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ABSTRACT

This thesis studies a numerical approach for solving linear two-dimensional delay
partial Volterra integro-differential equations. A collocation method based on Taylor
polynomials is developed to approximate the solution on a spatial domain defined
piecewise. The proposed scheme computes the approximation coefficients iteratively
without the need to solve large systems of algebraic equations. A theoretical analy-
sis establishes the global convergence of the method under appropriate smoothness
assumptions. Numerical examples are presented to demonstrate the efficiency and

accuracy of the proposed method.

Key Words: Delay Volterra integral equations, two-dimensional delay Volterra

integro-differential equations, collocation method, Taylor polynomials, error analysis.



RESUME

Cette these étudie une approche numérique pour la résolution des équations intégro-
différentielles partielles de Volterra bidimensionnelles linéaires avec retard. Une méth-
ode de collocation basée sur les polynomes de Taylor est développée afin dapproximer
la solution sur un domaine spatial défini par morceaux. Le schéma proposé permet de
calculer les coefficients dapproximation de maniere itérative sans avoir a résoudre de
grands systémes algébriques. Une analyse théorique établit la convergence globale de
la méthode sous des hypotheses de régularité appropriées. Des exemples numériques

illustrent lefficacité et la précision de la méthode proposée.

N

Mots-clés: Equations intégrales de Volterra a retard, équations intégrales-
différentielles de Volterra aretard a deux dimensions, méthode de collocation, polyndmes

de Taylor, analyse des erreurs.
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GENERAL INTRODUCTION

Volterra integral equations have long been recognized as fundamental tools in the
mathematical modeling of dynamic systems that depend on their past states. These
equations provide a versatile framework for describing phenomena influenced by
memory effects, making them indispensable in fields such as physics, biology, en-
gineering, and economics [Z, 5, 23]. By incorporating time delays and spatial vari-
ables, Volterra integral equations allow for a more realistic representation of complex

systems, capturing both temporal and spatial dependencies.

which cannot be accurately described by conventional differential equations alone [,
15]. For instance, in biological modeling, delay and memory effects are important in
describing the evolution of populations and interactions among species, where the
present state depends on previous states of the system. In engineering, Volterra-type
equations are widely used to model materials and processes exhibiting hereditary be-
havior, such as viscoelastic systems, where the current response depends on the past
history of the material [6, I1]. Moreover, in economic and financial modeling, memory-
dependent models have been employed to describe systems in which current dynamics

are influenced by previous trends and historical information [[I8].

Recentadvances have extended the classical one-dimensional Volterraintegral equations



General Introduction

to multi-dimensional and delayed forms [[2, 14, 20, P6]. Multi-dimensional Volterra
integral equations (MDVIEs) generalize the classical theory to functions of multiple
variables, enabling the modeling of systems that evolve simultaneously in space and
time. When coupled with time delays, these equations effectively capture memory-
dependent phenomena in complex systems, such as delayed responses in viscoelastic
materials, ecological dispersal with memory effects, and delayed interactions in epi-

demic models [0, 24, P6].

Due to the complexity of delayed and multi-dimensional Volterraintegral equations,
analytical solutions are often unavailable. Therefore, efficient and reliable numerical

methods are crucial. Among the widely used approaches are:

e Taylor Series-based Collocation Methods: This approach approximates the so-
lution using Taylor polynomials within each subinterval and enforces the inte-
gral equation at selected collocation points [B, B, 12, ?0]. The main advantages
include high accuracy, iterative computation of coefficients, and adaptability to
higher-dimensional problems. These methods are particularly effective for sys-
tems with both spatial dependence and time delays, ensuring convergence and

stability even in complex scenarios.

¢ Galerkin Methods: The Galerkin approach constructs approximate solutions as
a linear combination of basis functions and minimizes the residual in a weighted
manner [/, B, T0]. It is widely applied in integral and integro-differential equa-
tions due to its strong theoretical foundation and ability to handle nonlinearity.
Galerkin methods are particularly useful when the solution exhibits smooth be-

havior, and they can be combined with polynomial bases to improve accuracy.

e Operational Matrices Methods: These methods employ polynomial expansions,
such as Bernstein or Chebyshev polynomials, and transform integral equations
into systems of algebraic equations [13, 20, ?3]. Operational matrices allow for
efficient computation by directly approximating the integrals, providing a pow-

erful tool for both linear and nonlinear Volterra integral equations. Their main

5



General Introduction

benefit is reducing computational complexity while maintaining high accuracy.

e Trapezoidal and Simpsons Rules: Classical numerical integration techniques,
like the trapezoidal and Simpsons rules, have been extended to multi-dimensional
integrals [4, b, 15]. These methods discretize the integration domain, providing
simple yet effective approximations of the integral terms. They are particularly
useful in heat conduction, fluid dynamics, and other engineering applications

where accurate evaluation of multi-dimensional integrals is required.

These numerical techniques form the backbone of modern approaches to solv-
ing one-dimensional, two-dimensional, and even higher-dimensional Volterra inte-
gral equations with delays. Their development has enabled the analysis of systems

previously intractable due to their complexity and dimensionality.

Delayed and multi-dimensional Volterra integral equations have proven essential

in several scientific and engineering applications:

e Ecological modeling: Multi-dimensional equations are employed to describe
ecosystems where species interactions depend on both spatial location and tem-
poral history, including predator-prey dynamics, resource competition, and nu-
trient dispersal [, 23, ?6]. For example, a spatio-temporal predator-prey system

can be modeled as:

u(x, t) = L LK(x, y,t—=s)f(u(y,s))dyds,

where u(x, t) represents population density atlocation x and time ¢, and K(x, y, t—s)

is a kernel capturing delayed spatial interactions.

¢ Engineering and materials science: These equations model viscoelastic and com-
posite materials, capturing how historical stress or strain affects current material
behavior [, T, ?1]. For instance, the stress in a material with memory can be

expressed as:

o(t) = Ee(t) + f t K(t — s)e(s) ds,
0

6



General Introduction

where o(t) is the stress, €(t) is the strain, E is the elastic modulus, and K(t — s)
is the memory kernel. They are also used in thermal analysis for materials with

memory-dependent heat conduction [, ?4], such as:

2

u(x, t) = f(; K(t - s)%(x,s) ds+ f(x,t),

where u(x, t) is the temperature distribution and f(x, t) an external heat source.

¢ Economics and control systems: In industrial processes and economic modeling,
delayed Volterra equations describe systems where present outcomes depend on
past performance, environmental factors, or delayed feedback in control sys-

tems [[I8, 23, 24]. A simple example is:

y(t) = fo K(t = s)u(s)ds + ay(t — 1),

where y(t) is the economic indicator or system output at time ¢, u(t) is input,

K(t — s) models delayed impact, and 7 represents a time delay in feedback.

e Population dynamics and epidemiology: Delays in reproduction or disease incu-
bation periods can be accurately captured using delay Volterraintegral equations,
improving forecasting and policy planning [, 2T, ?6]. For example, the number
of infected individuals in a population with incubation period 7 can be modeled

as:

t—T
I(t) = f K(t —s)S(s)I(s) ds,
0
where I(t) is the number of infected, S(t) the susceptible population, and K(f — s)
a kernel representing the rate of infection spread over time.

The main objectives of this thesis are:

1. To develop a comprehensive numerical framework for solving delayed Volterra
integral equations with spatial dependence using Taylor Collocation meth-

ods [B, B, 12].
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2. To establish convergence and stability properties of the proposed numerical

method [14, 20, 24A].

3. To provide numerical examples validating the efficiency and accuracy of the

method for both one-dimensional and two-dimensional cases [14, 20, 26].

4. Toextend the proposed framework for potential applications to multi-dimensional

integral and integro-differential equations in science and engineering.

This thesis is structured into three main chapters, each focusing on a key aspect of

delayed and multi-dimensional Volterra integral equations:

e Chapter 1: This chapter establishes the mathematical foundation required for the
study of Volterra integral equations with delays. It introduces essential defini-
tions, including function spaces and Lipschitz-type conditions, which are funda-
mental for ensuring the well-posedness of the problems considered [10, 22, P3].
The chapter also presents Taylor series expansions in one and multiple variables,
providing the theoretical tools necessary for constructing polynomial approxi-
mations of unknown functions. Integral equation formulations are rigorously
discussed, including first- and second-kind Volterra equations, and their rela-
tionships with differential and integro-differential equations. Furthermore, com-
parison techniques and relevant theorems are provided to analyze the conver-
gence, stability, and error bounds of numerical methods. This chapter serves as
the foundation upon which the numerical schemes in the following chapters are
built, ensuring that the approximations preserve the essential properties of the

exact solutions.

e Chapter 2: In this chapter, the focus shifts to the numerical solution of two-
dimensional Volterra integral equations with time delays. The concept of de-
layed dependence is formally introduced, emphasizing how the solution at a
given time depends not only on the current state but also on past states through

integrals with shifted arguments [B, 5, 20, ?6]. The Taylor Collocation method

8



General Introduction

is developed in detail, including the construction of collocation points, the ex-
pansion of the unknown function using Taylor polynomials, and the iterative
computation of coefficients without the need to solve large systems of algebraic
equations. Convergence proofs are provided to demonstrate that the method
yields increasingly accurate approximations as the number of collocation points
grows. The chapter also includes illustrative numerical examples, showing the
practical application of the method to delay Volterra integral equations arising
in population dynamics and viscoelastic materials. These examples highlight the
ability of the method to handle both nonlinearities and time delays effectively,

while maintaining computational efficiency.

e Chapter 3: This chapter extends the study to more complex two-dimensional
integro-differential equations with delays in both spatial and temporal vari-
ables [I2, 14, 20, P6]. The mathematical formulation of 2D-DPVIDEs is presented,
along with the conditions for existence and uniqueness of solutions. The Taylor
Collocation method is adapted to handle two-dimensional spatial domains, re-
quiring a careful partitioning of the domain and construction of two-dimensional
Taylor expansions. The chapter provides detailed convergence and stability anal-
yses, proving that the numerical approximations converge to the exact solution
under appropriate smoothness and Lipschitz-type assumptions. Several numer-
ical examples are included to demonstrate the method’s accuracy and efficiency
in solving representative two-dimensional delay integro-differential problems.
The chapter emphasizes the generality and scalability of the method, illustrat-
ing how it can be extended to higher-dimensional problems and more complex
integro-differential equations encountered in physics, engineering, and applied

sciences.

Two-dimensional delay Volterra integro-differential equations form a versatile class
of integral equations, widely applied in engineering, physics, and biological model-
ing [14, 20, ?6]. The combination of time delays and multi-dimensional spatial variables

allows for the modeling of complex systems whose current states depend intricately on

9



General Introduction

past spatial-temporal interactions. The proposed methodology provides a robust and
flexible numerical framework suitable for analyzing high-dimensional systems with
delays, ensuring convergence, stability, and high accuracy. It establishes a solid foun-
dation for future research into higher-dimensional and more complex Volterra-type

integral and integro-differential equations.

10



CHAPTER 1

BASIC AND ESSENTIAL CONCEPTS
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Basic and Essential Concepts

The purpose of this chapter is to establish the mathematical framework underlying
our study. It gathers essential definitions and theoretical results, including Taylor ex-
pansion representations, integral equation formulations, and comparison techniques,
which are instrumental in proving the convergence properties of the numerical approx-

imations considered.

1.1 Taylor Expansion

The Taylor expansion is a fundamental analytical tool that allows a smooth function to
be locally approximated by a polynomial constructed from its successive derivatives at
a given point. This representation plays a crucial role in both theoretical and numerical
analysis, particularly when dealing with functions whose exact evaluation is difficult or
impractical. In a neighborhood of the expansion point, the Taylor expansion provides
an accurate approximation of the function and, under suitable regularity conditions,
coincides with it. When the expansion pointis chosen to be zero, the resulting expansion

is referred to as the Maclaurin expansion.

In numerical analysis, Taylor expansions serve as the theoretical foundation for
many approximation techniques, especially those based on polynomial interpolation
and collocation methods. They enable the transformation of differential, integral, and
integro-differential equations into algebraic systems by replacing unknown functions
with truncated polynomial representations. This feature makes Taylor expansion par-

ticularly suitable for constructing efficient numerical algorithms.

Definition 1.1.1 Consider a function ¢ that is differentiable up to order (n + 1) in the vicinity
of a point to. The Taylor theorem asserts that ¢(t) can be approximated by a polynomial

composed of its derivatives evaluated at 1, together with a remainder term that quantifies the

12



Basic and Essential Concepts

approximation error. Formally, one can write

1 (k) (n+1)
_y V(1) (&) .

remainder term R(t)

where & is some point between Ty and t. This formulation emphasizes that the Taylor polynomial
provides a local approximation of order 1, while the remainder term R, (7) offers a precise
characterization of the truncation error, ensuring controlled convergence in a neighborhood of

To.

The remainder term plays a central role in error estimation and convergence analysis
of numerical methods. In particular, it allows one to derive explicit bounds on the
difference between the exact function and its polynomial approximation, which is
essential for assessing the accuracy and stability of numerical schemes based on Taylor

expansions.

