciplines.

Perspectives. Several directions for future research can be considered based on the

results of this work. First, the proposed methods may be extended to nonlinear de-

lay Volterra integro-differential equations and coupled systems. Second, they can be

generalized to higher-dimensional problems involving more spatial variables. An-

other promising direction is the development of adaptive and higher-order collocation

techniques to further improve accuracy and computational efficiency. In addition,

combining the Taylor collocation framework with modern numerical approaches, such

as spectral methods or machine learning techniques, may enhance its performance

for large-scale problems. Finally, applying the proposed methods to realistic mod-

els arising in biology, physics, engineering, and other applied sciences represents an

interesting topic for future investigation.
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