Lemma 1.1.1 (Taylor’s theorem for functions of two wvariables, [?2]) Let ¢ be a function
continuously differentiable up to order p on the rectangle R = [Ao, A1] X [Bo, B1], and let
(to,50) € R. Then, for any (t,s) € R, the function ¢(t,s) can be expressed as

p-1
1 . , ,
pts) =) 00kt )t = 106 = 50) + Ry(t,9),
i+j=0 7"
where the remainder term Ry(t, s) is given by
1 . ; ,
Ry(t,s) = Z ﬁa;a;(p(t, 3)(t — to)i(s — so)/,
i+j=p

for some point (f,3) lying on the line segment joining (to, So) and (t,s). This expansion shows
that @(t,s) can be locally approximated by a polynomial in (t — ty) and (s — so) of total degree

p — 1, while the remainder term R,(t, s) provides a rigorous measure of the approximation error.

Remark 1.1.1 The multidimensional Taylor expansion presented in Lemma LT is a key

13



Basic and Essential Concepts

analytical ingredient in the numerical treatment of problems involving functions of several
variables. It enables the construction of local polynomial approximations that are essential
in higher-dimensional numerical schemes, particularly those based on collocation techniques.
Moreover, the explicit form of the remainder term allows one to control truncation errors and

plays a crucial role in the theoretical analysis of numerical stability and convergence.

Such Taylor expansions are especially relevant in the numerical solution of Volterra
integral and integro-differential equations with delays. In these problems, the un-
known function often depends on multiple variables as well as on delayed arguments.
By applying Taylor series expansions, delayed terms can be systematically approxi-
mated using local derivative information, which leads to finite-dimensional represen-
tations of the original problem. This approach constitutes the theoretical foundation
of Taylor collocation methods employed for solving one-, two-, and three-dimensional

delay Volterra equations.

Furthermore, the structure of the remainder terms in both the one-dimensional and
multidimensional Taylor theorems provides the mathematical framework required for
convergence analysis. These terms allow the derivation of explicit error bounds for the
approximate solutions and will be extensively used in subsequent chapters to establish
the consistency, stability, and convergence of the numerical algorithms developed in

this thesis.

1.2 Integral Equations

An integral equation is a mathematical expression in which the unknown function,
typically denoted by w(x), appears under an integral sign. These equations serve as
a fundamental tool in both theoretical and applied mathematics, providing a frame-
work for formulating and solving diverse problems in physics and engineering. Many
problems that originate as initial or boundary value problems for ordinary or partial

differential equations can be equivalently reformulated as integral equations.

14



Basic and Essential Concepts

Definition 1.2.1 An integral equation is an equation in which the unknown function appears
inside an integral operator, possibly together with the function itself. The solution of the equation
consists in determining a function that satisfies the relation for all values of the independent

variable in a prescribed domain.

A general linear form of an integral equation can be written as

B(7)
e(T)w(t) = u(t) + Af x(T,s)w(s) ds,

a(t)

where A is a constant parameter, (7, s) is the kernel function, and the unknown function
(1) may appear inside the integral, outside the integral, or both. The functions ¢(7),
u(t), and x(7,s) are assumed known, while the limits of integration a(7) and () can

be either constants, variables, or a combination thereof.

1.2.1 Linearity and Nonlinearity

integral equations may also be classified according to their linearity. The equation
is said to be linear if the unknown function @ appears only linearly, that is, it is not
multiplied by itself nor composed with nonlinear operators. Otherwise, the equation is
referred to as a nonlinear integral equation. Typical nonlinear integral equations involve

kernels or integrands depending nonlinearly on w, such as x(t, s, w(s)).

1.2.2 Classification by Limits of Integration

integral equations can be classified according to the limits of integration:

e Fredholm integral equations (FIEs): If both integration limits are constants, the

equation takes the form

b
e(T)w(t) = u(t) + /'\f x(T, s)w(s) ds,

15



Basic and Essential Concepts

where g and b are fixed constants.

e Volterra integral equations (VIEs): If at least one limit of integration is variable,

the equation is expressed as
e(T)w(t) = u(t) + /\f x(T, S)w(s) ds.

Both FIEs and VIEs may be homogeneous or inhomogeneous. The equation is

homogeneous if u(7) = 0, and inhomogeneous otherwise.

1.2.3 First, Second, and Third Kind

Another common classification is based on the function ¢(7):

o If p(1) = 0, the equation is called a first-kind integral equation (FIE or VIE).
o If p(1) =1, itis referred to as a second-kind integral equation (FIE or VIE).

o If (1) # 0and ¢(7) # 1, itis classified as a third-kind integral equation (FIE or VIE).

1.2.4 Order of Volterra Equations

A Volterra integral equation of the first kind involves only the integral term, whereas
a Volterra integral equation of the second kind contains both the unknown function
and its integral representation. Equations of the second kind are generally better posed

and more suitable for numerical treatment [23].

1.2.5 Delay Volterra Integral Equations

In many practical applications, integral equations involve delay arguments, where the

unknown functionis evaluated at shifted variables. A delay Volterraintegral equation

16



Basic and Essential Concepts

typically takes the form

w(t) = u(t) + fT k(T,s) w(s — ) ds,

where 6 > 0 denotes a constant or variable delay. Such equations naturally arise in

systems with memory effects and hereditary phenomena [3, 14].

1.2.6 Higher-Dimensional Volterra Equations

integral equations can also be defined in higher-dimensional domains. For instance, a
two-dimensional Volterraintegral equationinvolvesanunknown function depending
on two independent variables and integrals taken over planar regions. These equations
appear frequently in models describing spatialtemporal processes and pose additional

analytical and numerical challenges compared to the one-dimensional case [[12].

1.2.7 Connection to Numerical Methods

The classification and structural properties of integral equations play a crucial role
in the development of numerical methods. In particular, Volterra integral equations
of the second kind, including their delayed and multidimensional forms, are well
suited for collocation-based techniques. This observation motivates the use of Taylor
collocation methods in the subsequent chapters for constructing accurate and efficient

numerical approximations.

1.3 Piecewise Polynomial Spaces

Piecewise polynomial spaces provide a flexible framework for approximating func-
tions over an interval by partitioning the domain into smaller subintervals and defin-

ing polynomial functions locally on each subinterval. These spaces are widely used

17



Basic and Essential Concepts

in numerical analysis, finite element methods, computer-aided geometric design, data
interpolation, and in the numerical solution of integral and integro-differential equa-
tions, offering a localized and adaptable approach to capture complex behaviors within

a domain [/Z, 0].
Consider a grid (or mesh) on the interval | = [0, b] given by

b
Je=lym:0=yo <pr<---<ym=0b}, k=,

where k is the step size. Each subinterval is denoted by
6m:[ym1ym+1]/ m:O/--~/M_1~

Definition 1.3.1 (Piecewise Polynomial Spaces, adapted from [7]) For given integersn >
0and -1 < d < n, the piecewise polynomial space Ssld)(]k) associated with the mesh Ji is defined
as

SO =tueC():uls, en,y, 0<m<M-1},
where 1, denotes the space of real polynomials of degree at most 1.

This space forms a real linear vector space, and its dimension is given by
dim S (Jy) = M(n —d) +d + 1.

Remark 1.3.1 A commonly used space for collocation approximations is S;‘? k) withp > 1
and d > =1, which has dimension Mp +d + 1. This space is well-suited for approximating solu-
tions to initial-value problems for ordinary differential equations or Volterra integral equations
[14, T4].

The choice of the reqularity parameter d depends on the number of initial conditions:

e For Volterra integral equations with no initial conditions, set d = —1 [B].

o For first-order ODEs or Volterra integro-differential equations with one initial condition,

setd =0[4,D86].

18



Basic and Essential Concepts

e For higher-order ODEs or Volterra integro-differential equations of order k > 2 with k

initial conditions, set d = k — 1 [H, P6].
For bivariate spline approximations, the tensor-product piecewise polynomial space

Sy 1 ()

is constructed from the univariate spline spaces S;,_l)(HN) in t and S,([l)(HM) in s [8, TZ].
Functions in this space are allowed to have discontinuities along the interior grid lines t = t,
nm=1...,.N=-1)ands =s, (m =1,...,M — 1), which is particularly useful for solving

two-dimensional Volterra integral equations of the first and second kind numerically [T7, T2].

Remark 1.3.2 Piecewise polynomial spaces, especially those based on splines, provide the
foundation for collocation methods, spectral methods, and Galerkin-type approaches. They
allow local error control, high-order convergence, and the flexibility to handle nonuniform
grids or singularities in the solution [Z, T4]. In the context of delay Volterra equations, tensor-
product piecewise polynomial spaces facilitate the efficient approximation of functions depending

on multiple variables and delays [3, B].

1.4 Collocation Method

The collocation method is a prominent numerical technique used to approximate so-
lutions of differential and integral equations. The central idea is to select a finite-
dimensional space of candidate functions, often polynomials of a specified degree, and
a discrete set of points within the domain, referred to as collocation points. The approx-
imate solution is then constructed such that the governing equation is satisfied exactly

at these points [Z, 14].

This approach demonstrates considerable flexibility and can be adapted to a wide
variety of equations. In the context of ordinary differential equations (ODEs), several

specialized collocation techniques have been developed, including;:

19



Basic and Essential Concepts

e Chebyshev collocation: representing solutions via Chebyshev polynomial ex-

pansions [23];

e Legendre-Gauss collocation: using Legendre-Gauss nodes to efficiently solve

initial-value problems for second-order ODEs [9];

e Bernstein collocation: employing Bernstein polynomials to handle nonlinear

ODEs ;

¢ Block hybrid collocation: designed specifically for direct solution of third-order

ODEs [13].

For partial differential equations (PDEs), the collocation methodology extends to
more complex frameworks, such as sparse grid stochastic collocation methods based
on Smolyak grids for statistical approximations, wavelet collocation methods utiliz-
ing Daubechies wavelet autocorrelations, and spline collocation employing B-spline

functions for accurate numerical approximation [0, T2].

When applied to integral equations, the collocation method provides effective
strategies tailored to the problem type. For instance, the Galerkin collocation method is
well-suited for first-kind integral equations, whereas iterated collocation methods effi-
ciently address nonlinear Volterra integral equations of the second kind [4, T4]. In par-
ticular, Taylor collocation methods have proven effective for both one-dimensional and

two-dimensional Volterra integral equations, including those with delays [B, 5, 12].

The reliability and precision of the collocation method depend critically on the
appropriate choice of collocation points, the selection of basis functions (e.g., piecewise
polynomials, splines, or orthogonal polynomials), and the inherent properties of the
equation under study. Careful attention to these aspects ensures both the convergence

and the accuracy of the approximated solution [4, T4].

An additional advantage of this approach is its versatility: in certain implementa-
tions, mesh generation can be avoided entirely through node-based schemes, reducing

computational cost significantly. Combined with its capacity to handle irregular do-
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mains, multidimensional problems, and complex boundary conditions, the collocation
method serves as a robust and adaptable tool in modern numerical analysis, capa-
ble of delivering highly accurate approximations across a wide spectrum of problems

4,14, 12].

1.5 Taylor Collocation Method

The Taylor collocation method is a numerical approach for approximating solutions of
differential, integral, and integro-differential equations by representing the unknown
function as a truncated Taylor expansion. In this method, a set of collocation points is
selected within the domain, and the coefficients of the expansion are determined such

that the governing equation is satisfied exactly at these points [B, 14, 12, 13].

Initially developed for Volterra integral equations, the method has been progres-

sively refined and applied to more complex problems:

e Karamete and Sezer [13] introduced a spectral Taylor matrix collocation tech-
nique for solving linear integro-differential equations, emphasizing spectral con-

vergence properties.

e Bellour and Bousselsal [B] proposed a framework using Taylor polynomials to ap-
proximate solutions of delay integral and integro-differential equations, demon-

strating accuracy for single- and multi-delay problems.

e Laibetal. [T4] applied the method to systems of nonlinear Volterra delay integro-
differential equations, demonstrating its efficiency for both linear and nonlinear

forms in two-dimensional cases.

e Khennaouietal. [12] extended the Taylor collocation approach to two-dimensional
partial Volterra integro-differential equations, illustrating its versatility in multi-
dimensional domains and compatibility with tensor-product piecewise polyno-

mial spaces [Z, T0].
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By carefully incorporating delayed terms, multidimensional extensions, and suit-
able basis functions from piecewise polynomial spaces, the Taylor collocation method
has proven to be a robust and adaptable tool for numerically solving Volterra-type
equations, providing accurate approximations while maintaining computational effi-

ciency [4, 14, 12].

1.5.1 Application to Delayed Volterra Equations

The collocation method, and in particular the Taylor collocation approach, can be
effectively adapted to solve Volterra integral and integro-differential equations with
delay. In these equations, the unknown function depends not only on the current time

variable but also on past values, introducing a delay term.

To handle this, the method is modified as follows:

e The collocation points are carefully selected within the domain to account for the

maximum delay, ensuring that all delayed terms are evaluated correctly [3, 14].

e The approximate solution is expressed using a truncated Taylor expansion in
each subinterval, capturing both the current and delayed contributions of the

unknown function [4, 14]

o The coefficients of the Taylor expansion are determined such that the equation,

including all delay terms, is satisfied exactly at the collocation points [3, 14, 12].

This adaptation allows the Taylor collocation method to provide accurate and effi-
cient numerical approximations for both linear and nonlinear Volterra equations with
delay, extending the flexibility of the general collocation framework to a class of prob-

lems that are otherwise challenging to solve analytically [3, 5, 14, 12].

Building upon these fundamental studies, this thesis develops and refines the Tay-

lor collocation method specifically for delay Volterra integral and integro-differential
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equations, addressing both two-dimensional and three-dimensional cases. By system-
atically incorporating the effects of delayed terms and leveraging piecewise polynomial
basis functions, the proposed approach targets both linear and nonlinear forms of the
equations. This work aims to extend the practical applicability of the Taylor collocation
technique, offering robust and accurate numerical approximations for a broad range
of multidimensional delayed Volterra problems that are otherwise difficult to solve

analytically [3, 14, 12, 13].

1.6 Comparison Theorems

In this section, we focus on several fundamental theorems related to both discrete and
continuous inequalities. These results play a central role in establishing the theoretical
foundations required to verify the convergence of numerical approximations toward
the true solution. The applications and proofs of these theorems will be systematically

developed in the following chapters to support the analysis of the proposed methods.

1.6.1 Discrete inequalities

Lemma 1.6.1 (Discrete Gronwall-type inequality []) Let {k;}"_, be a given non-negative

sequence, and suppose that the sequence {¢,} satisfies ¢y < py and
n—1
EnSp0+Zki€i, nx>1,
i=0

with py > 0. Then ¢, is bounded by

n—1
En Spoexp[ij], n>1.

=0

Lemma 1.6.2 (Bellman’s inequality [2]) Let # and f be continuous and non-negative
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functions defined on | = [a, ], and let c be a non-negative constant. Then the inequality

ht) < c + f F(S)h(s)ds, te],

implies that

h(t) < cexp (f f(s)ds), te].

Lemma 1.6.3 (Taylor’s theorem for functions of two independent variables) Let w be
a p-times continuously differentiable function on D = [a, b] X [c,d] and let (xo, yo) € D. Then
forall (x,y) € D we have

p-1 i+
1 aH—]CL)(-)C 7 ) i 1
w(x,y) = ‘ZO WW;J]/O(X = X0)'(y — YoV
i+j=

1 d™w(xy, y1) i ;
+ i;p T oxay (x = x0)'(y = o),
where

x1=ex+(1—¢€)xg € [a,b],
€€(0,1).

n=ey+Q-¢eyo€lcd],

Lemma 1.6.4 (Discrete Gronwall inequality) Assume w(n,m), b(n,m) and e(n, m) are
nonnegative sequences, with b(n, m) being nondecreasing in each variable n and m. Suppose

that

[y

n—

3

w(n,m) < b(n, m) + - e(s, t) w(s, t),

1
s=0 ¢t

Il
o

forall n,m € N. Then

[Ry

-1
1+ e(s, t)] , n,m € IN.

t

n—

w(n, m) < b(n, m) H

=0

3

@
Il
o
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CHAPTER 2

NUMERICAL SOLUTION OF DELAY
VOLTERRA INTEGRAL EQUATION
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Numerical Solution of Delay Volterra Integral Equation

2.1 Introduction

In this chapter, we consider the numerical solution of delay Volterra integral equations

with time delay 7 > 0:

g(t,x) + A(t, x)u(t — 7, x) + f Ki(t, x,s)u(s, x)ds
0
t—T
u(t,x) = +f Ky (t, x,s)u(s, x) ds, te[0,T], x€[0,X], (21)
0
D(t, x), te[-1,0], x€[0,X],

where the functions g, ®, A, K;, and K, are given smooth real-valued functions
defined on D := [0,T] X [0,X] c R?and S := {(t,x,s) : 0 <s <t < T, 0 <x < X}
According to the classical theory of Volterra integral equations (VIEs), equation ()

admits a unique solution u € C(D) [“].

Delay Volterraintegral equations (DVIEs) play a crucial role in modeling nonlinear
dynamical systems in which memory effects and delays significantly influence system
behavior. Such systems arise in various disciplines, including population dynam-
ics, epidemic models, viscoelastic materials, control systems, and financial modeling,
where the future state of the system depends not only on its current state but also
on its past states. These delay effects often introduce additional complexity, making
analytical solutions difficult or impossible to obtain. Therefore, efficient and accurate

numerical methods are essential for their analysis.

Several researchers have studied numerical methods for solving one-dimensional Volterra
integral equations with time delays (see, for example, [T, 3, 5, Y, P6]). Ali et al. [1]
proposed a spectral method for pantograph-type delay integral equations using the
Legendre collocation method. Bellour and Bousselsal [B] constructed a collocation solu-
tion to approximate the solution of delay integral equations. Brunner and Yatsenko [9]
investigated polynomial spline collocation methods for systems of VIEs with unknown

delays. Zheng and Chen [26] developed spectral methods using Chebyshev bases and
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spectral collocation techniques to analyze VIEs with two types of delays.

While numerous studies have focused on two-dimensional Volterraintegral equations
[4, 8, 16, 17], fewer works have addressed delay Volterra integral equations with a
spatial variable [?0]. The primary challenge in solving such problems lies in han-
dling both the spatial dependence and the time delay in the upper integral limits,
which distinguishes these equations from conventional two-dimensional Volterra in-

tegral equations.

To address this problem, we propose a Taylor collocation method that extends the
approach in [3] to approximate the solution of equation (21). The main contributions

of this work are as follows:

1. The adaptation of the Taylor collocation method to DVIEs with spatial depen-

dence, which remains a relatively unexplored area in numerical analysis.

2. The development of a computationally efficient framework in which the approx-
imation coefficients are computed iteratively without requiring the solution of

large systems of algebraic equations.

3. The formulation of a general numerical approach that can be extended to higher-
dimensional delay integral equations encountered in physics, control theory, and

engineering applications.

This chapter is organized as follows. In Section 2, we partition the domain [0, T] X
[0, X] into subintervals and approximate the solution of (Z1)) in each subinterval using
Taylor polynomials. Section 23 establishes the global convergence of the method.
Section 4 presents numerical examples illustrating the efficiency and accuracy of the
proposed approach. Finally, the conclusion summarizes the main findings and outlines

possible directions for future work.
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2.2 Description of the Method

We assume, without loss of generality, that T = r7, where r € N*. Let
Iy, ={t, =et+nh, n=0,1,...,N, e=0,1,...,7]

and

Iy ={x,=mk, m=0,1,..., M}

denote uniform partitions of the intervals [0, T] and [0, X], respectively, with step sizes

h = fj and k = AK/I These partitions define a grid for D:

[Ty =TIy X Ty = {(t5, X)) |0<n <N, 0<m <M, e=0,1,...,7}.

Define the subintervals as follows:

o, =t t.), ox,q=I[yy it n=01,...,N-2, €=0,1,...,r=1.

6m = [xm1 xm+l)/ m = 0/ 11 cee IM - 2/ 6M—l = [xM—l/ xM]-
The rectangular subdomains are defined by

DS, =0SX8,, n=01,...,N-1, m=01,...,M~-1 €=01,..,7-1

Moreover, let 71,1 denote the set of all real polynomials of degree at most p — 1 in
the variables t and x. We define the real polynomial spline space of degree p — 1 in ¢
and x as follows:

-1 -
S;—l)(Hf\I,M) = {U € C( b : vi,m = U|De € Ttp-1,

n,m

n=0,...,.N-1, m=0,1,... M-1,¢=0,1,...,r—1}.
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This represents the space of bivariate polynomial spline functions of degree at most
p—T1in t and x. Its dimension is ¥YNMp?, which corresponds to the total number of
coefficients in the polynomials ¢, ,, where n = 0,..., N-1, m = 0,...,M -1, and

n,m’s

€e=0,...,r=1.

To determine these coefficients, we apply Taylor polynomials on each rectangle.

2.2.1 Approximate solution in Dg -

The polynomial o) (¢, x) is used to approximate u(t, x) within the rectangle DY), where

m=0,...,M—1, such that

p-1
Vgt %) = Z i'—],'8§)8§(])u(0, X)) (2 = xp) . (2.2)
i+j=0 /"

Here, 8§i)8§(j )u(O, X,,) denotes the exact value of 89(955 )i at the point (0, x,,).

To determine 8§i)8§cj)u(t, x), we differentiate equation (ZT) j times with respect to x

and 7 times with respect to t, obtaining

99 u(t,x) = 903 g(t, x) + 99 (At )Pt ~ 7, %)

i—1

j — i—1— i—1 ;
v (l)(Z)aﬁ”’ ? (6’5 YUK (1, x, s)\s:t)aﬁ D90t x)

j
7=0 1=0 1=0
i

+f
0 “1=o

_ g0 (
t

<
=

(;)8?@5{ _Z)Kl (t,x,5) 8§f)u(s, x) ds
0

—T

Ky(t, x,5)D(s, x) ds) . (2.3)
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Hence,

03V u(0, %) = a@a@g(o, ) + 0, (A, ) (=T, %)

i—-1

q
" Z( )( ) a(q [ i=1-4) 8§cj_

q:O 1=0 T]=0

_ 8§l)a§c]) (f K2(t, X, S)(D(S’ x) ds) ‘t:O,szm )

) APu,x)
s=t/+=0,x=x,

o

2.2.2  Approximate solution in D),

The polynomial o) ,,(t, x) is used to approximate u(t, x) within the rectangle D, ,, where
n=1,...,N—-landm=0,...,M —1, such that
p-1 1
0 _ p0 Ao — ONify vV
ot )= ) o 9 IV, (19, x)(t = ) (x = X,)'. (2.4)
i+7=0
Here, 62/m(t, x) denotes the exact solution of the integral equation
n—1 10
A0 n+1 0
0, m(t, %) = g(t, x) + A(t, x)D(t — T, %) + Z ﬁ Ki(t, x, s)v,,’m(s, x)ds
tT
t 0
+ f Ki(t, x, s)ﬁg,m(s, X)ds — f K(t, x, s)D(s, x) ds. (2.5)
) t-1

n

To compute af)a;”zag,m(t, x), we differentiate equation (Z5) j times with respect to x
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and 7 times with respect to t, obtaining

3PAV8,(t,2) = 93 g(t, %) + 93 (A(t, )D(t ~ 7,)

nl t0+1 j 1 , .
+ L 7 (;)8?) (8§J_Z)K1(t,x,s)) oV ) (5, X) ds
Ul 0

n= 1=
i—

= o

+

j q .
(;)( )a(q ) (a(l 1- Q)a(] Z)Kl(i’ X, S))' 8(”)(955“2,”(15 x)
1=0

q=0 I=0 71

+ (;)89( QUK (¢, x, s)) V0 (s, %) ds

t

T 1
OM~

S

0
(1)8 ( Ky (t, x, 5)D(s, x) ds) (2.6)

2.2.3 Approximate solution in D5,

The polynomial of, ,,(t, x) isemployed to approximate u(t, x) within the rectangle Dy, ,,,where

n=0,..N-1,e=1,..,rand m=0,1,...,M — 1, such that
p-1
o ubx)= ) |]‘a§’>a(f 95 (1, xm)(E — £) (2 — x)'. 2.7)
j+i=0

Here, 07, (¢, x) is the exact solution of the integral equation

-1

e-1 N
0t x) = g(t, x) + A(t, )05 (E— T, %) + Z Z f Ki(t, x,8)vy, (s, x)ds

e=0 n=0
n+1
+ Zf Ki(t, x,s)v; (s, x)ds +f Ki(t, x,5)0;, ,,(s, X)ds
t€
e=2 N-1
+ Z Zf Ka(t, x, s)vy (s, x)ds + Zf Ka(t, x, s)vy, (s, x)ds
e=0 n=0 P
t—T
+f Ks(t, x, )0y, (s, x)ds. (2.8)
te!
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To compute 8(1 G 0y, (t, x), we differentiate equation (Z8) j- times with respect to x and

i- times with respect to t, obtaining

PV (t,x) = a§f>3;f>g(t,x)+z (;)(;)851‘”’ (0V A, %)) 99Vt — 7, )
1=0

=0 1=0
TN (Y ()0 (500 (0, e
+ZO‘ 0 IZ(; l(? (8 Kl(t,x,s))ax v, (5, %) ds
e=U 1= ’1 =

+
- %H
MQ

X n,m

1](]
l:Ol

(;)(Q) A0 [o19|_ (9 Kat,%,9)] 809955,

X nm
n

~—

oV 8(] YKt x, s)) Vv (s, x)ds

i T
o H o
—
I
o
=
I
o

(2.9)

— .
NB)
—

2 (8§Cj_l)K1(t, X, s)) oVspe (s,x)ds,

X nm

+
)
N g
—_—

J )8)@ (8¥_Z)K2(t,x, s)) Vv (s, x)ds

X qm

+
I gl
.
2
D1-
==

8(1 (8(] YKot x, s)) Vv (s, x) ds

X nm

T
o —_
S
i
= 30
LITLN
-
——
— .
~——

~ =
| Il
_

(07Kt x,9)) | 9P = T, x
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Hence,
009V (1S, %) = VIV g(tS, x,)

(J)(:]) A (DA, 1,0) 90 — 7, 2,

-

Q
O

+
. I

z

() 8(] Z)Kl(t xm,s)) Vv U5 (S, Xm) ds

+
1M

+
M\. qﬁ JE
M- T
M

€

(;)3@ (0V K (£, 21, )) 0005, (5, x1r) ds

T\ =
N II
I
o

+

-

(;)(Z)aiq—ﬂ) [ 9§i_l_q)|5:t (a;j—l) Ki(£, xm,s))] e a1, 1)

t+1 ] 1
f Z( )(9 8(] YKy (£, xm,s)) Vv U5 (S, %) ds
I=

)(9(1) ((9(] l)Kz(tn,xm,s)) Vv V5 (S, %) ds

TR
N o
Zz -
| Il
—_ o
=

Il

o

+
1M

T3 0
= o —_
J
=
ST o
= 39
LN
:
I M\
o
o
— .

M-
-

(Z)aﬁ"” 9177, (V7 Ka(ts, %, 9)) ] 91 000585 = )

~— .
Se—

pil

o
—
I

o
=

Il

o

—_————

2.3 Error Analysis

We require the following lemma to establish the convergence of the proposed method.

We will work within the space L*(D) equipped with the norm
H(pHLm(D) = inf{C eR: |(p(t, x)| < Cforae. (t,x) € D} < 0.

Lemma 2.3.1 Let g, ®, A, K;, and K, be p-times continuously differentiable on their
respective domains. Then there exists a positive constant a(p) such that for all n =

0,....N-1,m=0,...,M-1,e=0,...,r=1,andi+j=0,...,p, we have

i+
J ]vnm

otidx]

< a(p).

LDy, m)
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1’l m

l+]
Proof. Let a, || T

(D¢ ), the proof is organized into three steps

Step 1. we have foralli+j=0,1,...,p,

az‘+ju

otidx]

%gmm{ J+Fﬂﬂmm,m:QLwM—%:a@) (2.10)

L=(Dg,,)

Step 2. from (Z6), we have foralln =1,...,N-1,andi+j=0,1, ..., p.

. ] p—l tr1+1
+ +
a, <ci+e E E a**P ds
1 0 0n
=0

where, foralli+;j=0,1,...,p,and

c1 = max{
Cp = max{

oo ()

K = max {Kle(D), KQLW(D)} s

I"*ig(t,x) d I
—_— + 5%[‘[4 K(t, x,s)D(s, x) ds

otidx]

L*=(D) L=(D)

(]'

l

)% (a]—__l [K(t, x,5)] ) (t = £)(x = x)

;1=0,..,7.¢,
oxi-! alp! L=(D) }

oxi-!

PaTi ai—l—q
oti—s [ati—l—q ot

1=0,..5,9=0,..,i-1,5=0,..9

( I Kb, s)])]

L>(D) ’

The constants ¢;, i = {1,2, 3}, are positive and independent of N and M, hence,
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n-1 j p-1 i-1 j
i+] a+p s+l 0+1
a, . < c1+ch Z ag, +Csp Z Ay, + coh Z ag
n=0 =0 a+p=Il s=0 =0 =0
n-1 p-1 i+j-1
a+p s+1
< +pch ay," + Cs Z ag'
n=0 a+p=0 s+I1=0
where ¢4 = c3p + cp7.
n-1 p-1 i+j-1
i+] a+p s+1
Ay, <c1+ pcth Z @y, *Ca Z ay,-
n=0 a+p=0 s+1=0

denoted as Py

i+]

on’

Consider the sequence ¢;,; = a

i+j-1
€irj < Po+cy Z Elps-
s+I1=0
By applying Lemma L6, we get
i+j-1
€irj < Poexp Z Ca

s+1=0
< Pyexp(ca(p - 1)).
————

c5

n-1 p-1
a+p
Z Z o

llg:i < (165 + pcacs h
v " =0 a+p=0
Co cy
n-1 p-1
a+p
< ce+ c7hZ Z ag, - (2.11)
n=0 a+p=0
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p-1
Consider y, = Z ag;j . From (ZZT), we find:

i+j=0

Yu < pce + pcsh Z Yy

=0

Using Lemma [C&.T we obtain

ay) < Y < pesexp(pert) (2.12)
———
a(p)

Step 3. from (Z9), forall n=0,.. N-1,m=0,...,M-1,ande=1,...,r=1,i+j=

0,...,p.
] ! p_l €21 N-1 1]+1 r]+1
i+ + +
aer{§C1+ng a?fﬂ 2ZZf eqﬁds+c2 f ZZ “ﬁds
I=0 s=0 a+B=l+s e=0 n=0 Yy =0 a+p=I f =0 a+p=I
-1 j q j e-2 N-1 ‘a '
+
ol Y Yetva) [ea) Y [ Y ¥
g=0 1=0 s=0 =0 e=0 n=0 t =0 a+p=I
n—1 167:& j p-1 i-1 j q p-1 t—1
a+p a+p a+ﬁ
0 3D Y9 2T 3530 3D MR D 3 W
n=0 Vi 1=0 a+p=l g=0 =0 s=0 a+B=l+s B 1=0 a+p=l

where, foralli+;j=0,1,..,p,

e )

the constants ¢;, i = {8 9} is positive and independent of N and M,

a+ﬁ 0,...p,n=0...N-1}

oti=s | gti=1-4

9178 | 914 aj—l
5., e )

1=0,..59=0,..,i-1,5=0,..,9

L*®(D) ’

(;)(;)agf-m (974Gt )

;1=0,..,58= O,...,i.},

L=(D)

consider &, = max{a; 6,7 ,
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hence,
‘ p-1 n—-1 i+j
en < C1tcop? Z a?ffn +pet Z &+ pcth Z ag, Pt eap Z sy cth 0+
a+p=0 s+1=0
+p CzTZEeﬂ?m Z Eeo1 + CsP et + PPeahEcy
[x+ﬁ 0
i+j-1
< Ci0 *+ C11 ée + pc er] + (CzT + Cgp)
n=0 a+p=0 n+=0

where c1g = cgp® + 2pcoh + cop?, c11 = c3p* + peah, and c1p = T + pos,

n-1 i+j-1
T <+ E + pesh Py !
Cio T+ 11 e T PC2 6,7 C12
n+1=0
Py
. +17
consider the sequence ¢;,; = a,,,
i+j-1
€ivj < Po+ 2 Z Ensly
n+1=0
by applying Lemma 61 we get
i+j-1
€irj < Poexp Z C12,
n+1=0
< Pyexp(ciz.(p — 2))
——————
€13
e—1 n-1 p-1
i+] a+
Acpn < C13.C10 + C13.C11 Z Ee + c13pcoh Z Z ae,qﬁ (2.13)
e=0 n=0 a+p=0
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p-1
consider v, = a2'f From (ZT3) we find:
a+p=0

n—1 e-1
2 3 2
Yn S p-C13.C10 + C13p C2h z Yy TP Ci3.Cn1 E Ee

n=0 T~ e=0
€15

C14
i+j]

e-1
ey < Yn < C14 + C15 Z &e
e=0

we deduce foralle € {0,...,r—1}

e-1
e < cpt s Z e
e=0

Using Lemma L6 and Ve, Vn, Vi 4+ j we obtain :

i+j

Aep < Ee < C14.exp(rcys) (2.14)
~—— ——
az(p)

Hence, from (Z10), (ZT2) and (Z13), by setting :

a(p) = max{ai(p), ax(p), as(p)}

The proof of Lemma 3T is completed. m

The convergence of the suggested method is established by the following theorem.

Theorem 2.3.1 Suppose that g, ®, A, K;, and K; are p-times continuously differentiable
on their respective domains. Then the equations (84), (Z4), (Z4) uniquely define an
approximation v € S;__ll)(l_[i] ). Furthermore, the associated error function E = u — v

satisfies the following bound:

IEllLepy < C(h + kY,
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where C is a finite constant independent of / and k.

Proof. Define the error function E on Dy, , as

E,,, =u-1, VYne{0,...,N—-1}, me{0,... M—-1},e€{0,...,r—1}

n,ms

The proof is split into three steps.
Step 1. There exists a constant C; independent of /1 and k such that,

||E8,‘rl’l”L0°(D8m) S C](h + k)P

Let(t,x)eD¢,,e=0 and n=0,me{0,... M—-1}

nmrs

by using Theorem [C63 and equation (3-4), we write

|E8/m(t, x)| < Z 1'17 ||&§i)a§cj)u(0, xm)” hi(t _ t?n)j-

i+j=p
According to Lemma 23T, this implies

E8, 001 < ) Y 7 = S0+ 1.

THI
= it

Define C; = %. Thus,
||E8’m|| < Ci(h+ k).

Step 2. There exists a constant C, independent of 1 and k such that,
||E2,m||Loo(D9[,m) < Co(h + k),

Foralle=0andne{l,..., N-1},me{0,..., M —1}.
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Let (t,x) € D° , we have from (Z5)

nms

n-l t0+]
u(t,x) — 05 ,(t,x) = Z ﬂq Ki(t, x,5)(u(s, x) = vy (s, %)) ds
n=0 t

+fK1(t,x,s)(u(s,x)— Agrm(s,x))ds.

n

Taking the norm, we get

n—1 t
5 A0
o= 1< Y RRIES 1+ K [ = 28,
7=0 fn

where K = max{||K;||, ||[Kz||}. by Lemma 62,

n—1
lua(t, x) = 85, (t, Il < Y BKIIES [l ) exp (KT)
n nm
=0

n—1
i — 02,1l < Z hh|IE,,ll,  where d; = K exp(K1).
n=0

On the other hand,

0 A0 A0 0
s mll < Mot = By, |1 + 1107, — Uyl

n—

1
0
< Y Bl + Y,

1 i+j 40
"D,
n=0 i+j=p

otiodxi

'K

Substituting the bounds and applying Lemma 371 and Lemma [C6T,we get

n—1
a(p)
”E?t,m”L""(Dglm) < Z hdlllEg,mHng,,,,) + W(h + k).

n=0

a(p)

0
IEs ll < 7

(h + k)’ exp(tdy).
Define C, = % exp(tdy).
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Step 3. There exists a constant C; independent of /1 and k such that,
ES, mlleos,) < Ca(h + k),

Vne{0,...,. N—-1},me{0,... M—-1},e€{0,...,r—1}.

Let (t,x) € D¢ ,,, we have from (Z7)

n,m’

u(t, x) — 0, ,,(t, x) < A(t, ¥)(u(t, x) — v, (t — 7,%))

e-1 N-1 1€ n—1 €
n+l n+1
+ Ki(t, x, s)(u(t, x) — vy , (s, x))ds + f Ki(t, x,s)(u(t, x) — vy (s, x))ds

+ f Kl(t,x,s)fu(t,x)—v,i,m(s,x))ds

t

€
n

e-2 N-1 1€ n—1 =1
n+1 n+1
+ Ko(t, x,8)(u(t, x) — o° (s, x))ds + f Ky(t, x, s)(u(t, x) — ve—yi(s, x))ds
ezz(; nzz;‘ *ff‘} ! nzz;‘ 5! "

+f_TKz(t,x,s)(u(t,x)—vzl_n%(s,x))ds.

e-1
n

< A(, x)EZ;;

e-1 N-1 1€ n—1 1€
n+1 n+1
+ Z Z f Ki(t, x,5)E;, (s, x)ds + Z ﬁ Ki(t, x, s)(u(t, x) — v} (s, x))ds
e=0 n=0 Y1y n=0 Y
t R e-2 N-1 t57+1
+ ﬁ Ki(t, x, s)(u(t, x) — o, ,,(s, x))ds + Z Z L Ka(t, x, s)E] (s, x)ds
n e=0 n=0 1

t—1
+ f Ka(t, x,8)E§ 1 (s, x)ds
t

e-1
n
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hence

llu(t, x) -

e-1 N-1
Lt 0 < At x)E;, + Kh IE mllDs,,,)

e=0 n=0

n-1 t

c NE
#KY = 5+ K f Jut, ) - 25,65, ) ds

1=0 t

e-1 N-

< A, )ES +I<hZZ ¢l
e=0 n=0

1
+KZh||u vanLm(De +TKZW
i+j=p

+Kf ”u(t X) ,m(s,x)Hds

i+ A€
ot (G
otidx]

e—1 n—1 t
o= 3,0 < VALY I+ Kt Y ESl+ K [ b= 6,
e=0 n=0 b

According to Lemma [CA72, this implies

e—1 n—1
e = 95,01 < A E + Kn ) IIES,|
e=0 n=0

where A = Al exp(KT) and K= Kexp(KT).

On the other hand,

IE;, ll=os ) Sl =05, Mo,y + 105, = O lli=os,,.)

A€_1 . n—1 aH—]@E
. n,m
<A Y NEl+Kn ) IIES, Il + Z it || 9Fox H
e=0 n=0 i+j=p

Applying Lemma 237, we have

-1
leE“l+KhZ||E (P)(h + kY.
e=0 n=0
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consider

IE“Il = max||E;, I

Applying Lemma L6, we have

a(p)

[|[E€|| < exp(k\’c)w

e—1
(h+ kY + exp(K7)A Z IE.
e=0
Using Lemma 6.1 again, we obtain

IE€|| < exp(fﬂ% exp ((r -1) exp(ET)g)(h + k).

Gs(p)

Finally, setting C = max{C;(p), C2(p), C3(p)}, we conclude

IE, [l <C(h+k)F, V¥ne{0,... N-1}, me{0,... M—-1},e€{0,...,r—1}.

Thus, the proof is complete. =

24 Experimental Results

In this section, we validate the theoretical results derived in the previous section through
numerical examples. The exact solutions for all examples are known in advance. For
each example, we compute the error between the exact solution u# and the Taylor

collocation solution v.
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Example 2.4.1 Consider the DVIEs with a time delay 7 = 1 of the form

u(t,x) =

g(t,x) + (t + x)u(t - %,x) + f s cos(xt)u(s, x)ds
0

1
=5

)

(2sin(t + x) + s)u(s, x)ds,

D(t, x),

te[-1,0].

te]0,1],

x€[0,1],

The exact solution of this problem is given by u(t, x) = t + sin(x). The function g(¢, x) is

then computed using this exact solution. Numerical results were obtained by applying

the proposed Taylor collocation method for different numbers of collocation points.

The absolute error values are reported in Table T and Fig. 2, showing that the

absolute errors decrease as the number of collocation points increases. The exact and

approximate solutions for N = M =5, p = 3 are shown in Fig. I,

X 0 0.2 0.4 0.6 0.8 1
0 0 1.32x 1072 [ 1.15x 107 | 236 x 1071 | 292 x 10717 | 8.23 x 10717
02 | 3.8x107" | 654x 1071 | 2.30x 107! | 1.50x 1070 | 3.45x 1071° | 9.21 x 1071°
04 |266x1071 | 781x10712 | 720x 107! | 4.01x107% | 1.24x 107 | 1.18 x 1071°
0.6 |438x107" | 329%x107M | 1.99%x1071° | 1.48x 107 | 3.99 x 1071° | 2.79 x 1071°
0.8 |873x1071 | 345x1071° | 2.61x1071% | 259 x 1071 | 1.00 x 10~ | 5.41 x 107

Table 2.1 Numerical results for Example 22T,
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(a) Exact solution (b) Approximate solution

Figure 2.1: Exact and approximate solution of Example Z4&T for N =M =5, p = 3.

L 107 —

S 107

5.% 1075

Figure 2.2: Absolute errors function of Example ZZ&T for N =M =5, p = 3.

Example 2.4.2 Let us dedicate the first example to the case that the desired equation is

of form
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g(t,x)+(t.x)u(t—%,x)+fx.t.cos(s).u(s,x)ds
0

=3
u(t, x) = +f x.e (s, x)ds, tel0,1], x€]0,1]
0

D(t, x) t e [-1,0]

The exact solution of this problem is given by u(t, x) = tsin(x). The function g(t, x) is
then computed using this exact solution. Numerical results are obtained by applying
the proposed Taylor collocation method for different numbers of collocation points.
The absolute errors are reported in Table 2. The results show that the absolute errors

decrease as the number of collocation points increases.

To illustrate the behavior of the approximate solution, the absolute error function
is depicted in Fig. Z4 for 0 <t < 1and 0 < x < 1 with N = M = 5. The exact and

approximate solutions for N = M = 5 are shown in Fig. 3.

X ! 0 0.2 0.4 0.6 0.8 1

0 |0 0 0 0 0 0
02 |0|1.90x107" | 772 x 107" | 3.28 x 107! | 8.86 x 10~ | 5.00 x 10~
04 |0|1.05x107% | 822x 1071 | 3.79%x 107! | 343 x 107H | 1.67 x 1071°
06 |0|417x107" [ 1.45x 1071 | 709 x 107! | 4.69 x 107" | 1.64 x 1071°
0.8 |0848x10712|269x107M" |[3.68x107" [1.75%x1071% | 9.19 x 1071

Table 2.2: Numerical results for Example ZZ42.
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(a) Exact solution (b) Approximate solution

Figure 2.3: Exact and approximate solution of Example &2 for N = M = 5.

1% 1075
7.5 % 107%

5.% 107

Figure 2.4: Absolute errors function of Example 22 for N=M=5.

Example 2.4.3 Consider the linear two-dimensional Volterra integral equation (VIE) from
[T2]

t
u(x, t) = x2<—1 +e 4+ +ef - xzet) + f (O +e ) u(x,s)ds,
0
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for (x,t) € [0,1] X [0, 1], which has the exact solution

u(x, t) = x%".

The numerical results for p —1 = 2,4,6 with h = k = 0.1, obtained using the Taylor

collocation method (TCM), are compared with the numerical results obtained using a method

based on expanding the solution in terms of bivariate shifted Legendre polynomials [T/]. The

comparison is presented in Table U°3.

Present method (TCM) Method in Ref. [17]
(x, 1) p—-1=2 p-1=4 p-1=6 M=2 M=4 M=6
(0,0) 0 0 0 0 0 0
(0.1,0.1) 36x10% 73x10712 14x107" |29x10° 20x107 1.3x107°
(0.2,0.2) 30x107 98x107" 13x107" |1.6x10* 47x107 5.8x10~°
(0.3,0.3) 1.0x10° 25x1071° 34x107°|49x10* 95%x107 13x1078
(0.4,0.4) 28x10° 11x10° 32x107'°|58x10% 24x10°% 23x1078
(0.5,0.5) 6.3x10° 21x107 1.0x107%|15x10° 34x107 3.6x1078
(0.6,0.6) 1.3x107° 39x107° 3.0x1071° | 13x107° 49%x10° 52x10°*
(0.7,0.7) 25x10° 78x10° 28x10™° [3.0x10° 56x%x10°% 7.0x1078
(0.8,0.8) 48x107° 15x10® 15x10 [34x%x10° 69x10° 9.1x10°?
(0.9,0.9) 91x10° 3.0x10® 13x10° |62x10% 1.7x107° 1.1x1077
CPU time (sec) 56.17 253.82 997.32 / / /

Table 2.3 Comparison of absolute errors for Example Z43.
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Figure 2.5: Plot of the absolute error function for Example ZZ3 (method In Ref.[T7]);
left: p =5, right: p = 7.

Figure 2.6: Plot of the absolute error function for Example 23 (Present method)
;p=7,p=5.

1072

1073

107

107°

Absolute error

107°

- TCMp-1=2
—=—Ref. [TZ] M =2

01 02 03 04 05 06 07 08 09
x=t

1077

Figure 2.7: Comparison of absolute errors for p — 1 = 2.
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T T T T T T T T T

- TCMp-1=4|]
—= Ref. [I[7]M =4 |

Absolute error
—_
o
&
T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ T 1117

: : : : :
01 02 03 04 05 06 07 08 09

x=t

Figure 2.8: Comparison of absolute errors for p — 1 = 4.

107}
s 107
5 |
Py i
2 10—9 g -
2 i
o) i
< 10—10 g -
i - TCMp-1=6
10_11 L —=— Ref. [17] M=6 i

01 02 03 04 05 06 07 08 09
x=t

Figure 2.9: Comparison of absolute errors for p — 1 = 6.

2.5 Conclusion

In this chapter, we proposed a new numerical method based on Taylor polynomials to
construct a collocation solution for approximating the solution of delay Volterra inte-
gral equations (DVIEs) with a spatial variable. Unlike existing approaches, our method

efficiently handles both time delay and spatial dependence in the integral equation,

50



Numerical Solution of Delay Volterra Integral Equation

which is a key challenge in solving such problems

A rigorous convergence analysis confirms that the proposed method is accurate and
stable, with an O(h + k)? error bound. Numerical examples validate its effectiveness,
demonstrating that it provides high-precision approximations while maintaining com-
putational efficiency.

The novelty of our approach lies in the extension of the Taylor Collocation Method to
DVIEs with spatial dependence,an area that has received limited attention in previ-
ous studies. Additionally, our method is computationally efficient as it computes the
approximation coefficients iteratively without requiring the solution of any system of
algebraic equations. Moreover, it can be adapted to various delay integral equations
encountered in applied sciences and engineering.

These contributions make our method a powerful and efficient alternative for solving
DVIEs with spatial variables,laying the groundwork for further extensions to higherdi-

mensional problems.
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CHAPTER 3

TAYLOR COLLOCATION
ALGORITHMS FOR 2D DELAY
VOLTERRA INTEGRO-DIFFERENTIAL
EQUATIONS

52



Taylor Collocation Algorithms for 2D DVIDEs

3.1 Introduction

In this chapter, we investigate a numerical method for the linear two-dimensional delay

partial Volterra integrodifferential equation (2D-DPVIDE):

g—g(x, y) = g(x, y) + L(x, y)u(x, y) + M(x, y)u(x — 11,y — 12)

Xy (3.1)
+ f f K(x,y,t,s)u(t — 71,5 — 12) ds dt, (x,y) €D,
0o Jo

where u(x, y) = ¢(x, y) for x € [-11,0] or y € [-7,,0], and the functions g, L, M, and K

are given real-valued smooth functions defined, respectively, on
D :=[0,a] x [0,b] c R?,

and

S:={(x,y,t,5):0<t<x<a, 0<s<y<bl.

It follows, by analogy with the results in [12], that the linear twodimensional de-
lay Volterra integrodifferential equation (B-1) admits a unique solution u € C(D) under

sufficiently smooth data and appropriate Lipschitz-type conditions.

Twodimensional delay Volterra integrodifferential equations play animportantrole
in modeling linear and semi-linear dynamical systems in which delays in both variables
significantly affect the system behavior. Such systems arise in various applied fields,
including engineering processes, control systems, and economic or physical modeling,
where the future state depends not only on the current state but also on past states
of the system. The presence of delays introduces additional mathematical complexity
and often prevents the derivation of analytical solutions. Therefore, accurate and
efficient numerical methods, such as the Taylor collocation method, are essential for

approximating the solutions of these equations.

Several researchers have investigated numerical methods for solving twodimen-

sional delay Volterra integrodifferential equations (see, for example, [4, 8, 10, [, 2, 14,
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12]). Brunner [7] presented collocation methods for Volterra integral and related func-
tional differential equations. Brunner [8] studied the numerical solution of twodimen-
sional Volterra integral equations using collocation and iterated collocation methods.
Ghorpade and Limaye [10] provided theoretical foundations in multivariable calculus
and analysis applicable to numerical methods for integral equations. McKee et al. [16]
developed an Euler-type method for twodimensional Volterra integral equations of
the first kind. Bellman [?] investigated the stability of solutions of linear differential
equations, which supports uniqueness results for linear integral equations. Laib et
al. [14] proposed a Taylor collocation method for twodimensional linear and nonlin-
ear Volterra integral equations. Khennaoui et al. [T2] extended the Taylor collocation

method to twodimensional partial Volterra integrodifferential equations.

While numerous studies have focused on twodimensional Volterraintegral equations
[4, B, 16, 7], relatively few works have addressed twodimensional delay Volterra in-
tegrodifferential equations with spatial variables [20, 14, 12]. The main difficulty in
solving such equations lies in simultaneously handling the spatial dependence and the
delays appearing in the arguments of the unknown function inside the integral terms,
which distinguishes these problems from conventional twodimensional Volterra inte-

gral equations.

To address this problem, we propose a Taylor collocation method that extends the
approach presented in [3, 4, 2] to approximate the solution of the linear twodimen-
sional delay Volterra integrodifferential equation (Bl). The main contributions of this

work can be summarized as follows:

1. The adaptation of the Taylor collocation method to twodimensional delay Volterra
integrodifferential equations with spatial variables, which remains a relatively

unexplored area in numerical analysis.

2. The development of a computationally efficient scheme in which the approxi-
mation coefficients are computed iteratively without solving a large system of

algebraic equations.
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3. The formulation of a general numerical framework that can be extended to high-
erdimensional delay integral and integrodifferential equations arising in physics,

control systems, and engineering applications.

This chapter is organized as follows. In Section B2, we partition the domain
[0,a] x [0, b] into subdomains and approximate the solution of (B) in each subdo-
main using Taylor polynomials. Section B3 establishes the global convergence of the
proposed method. Section 4 presents numerical examples illustrating the accuracy
and effectiveness of the method. Finally, the conclusion summarizes the main findings

and outlines possible directions for future work.

3.2 Description of the Method

we suppose without loss of generality that a = r17; ,b = 7, where {ry, 15} € N*

Let I, = {x;, =€ty +nh, n=0,1,..,N, €¢=0,1,..,r - 1}

and I, = {yh, = pto + mk, m = 0,1,..,M, p =0,1,2,...r, — 1} denote, respectively,
uniform partitions of the intervals [0, 2] and [0, b] with the stepsizes are givenby h = &
and k = ;. These partitions defined a grid for D

I 0 = TIXITy, = (x5, yp), 0<Sn <N, 0<m<M, €=0,1,2,..n-1, p=0,1,2,..r-1}

Set the subintervals

o, =[x;x,,, n=01,.,N=-1, oy, =[xy, €=01,.,r-1

o =y y’ ), m=0,1,.,M-1; & _ =y vl p=01,.r—-1

and D}, = 06 x 6 forall n=0,1,.,N-1, m=0,1,..M-1, e =0,1,..,11 — 1,
p= 0, 1,...,1’2 - 1.
Moreover, denote by 7, the set of all real polynomials of degree not exceeding p in x

and y. We define the real polynomial spline space of degree p in x and y as follows:
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Spp(TTyp) = {0 € C(D) : vh, = lpes € 7, (3.2)
n=0,.,N-1, m=0,1,..,.M-1;, €=0,1,..,11m-1, p=0,1,...,1n =1, }.

(3.3)

This is the space of bivariate polynomial spline functions of degree (at most) pin x and .
Its dimensionis r1r.NM(p+ 1)? ,i.e., the same as the total number of the coefficients of the
polynomials vZ’f,;, n=0,.,N-1, m=0,1,.,.M-1,e=0,1,..,1n-1, p=0,1,..,m-1,

.To find these coefficients, we use Taylor polynomial on each rectangle.

3.2.1 Approximate solution in Dg’g

The polynomial vgig(x, y) is employed to approximate u(x, y) within the rectangle Dg;g

such that )
0,0 _ 1 9"7u(0,0) i 0,0
UO,O('X’ y) - Z_ WW'X y] ’ (x/ y) € DO,OI (34)
i+j=0

i+ i+
where m is the exact value of o ot point (0, 0).

Ix'dy/ IxidyJ

Jiu(x, y)

To compute , we differentiate equation (B) j- times with respect to y and

Ixidy/
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(i — 1)- times with respect to x, obtaining

ai+j”(x/y) 1) () L J\(i ot [ 9 " Mu(x, y)
axiay]‘ a g(x ]/) + IZO‘ L axl 1 —ayj_lL(x, y) W
jooi=1 . i1 1 I+
j\(i-1\ 27 [ I~ 11,y ~ 1)
X (z)( e e wl
n=0
- r -2 q _ o . ]
r 27171 0 2-q ( J ! (j-1- 8+”qb(x—T1,y—72)
+ j a] r)K(x’ y/ t/ )
=0 1=0 =0 ;)‘( )( )axq—n laxz—z—q =\ Y [ ? Y ] Ix1dy!
(3.5)
j-1 x . ’
7 azl arl - 8(}‘)(1‘—71,]/—72)
+ ZZ( )f oxi-1 [ayr l[ ] K(x ]//t y)]] 8yl dt
r=0 I=
o Vo1 ¢ , AP(x — 11,8 — T2)
(i=2=4) 5(j) 1, 2
i — Z( ) o Oxin [(91 9, Kx, y, %, S)] o ds
q=v n=
v .
+ f f a(ll_l)a;])K(xl ]// t/ S)(P(t - T1,S - Tz)det
0 0
Hence,
9"u(0,0) _ i1 5 LG (j\(i-1) 9 | o d"u(0,0)
pervia '9'4(0,0) + ZZUZS 5577 | 35720 0| iy
I i—-1- ) al+r] _
])(Z )(9 K [8] l P(—11, —T2)
+ — M(0,0)
E =0 (l dxi-1-1 ay] -1 '78y
- r -2 9
71 al 2—q ar—l L 8l+’7qb(—T1 _,1.2)
+ a(] 1 7’)K X, /t/ )] ’ '
=0 1=0 q=0 WZ‘( )( ) oxI71 [ OxX 7 |y (ayr_l [ 2 oy y)] x=y=0 Ix1dy!

Moreover, by integrating both sides of Equation (B) with respect to x we get inte-

gral equation

u(x, y) = u(0,y) + j; (g(zf Y+ Lz y)uz y) + Mz, y)u(z =11,y = 12)

z Y
+ f f K(z,y,t,s)u(t — 71,5 — 1) ds dt) dz.
0 Jo

(3.6)
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Then

o o/ * o
8_;(3(’ y) = &_yb;(o' Y) +f 83/1( (z,y) + L(z, y) u(z, y) + M(z, y) u(z — 71,y — T2)

+ f f K(z,y,t,s) u(t — 11,5 — 12) ds dt )dz,
0o Jo

such that u(0,0) = ¢(0,0) and ‘W“(O 0) = M(O ) ‘ o dy] Qb y)'

(3.7)

. .. 0
3.2.2 Approximate solution in D}/,

The polynomial v/,(x, y) is employed to approximate u(x, y) within the rectangle D55,

wheren=0,..., N-1,m=0,...,M—-1,ande=1,...,r — 1, such that

P i+in€0 e 1,0
1 8 ]vn,m(xn/ ym)

T avay )y -y Ly eDL, (38

,0 _
vy (X, ) =

j+i=0

where 95", (x, y) is the exact solution of the integral equation:

a@fl’,?ﬂ(xl y) ’\EO
5 - g(x, y) + L(x, y)05,,(x, y) + M(x, Y)P(x — T1, ¥ — T2) 59)
39
Xy

+ f f K(x,y,t,5)p(t — 11,5 — T2)dsdt.
0 Jo
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IHI05 (X, y)

To compute W, we differentiate equation (B9) j- times with respect to y and

(i — 1)- times with respect to x, obtaining

AR

] i—1 . . i—1—1 i—1 l+,] AGO
e Y) i AR I Mm%, Y)
dxidyi =d, dy gy + ZZ( )( )Qx’ 1= l&yj—lL(x’y)

= Ixdy!
joi-1 . _ i i
i—1 o IMNP(x — 11,y — T2)
' zzo‘ =0 ( )( n )O'W 1= |8yf My )] Ix"19y!
-1 r -2 ¢q i
Ala\ 911 [ 9i-2-4 (9” (-1 INP(x — 11,y — T2)
+ K(x, v, 8, y)
=0 1=0 q=0 qzz;‘()()axq"[xlzqt:x dy! [ Y y] Ix1dy!
(3.10)
-1 r X /
r o1 [arl -9 l&P(t—ﬁ,y—Tz)
+ [0 Y K(x,y,t,y)] dt
;h0£wlwl vty 5
i-2 g yaq arl(P(x_r[ S—T)
92 ) 1 2
+ Z( ) ppn [ d,'K(x, y,x, s)] Ep ds
q=0 1=
+ f f o’?(li_l)o’?;j)K(x, y,t,8)P(t — 11,5 — 12)dsdt
0 Jo
Moreover, when (x, y) € D55, from Equation (B8) we get
e-1 N-1 n—1 x'eﬁl
050 x, ) = MHZZf Lewehends ) [ enupend
e=0 1n=0 =0 V%
+f L(z, y)v ¢ y)dz+f((z Y)+M(z,y)p(z— 11,y — 12)
f f zy,ts)qb(t—Tl,s—Tz)dsdt)dz
(3.11)
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Then
(9] A€, 0

L x, ) = a‘f(@ )

dy!
e-1 N-1 xC ] k a]k CO
g j\ 9L
* f Z‘(k)ay( D gk 9z

\oL, 9
) SH@ ) S (zy)dz
n=0 "I k=0 Yy y (3 12)

x ] . kAeO
L 977,
+fx Z(,ﬁ)?@,y) Sy

€
n k=

X a]
* fo 8_yf(9(z, y)+ Mz, y) Pz =11,y — 72)

z Y
+ f f K(z,y,t,5) p(t — 11,5 — T2) ds dt) dz.
0o Jo

00

Now, in the subdomain O, 0= 1,..,N =1, we impose the continuity condition

Oro(x, 0) = ¢(xy, 0).

Hence,for Equation (B10) fori > 1,

i+740,0
9o, (x 0) = 9302, 0)

joiml e i-1-n [ Hj-1 al+qA00( 0.0)
+ Z (;)(z 1); Al aa ]’—ZL(x2’O)] e

1=0 n=0 nmjox | oY X0y

jooi=l oy ien T Aiel b rn0 o

J 1_1) A la P(xy — T1,—T2)

* ; ;M(x;, 0)

;‘ pary (l)( n Joxndy it Ix19y!

-1 r i-2

r\fg\ " [ 979 I i IMP(x)) — 11, —T2)
(Z)(n) axq_n [ 8x i—2—q (ayr_l [82 K(x/ ]/; t/ y)]) . x=x9’ ax778yl
y=0

-1 X i— — l
r o1 [ o! (j-1-7) 0 Qb(t T1,— )
+ (l) fo 8xi‘1l Gyrild K, 0,8,0)] o
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and for Equation (3222)

LN i
n, 0 _ 9%
5 (x5,0) = 8y.(o,o)
g K - kUO’O
+Zf Z()“( 0) — 'O(z,O) dz (3.13)
n

+ L ;y]] (9z/0) + M(z,0) (z — 11, ~12)) dz

Now, in the subdomain 02’21,11 =0,.,N-1, m =1,.,M -1, we impose the
continuity condition

00,0, Yo = o0 (X0, ).

Hence,for Equation (B10), fori > 1,

Fip00 (50 10
U”m(xn yM) a(l l)a(])g(xn/ ym)

Ixidy/
joi-1 N[ i—l—T] r ] _1 al+n ~0,0 0
+ Z (;)(l 1);7 i—1-n 3(9 IL( ns ym)] Z;l":(;"l’ yM)
eI\ Jox 11| gy - X1y
+Zj‘. < (j\(i-1\ o [ o 0, MNP — 11, Y5, — T2)
1=0 n=0 IN 1 )ox=t=n{dyi~ " Ix19y!
ol o2 4 - i—2- r—1 1+ 4y (10 — 0 _
r q) 2771 [ d q d (j—1-7) J (P(xn T, Ym Tz)
+ - —- —[d, " "Kx, y,t, )]
r=0 =0 ¢=0 ;(Z)(n G S ( v ) ;:;g ox10y
-1 r 0
r *n 8 0" ! 1- (91(,1)(1? - T, yO - T2)
+ [0V K, v, t, m)]] " dt
— ;(l)fo dx’- 1[8}# : Jr ¥ Iy’
i-2 q o, n 0 _ —
q o071 (i-2—q) 0 (P(xn T1,S Tz)
+ L ; (77)]0‘ g n[& 8 K(xn,ym,xn,s)] o ds

=0
Yo
0
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and for Equation (322)

9102, dlgh 1l
(i oh) = S 0m)+ X [ Y
TP P

yl’"
f f zym,ts Ot — 11,5 — 12) dsdt)dz.

Now in a . wherem=0,... M-1,ande =1,...,7—1,such that @eo(xo,ym)—

1,0
]e\[ 1m(x0’ ym)

Hence,for Equation (310), fori > 1,

al+]"€0( ¢ 21) S R i-1-n i1 al+q/\€0 X, 0
s s B e e ]

1=0 1=0 Ix'=1=1 | dy/! Ix"9y’
J, izl i—1 i—1 I+n € _ 0 _
-2 | & e 0] 2T1P0G = T, Y — T2)

+ ; L (Z)( n )Qxl 1-n |8y]’—lM(x0' ym) 8x'78yl

jloroi-2 g - i-2— r—1 I (x€ — 0 _

r q) Q771 [ 01 ( d (j-1-7) )] ¢(x0 T1, Y

+ - i—2— —_ a K(x/ /tz )

;‘ =0 ¢=0 UZ:S (l)(n 8xq 1 ax 24 t=x 8yr ! [ 2 y y] x:xgly:y?n 8x’78yl

j-1

r 7 X ot [ g (-1-1) al(P(t _ Tl;]/gn _ 72)
+ ;; (Z)L oxi-1 [ayr l[a K( X/ ym/t ym)] ayl dt
i-2 g 0 e )
q 9" 1 i-2-9) 4() P(xE — 11,5 — T2)
+ Z (77) fo e [07 IV K5, yo,, x5, s)] — s

Yim X .
f 3;1_1)391((958: YO, t,8)p(t — 11,8 — Tp)dsdt
0
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and for Equation (3222)

Vi o oy _ P9 SN e (AL oy 2
5y ) = 55000)+ 2 ) | Z(,ﬁ)a—yk(zry%) Syt ) d2

+ fxe aa—];j(g(z, y&) + M(z, y&) ¢(z — Ty, Yo = 72) (3.15)

Yo
f f z ym,ts Ot — 11,5 — 12) dsdt)dz.

Z’?n, wheren=1,... N-1m=0,.... M—1,ande=1,...,r1 —1,such

Nowin o

that 099,(x5, yo) = 00, (x5, yh,),

Hence, for Equation (B10), fori > 1,

ai+fﬁ§£1:((;jj/ Vo) = g, o) + ; ;:10 () ( )a;l 11 nn [ ;yj;zL - )] alw;ff:,(ax;z’ )
BRI e

I M | K e [
* ]Zz- ; (;) fo aa;l [ ;};ll[ I TK @, yout, ym)]] ot S}y n =Ty
LA

=0
Yy . .
f QI VIVKE, 1), 1, 8)p(t — 71,8 — T)dsdt
0
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and for Equation (3222)

€

90 (15,45, = @(0, i)

dy oy
e-1 N-1 j . e0
x1+1 ] akL a] v o
+; nzo*[x? ;;)‘ k) a_]/k( ,ym) 8yf—qk ( ’y%) dz
' f)=0fx1€7 k=0 (k) ]/k<z,ym) dy ik ( ]/m)d (3.16)
+ j; ﬂ %(g(z, ]/21) +M(z, y%) q)(z — Tyl - TZ)

Z Y
+ f f K(z, ygy t, S) O(t — 11,5 — 12) ds dt) dz.
0o Jo

3.2.3 Approximate solution in Dg’, f,;

The polynomial vn  (x, ) is employed to approximate u(x, y) within the rectangle Dn i

n=0,..N-1,m=0,..,.M-1,p=1,..,1r -1, such that

4 i+j 80P (50 P
1 9™0,0,(x2, yh) , ,
0,p _ - n,m\"*ns Jm 0Ny, 4PN
%NW—;Mﬂ Sy G WG wyeD,  @17)
Do)
where Ep is the exact solution of the integral equation:

IO, V) oy
. = g(x/ y) + L(X, y)vn,,m(x/ ]/) + M(x, ]/)‘P(X — T, y - TZ)
ox (3.18)

Xy
+ f f K(x,y,t,8)p(t — 11,5 — T2)dsdt
0 Jo

P18, )
Ix'dyl

To compute , we differentiate equation (BI8) j- times with respect to y and
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(i — 1)- times with respect to x, obtaining

IO Y) i) LG (i\(i-1) o [ o I, (x, )
Ix'dy’ =% gt yH;,,Za( )( ) dxi=1-n layf" [L(x'y)]l Ix1dy'

il g, I+
i\(i-1\0 Pl IMP(x — 11,y — T2)
), Z(l)( U )Bxl o |9yf M y) Ixdy’

' q _ 2 B I+
r\(q) 97" [ 9% o1 (j=1-7) MNp(x — T1, Y — Ta)
' Z Z (Z) (’7) Ixi~1 l oxi=2-4 [82 K(x, y,t, y)]
r=0 I=0 =0 n=0
1

t=x \ Y™ Ix"dy!

ol A W A I T Pt — 11,y — 1)
+ ()f P [ ~— 0] K y,ty)]] dt
;‘;‘ ! dxi=1 |yl oy
i-2 q
q (i-2-0) 5() P(x — 11,8 — T2)
' 4=0 qz—(; (fl) Jx11 [& %2 Ky, S)] ox" ds

+ f f I VIVK(x, y, 1, 8)p(t — 11,5 — To)dsdt
0o Jo
Moreover, when (x, y) € Dg’/ # from Equation (B8) we get

AOp(x y) = ¢(0, y)+Zf L(z, y)v m(z y)dz+f L(z, y)vnm(z y)dz

+ fo (g(zl Y)+Mz,y)plz— 11,y — T2) + ‘fo f(; K(z,y,t,8) Ot — 11,8 — 12) ds dt) dz.

(3.19)
Then
D P
8]/] (x/y)_ ay]( ’y)
n—1 x(’)?*l ] akL j—kvo,p
* f Z]) $#Y) afk(zy)dz
n=0 Y1 k=0
x ] k ]k'\OP
A\9L . On (3.20)
+f;;(k) e " (z, y)dz

X a]
+ [ g{ote + M o=y -

z Y
+ f f K(z,y,t,5) p(t — 11,5 — 12) ds dt) dz.
0o Jo
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. 0,p ~0,0 _ . 0,p-1
Nowin ¢, such that 0, (xn, )—vn,M 1(xn,yo)

Hence,

31+]ZA)O P(x ) il g . o1 [ gi-l o AOP(X y )
wY — A=1) 5()) 0 P nJo
—8x1 3y d! 8 g(xd, yb) + Z 3 ( )( ) e | a1 [L(xn, yo)]] 13y

=0 n=
J, il i—1- 1 A eh( p_
])(z 1) J1n [af 0 l Pxy = T1, Yy — T2)

+ — [ =—M(, ")

I;;(l n ot gy Yo Ix19y

jo1oroi-2 4 - -2 r—I I h(x0 — p_

r q) Pl [ 021 (07 (-1-7) P(x; — T1, Yy — T2)

+ — — — J K(x,y,t,v)

rX:(; 1=0 q=0 WZ(;(Z)(U IxI71 | Ix 24 \Jy l[ ? ] x=x9,y=y} Ix"dy’

j-1 0

8’7gb(xn —1T1,S — Tz)
ds
ox

r r X (911 87’1 (]17’ t_le]/o—Tz)
+ Z;(Z)fo axl 1 [ayr l[ K( n/y()/t yo)] ayl

Yo o071 i
q) 0 axq - I:a( —2- q)a(])K(xn’ yolxnl S)]

tﬁ\

0
n U . .
+ f f IVIVKES, ye, 1, s)p(t — 11,5 — To)dsdt,
0 0

and 0
8fﬁn 0 J¢
5y ) = 5703

d/ ‘kvo’p

17+1 akL
+zf MHETR
+fn J (g(z y0)+M(z yo (]5(2—T1,y0 T7)
0

yo
+f f K(z, v, t,S)(P(t—Tl,S—Tz)det)dZ
0 Jo
0,p

Nowin oy, suchthat o5 %)= v N CoRTH)

(3.21)
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Hence,

T ottt LT () e e |
BEI g
SRHIAHLEE (5;; K y>])]x:xolyzyfn L o
SEOL i cafiin
EE Ebr et

=0
T i A0)
+ f f IVIVKES, yh, t,9)p(t — 11,5 — T2)dsdt,
0 0

0,
o o0 Yn) = ]—(P 0, Y
oy w Y 8]/] "

oIk 0,p

1
Zof kZ() L S

n J P P
+‘f(; ay]( (Z/ym)+M(Z/ym)¢(Z_T1/ym_TZ)

z Y
+ f f K(z, yh t,8) ot — 11,5 — T3) ds dt) dz
0 Jo

(3.22)

3.2.4 Approximate solution in DZ -

The polynomial v, (x, y) is employed to approximate u(x, y) within the rectangle D;/?,

n=0,.,N-1,m=1,..,.M-1,e=1,.,nm—-1,and p=1,..., 1, — 1, such that
51 9T (0, v

T oxay C Xy -y (v y) € Dy, (3.23)

o, y) =

j+i=0
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I0,m(%,Y) . . . .
where T is the exact solution of the integral equation:
0. (x
W = g(x, y) + L(x, )0 (x, y) + M(x, y)vs " (x = 11,y — 12)
f f K(x,y,t,5)p(t — 11,5 — 12)dsdt
y
+ f f K(x,y,t,8)p(t — 11,5 — 12)dsdt
e-1 p=1 N-1 M-1 "
+ Z Z f f K(x, y,t,5)0; WUt = 14, s — Tp)dsdt.
e=1 p=1 n=0 p=0 Yy
e—1 N-1 m-1 77+1 y+1
+ Z f f K(x,y,t, s)vf;;’p_l(t — 71,5 — Tp)dsdt.
e=1 n=0 u=0
p=1 n-1 M-1 “H
+ Z Z f f K(x,y,t,5)v, Wl — 1y, 5 — 7,)dsdt.
p=1 n=0 p=0
n-1m-1 q+1 p+1 e—1.0-1
+ Zf f K(x,y,t,8)vy,, " (t = 11,5 — T2)dsdt.
n=0 u=0 Yy
e-1 N-1 ”H
+ Z f f K(x, y, £, )00t = 11,5 — To)dsdt. (3.24)
e=1 n=0 Y%y Yin
n_l r]+1
+Zf f K@, y, t, )05 (= 71,5 — To)dsdt.
n=0 Y% Yo
o [ (Y e—1p-1
+ Z f f K(x,y,t,5)0,, " (t = 11,5 — Tp)dsdt.
p=1 u=0 Y& YV
m—1 X yZ+1 1 .
+ Zf f K(x,y,t,8)0,, " (t — 11,5 — Tp)dsdt.
u=0 /y
Xy
+f Kyt 9, LTl — 7,5 — 1p)dsdt.
Xy Y
9"10,5.(x, y)

To compute , we differentiate equation (B=24) j- times with respect to y and

Ix'dy/

(i — 1)- times with respect to x, obtaining
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B (%, Y)

, _ 1) 40) T Y A
ey - 9y 9 g(x, y) + 8§ 1)82] (j(; j; K(x,y,t,8)p(t — 11,8 — Tz)dsdt)

1 Y
+ a(z l)a(]) (f f K(x,y, t,5)p(t — 11,5 — Tz)dsdt)
0 T2

(3.25)

Jjooi=1 . i-1-0 T 2i-l l+o Aep
j\fi—1\ 0 d J (x Y)

+ . —L(x, y)| —————

LA e | =
+ Z]:i j\(i-1\ o7t [ o7 v T =T,y — T2)

L \I)\ 0 Jox 1= | dy/™! Ix°dy!

el prl NIMZD e
+ Z f o\~ 1)8(])K(x Y, t, 80, PNt = 11, s — To)dsdt

e=1 p=1 =0 p=0 Y%y Yi

ANl e
+ Z Z d 1_1)8§])K(x, y,t, s)vf]j’p_l(t — 71,5 — To)dsdt

e=1 n=0 u=0 xfl yﬁ

p—1 n-1 M-1 - y’;m
+ Z Z f 8 1)8 K(x,y,t,5)v),, W7~ 1y, 5 — 1,)dsdt

p=1 n=0 u=0 Y%y Yo

izl m-l Xfﬁl yf&l . -
+ Z f 851_1)8(2])K(x, y,t, s)vij’p Nt = 71,8 — To)dsdt

n=0 u=0 X yﬁ

e-1 N-1 j-1 ¢ < gi-l [ gl alelplt_,c, —T
+ (r)fW 11[ rl[’“)K(xy,ty)]] T lly 2)dt

e=1 =0 r=0 I=0 ! X ox'= | oy Y

n-1 j-1 , 1..e=1,p-1

r q+1 o1 [ ot (i~1-7) 0 On,m (t —T1,Y— Tz)

+ . [0] "K(x, y, t, ]| — dt

7=0 =0 =0 ( ) X dxt [oyt 2 Iy

e-1 N-1 Y

1 (i=1) 5(7) e-1,p-1

+ d, "9y K(x,y,t,8)0,,," (t—11,5— 12)dsdt

e=1 7=0 Y Y

n—1 xfﬁ] Y i-1) () e—1p-1
+ Zf QYK (x, y,t, SYOu " (t— 11,5 — To)dsdt

n=0 x; yp

p-1 M-1i-2 ¢ e 1p T,

q)fw AR PUSP Upyu” (X = T1,5 = T2)

+ - |0 d,'K(x,y,%,5) -

; u=0 ¢=0 GZ( yp axq [ ] 0x

m=1i-2 4 o..6-1,p-1

q 1 1o (-2-0) ~() 20, (X — 71,8 — T2)

+ Z (0) \fyf o= [& d,'K(x, y,x, s)] E ds

69



Taylor Collocation Algorithms for 2D DVIDEs

p-1 M-1 X yp
+ Zf f o 1)8 K(x,y,t,5)0,,, Ut = 14,5 — To)dsdt.

p=1 u=0 X5 yfl

m—1 X yp
+ Zf o\ 0VK(x, y, t, S) 0y V7Nt — 1y, 8 — 15)dsdt.

u=0 Xy yﬁ

-1 v =2 ¢ — i—D— _ l+0 56~ lp 1

r\(q 977¢ [ 021 ( ! (j-1-7) )l d (x =11,y —12)

n : d K(x,y,t,

;‘ 1=0 qZ:;A 0=0 (l)(g)axq—o OX2 A |y \ Dy [ 2 oy }/)] 9x?9y!

-1 X e l €— 1p 1

r 0 1 [ (j-1- (t Tl/y_TZ)

+ K (x, y, t, ) dt

= ; (Z)l axz 1 ayr 1 [ y y] ayl

-2 q Y 5 g,\e 1p _

q 1 (i-2-9) 7(j) 2’0 (x—11,8— Tz)

+ Z (G) ) 9eio [81 d,'K(x, y,x, s)] E

g=0 =0 Ym

Xy

+f o~ l)8(])K(x Y, b, s)05 " (E = 11,5 — Tp)dsdt.

x5 Jyn
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by integrating Equation (824) from 0 to x

e-1 N-1

o, (x, y)—vnm0y)+fg(z y)dz+ZZ MM(zy “pl(z T1,Y — To) dz

e=0 n=0

n=0
e-1 N-1

+qu+lM(z y)ve1p (z-11,Y —Tz)dz+fM(zy Ui Nz =1,y — o) dz

+ZZIM L(z,y) 0;h.(z, y)dz+Zf L(z, y) 0, (z, y)d2+j;L(Z,y)vnm(Z y)dz

eOr]O

+

+
hhh

+
S
Mé i
MH
%

-1 N-1M-1

+
=
i
—_
TJ

l

—_
=

1l

[,Hrl

I
e=1 n=0 u=0 Yu
1
X PT 1M1 n+1 yfﬁ—l
VMY
0 p=1 n=0 u=0 Xy yfl
-1 m— p
x (1 1m-l xf]+1 yy+1
+ E K(z,y,t,s
0
0 r[:() ‘u:O n yi:
x s €1 N-1 x;’”l Y
+
0 =1 ;]:O xf] ]/51

|
—_

+
S
M:m

T
=

m

+
° =
17
B

P

]
3
|

+
—
N
<
=
N
NS
p
&
Qﬂ)
1
‘D
:
-~
I
AN
w
I
S
N—
&
A
Q/
3

+

Then

71

f K(z, y,t,5)p t—rl,s—fz)dsdt)dz
0o Jo

y
f f K(z,y,t,8)p(t — 11,5 — 12) ds dt) dz
0
fr]+1 f ‘u+1 Z y,t S)U

K(z,y,t,s)0,

x© Y
n+1 e—l,p—l
) K(z,y,t,8)0,
X Y

T (t—11,8—Tp)ds dt)dz
K(z, y,t,5)0; (R Tz)dsdt)dz

(t—11,5—12)ds dt)dz

2 (Y
f ﬁf 1K(z Y, t,5)0,, W — 11,5 = 1) ds dt)dz
u=0 X5 Yu

) G e-1,p-1
Zf f K(z,y,t,8)0,," (t— 11,8 — T2)dsdt)dz

(3.26)

Nt -1y, —10)ds dt)dz
K(z, y,t,5)0,, YN — 1,5 — 15)ds dt)dz

Nt —11,5— 1) ds dt)dz
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yol,
) = 5500+ [ 3 a—g(z D

N-1 20 j Kk

n+1 ] a M 8
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xq+1 akM 8]
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Hence,

i+j 560
M a(i—l)a(j) (xe P
oxidy 1 % 9% Yy

+ 989 ( f f Kx,y, t,9)p(t = 71,5 - Tz)dsdf) (5., o)
0 0
. ) T1 Y
+ V) ( f f KCe y t,8)(t — 11,5 = Tz>dsdf) (5 o)
0 2

i—1\ g1 [ 9! L )' 9D (x5, Vo)
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n-1 j-1 r e . I € 1p T,
r Va1 gi-1 | ! (i-1-1) d'v t T1, yO )
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4 L L (l) e 07770
1 i

] 1 i x=x5 o~ lp-1/ ¢ P
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3.3 Error Analysis

We need the following lemma gives the convergence of the presented method. We

consider the space L*(D) with the norm

H(PHL"O(D) = inf{C eR: |(p(x, y)| < C fora.e. (x,y) € D} < 00,

Lemma 3.3.1 Let g, L, M, and K be (p + 1)-times continuously differentiable functions on their
respective domains. Then there exists a positive constant a(p) such that foralln =0,...,N-1,

m=0,...M-1,€=0,....,.1m=1,p =0,...,rn = 1, and for all integers i, j satisfying

Moreover, for the initial rectangle we have

i+j=0,1,...,p+1, we have

i+]jAEP
"o,

oxidyi

< a(p).

LD

n,m

o000,y) = ulx 1), (xy)e DY

Proof. The proof follows the same steps and ideas as the proof of Lemma 3.6 in [12]. m

Theorem 3.3.1 Assume that the functions g, L, M, and K are (p+1)-times continuously differ-
entiable on their respective domains, and that the history function ¢ is sufficiently smooth. Then
the Taylor collocation scheme defined by equations (B4), (B8), (B14), and (B23) determines a
unique approximate solution

©0) rryep
vE SPrP(HN,M .

Let u(x, y) denote the exact solution of problem (B), and define the error function

e(x,y) =u(x,y) —o(x,v), (x,y) € D.
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Then the following estimate holds:
llellzemp) < C (h + k)PJrl ,

where C is a positive constant independent of the stepsizes h and k.

Proof. Define the error e(x, y) on D by
ezl,gﬂ(x/ ]/) = u(x/ ]/) - Ufll,fr;(x/ ]/), (x/ ]/) € thﬁw

forallme{0,..., N-1},me{0,... M-1},e=0,1,..,11—-1, p=0,1,...,1n—1.

Claim 1. There exists a constant C; independent of & and k such that

0,0 1
||eo,0”L°°(D8j8) < Cl(h + k)P+ .

Let (x,y) € Dgg Using Lemma [C6.3, we obtain

1 || d%u .
|80,0(x/ y)l < — — nkK.
00 i+§+1 il j! || dxidyi oD
Hence, by Lemma B3, we have
1o op)
0,0 < L = p+1
ace vl <ap) ) ik =
i+j=p+1
Therefore,
00 a(p)
legollimopsy < Calh+ kY™, Ci = G+

Claim 2. There exists a constant C, independent of 1 and k such that

el wen) < Cor+kP*,  n=0,...,N=1,  m=0,...,N-1, e=0,...,n-1
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and (n,m,€) # (0,0,0). Let (x, y) € D55, From Equation (BZIT), and the definition of the

approximate solution ¢, we obtain

e-1 N-1

u(x, ) — 55,3, y) = f Lz, )Gz, ) — 20,2, 1)) 2

e

>_n

Il
o

n—1 x€
+ fn L(z, y)(u(z y) - vy 0z, y))

n=0

+ j:x L(Z/ y)(u(zr y) - ZA)Z’,?n(ZI ]/)) dz

n

Hence, taking absolute values and using the boundedness of L, we get

e-1 N-1

juCe, 1) = S < Lllop Y Y. f 4Gz, )~ 00,2, )l dz

e0170

s Y f 4Gz, ) - 00 )l dz

n=0

#llen f 1z, ) - 052, (z, )l d=.

Therefore,
e-1 N-1
1, 9) = 055,06 Y| < llLlloop Y ) eullors
e=0 17—0
+h||L||mDZ el st
n=0
s [ ) - 05 e
Set

W(x) := sup [u(&,y) — 055, y)l.
X, <E<x
yesy,
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Then
e-1 N-1
W(x) < ALl Z el oes
e=0 n=0
n-1 X
MLl Y e e + Ll f W(2) dz.
n=0 Xn

Applying Gronwall’s inequality, we obtain

e-1 N-1

W) < (hnanD I i
e=0 n=0
ot
+hLlep ) ||e;;?n||m;;g,>) exp(|ILllw o).
n=0
Hence,
e-1 N-1
||u "60 ||L‘>°(D€0 < C(h ||e ||Loo(DeO + hZ ||€ ||L°°(D60 )
e=0 n=0

where C > 0 is independent of 1 and k.

Now, by the decomposition

e ) = u(x,y) = 055, y) = (u(x, y) = 055, ) + (050,06, ) = 030,00 ),

we deduce that

0 PN 0 ~ O )
”e;eqlm”Loo(Df{,?n) < ”u 0 ”Loo(DfO + ” o — UZ,%HLDO(D;?”)-

Using Claim 1 and Lemma B3, we have

£€,0 0 1
167 — U;rm”L""(Di’,?n) < C(h + k.
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Set
Te = ”ee/O”L“’(De/U)I €= 0/ 1/ 24 1/
where
|l ||L°°(D€0) = O<111<3]1\]X1 lle nm”Lm (D)
0<m<M-1

From the previous estimate, we have

lle€ uwwo<c@

S=

1 N-1 n-1
el + 1Y ||e,,m||Lw(Degl))
0 n=0 n=0

+C(h + ky+.
Since
0 0 _
||ef,,m||Lw(D~j]ﬁn) <lle ”L“’(Dsro) =T,

and since Nh = 14, it follows that

e-1 N-1 n—1
m%mﬁﬁx@ZXEHwa Mwﬁ+thw
n=0

s=0 n=0

e-1 n—1
:C(Tl iﬂ+h2:mﬁmm@%J+CW+kﬁW
5=0 n=0

Taking the maximum over n and m, we obtain

n—1

T<c{q2:T+h§:wwnwww)+cm+kw4 (3.28)

s=0 n=0

Applying Lemma [C&T to the sequence (Te)gl, we get

n—1
T. < C(h Z ||€f,',9n||Loo(D;;?,,) +(h+ k)p+1) exp(Ctyr1).
n=0
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Hence, there exists a constant C’ > 0, independent of / and k, such that

n-1
T.<Ch Z el ety + C' -+ k2. (3.29)
n=0

Since

0 0 _
”e;,m”Lm(Dﬁ’,?n) < ”e6 ”L‘”(DG’O) = Te/

it follows from (3229) that

n—1
) 2 ' 0 1
||€§,9n||Lm(D;3?n) <Ch ||€f7,m||Lm(D;'?,,) +C'(h+ky*.
n=0

Now, for each fixed € and m, define
o= legmlliopeoy,  n=0,1,...,N-1L
Then )
T, <Ch Z T, + C(h+kp*.
n=0

Applying Lemma L6 once again, this time to the sequence (I',)\-, we obtain

[, < C'(h+ k) exp(C'nh).
Since nh < Nh = 11, we get

[, < C'(h+kyPexp(C'ty).

Therefore, there exists a constant C, > 0, independent of / and k, such that

0 1
”ei,,m”Loo(Di(y)”) S Cz(h + k)p+ ]

where C; is a positive constant independent of / and k. This proves Claim 2.
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Using the same arguments as those employed in Claim 2, we obtain

levlleg) < Coi+kP™, =0, ,N-1,  m=0,.,M-1, p=1,..,n1

Claim 3. There exists a constant C, independent of & and k such that
||eil,pm”Loo(Dflfn) < C4(h + k)p+1;
for

n=0,...,N-1, m=0,... M—1, e=1,...,rn—-1, p=1,...,n-1

Let (x,y) € DZ’fﬂ. From Equation (B26) and the integral equation satisfied by the
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exact solution u, we

u(x,y) = 00 e y) = ) Z

n—1 €
xn+1

+ Z ; M(z, y)(u(z - T1,Y

n=0

fM(z y) u(z—"1,y —Tz)—Unmpl(Z—T1, —Tz))

Z

-1

”M

e-1
=0
-1

7]+
+

h

=
Il

o
=

X

obtain after subtraction

e—-1 N-1

e=0 n=0

f L )(utz y) - 8700z, ) d2

L(z, y)(u(z, y) = 05(z, ) dz

+ | Ley(uey) -0z y))dz

=
Ih

f M(z, y)(u(z - T, Y —T2) — v Lol T, Y — fcz))

— 1) =0}, (E - T,y — o)) dz

2) = V(- Tl,s—’cz))dsdt)dz

K(z,y,t,5) (ut = 11,5 = 1) = 0" (t = 11,5 — T2)) ds dt)dz

K(z,y,t,5) (ut = 11,5 = 1) = 0 " (E = 11,5 — T2)) ds dt)dz

Vo (t—T1,5 = T2)) ds dt)dz

K(z,y,t,5) (u(t — 11,5 — T2) = Uy N (R Tz)) ds dt)dz

(S G EE [ (Y
+ f f f K(z,y,t,5) (u(t - T1,5—1T
0 \Ve=1 p=1 7=0 u=0 Y Yy
x ; €1 N-1 m-1 x;’ﬁl yf,Jrl
L)
0 V=1 =0 u=0 Y% Vi
x/ P~1 n-1 M-1 ’€]+1 yZ.+1
=L
0 \p=1 3=0 u=0 Y Vi
X n_1m-1 xiﬁ-l ny—l
+ f Zf f K(z,y,t,s) (u(t —T1,8 = T2) = Upy
0 - - x€ P
n=0 u=0 n Yu
x / €1 N-1 xiﬁ—l Y
(XX
0 e=1 1n=0 xf] ym
X n-1 ’€]+1 Y o 1p 1
+ Z K(z, y,t,5) (u(t = 11,5 = 72) = Uy (t = 71,5 = 1)) dsdt |dz
0 n=0 xf] y51
2yl 1M1 u+l
1p-1
+f Z f f K(z, y,ts)( (t—71,5 = T2) =V, " (t—Tl,S—’L’z)) dsdt)d
0 p=1 u=0 y#
vl e of,
1,o-1
+ Z f K(z,y,t,s) (u(t — 11,5 = T2) =0, " (E—T1,5— 72)) ds dt)dz
‘u:O xi yfl

+

ﬁh

P
n Ym
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Taking absolute values and using the boundedness of L, M and K, we obtain

e-1 n-1
lu(x, y) = 0,0,(x, )| < Z”ﬁLo lu(z, y) - 9 (z, )| +hLOZ||u (z,y) — 0,z Yl
s=0 n=0

x
+ Lo f |1/l(Z, y) - Z,)i’f,;(z, y)| dz + 1’1’1’1k0(hM0 + 1My + 7"1T1M0

e-1 p-1

T1To + T1T2 + T1T2 + T1T2 + T1k + T1k + Toh + Toh + hk) |le
s=1 p=1

s—1,p— 1”

e-1 p-1
< kof’lTl(ZMo + riMy + 9T1Tz) Z Z e 71| + 11Lo Z |”(Z/ y) —0(z, y)l
s=1 p=1 s=0
n—-1
+hLOZ |u(z ) —vnm(z y)| +Lof |u (z,v) —vnm(z y)|dz
n=0
e-1 p-1 e-1

<cs e+ 7L ) [z, y) = (2, )

p:] s=0

[y

Il
—_

S

+ hi, Z lu(z, y) - 050z, )| + Lo f lu(z, y) - 055z, y)| dz.
=0 &

Using Lemma [C672, we get
e-1 p-1 e-1
|u(x, y) — 0,0 (x, y)| e’ + 71 Lo Z |M(Z, y) —0°(z, y)|
s=1 p=1 s=0
+ hLg Z |M(Z Y) = Om(2, y)| -exp(t1.Lo)
n=0 S——
Ce
e-1 p-1 e-1
<cscs ) Y e+ comilo Y [utz y) - 90 (z, )
s=1 pzl s=0
n-1
+cohl Y [u(z, y) = 850z, )|
n=0
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Using Lemma 6T, for fixed m, €, p

e-1 p-1 e-1
|u(xz y) - @il,%(xr y)I < [¢5C6 e~ + coT1Lo Z |”(Z/ y) =07 (z, ]/)l .exp(ceT1Lo) -
s=1 p=1 s=0 —
c7
Then
e-1 p-1 e-1
|u(x, y) —0(x, y)| < C5C6C7 lle™ 71| + cec711 Lo Z |u(z, y) —07P(z, y)| .
s=1 p=1 s=0
such That
P = max {ve’p }
0<n<N- i
0<m<M-~

Using Lemma [C& T, for fixed p

—————
Cg

e-1 p-1
|”(x/ y) — 07 (x, y)l < [C5C6C7 ||€Sl'p1||] .exp(cec7T1Lot1) -

e-1 p-1

|u(x, y) - @€,P(x’ y)| < C5C6C7Cs Z ”es—l,p—l”.

Y s=1 p

e

I
—_

C9

Using the decomposition

e < s = 001 + 116 = o1l

<o Tl e 2y
T £ (p+1)! '
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Using Lemma [C6.4, we get

€e—

1
o
wws@f%@+wﬂ1|1+ @
) s=0

- a(p)
T (p+1)

< Clo(]’l + k)P+1.

(h+ kP (1 + ra00)¢

By Claims 1 and 2 we already have

le“Plro(pery < C(h + ky*1, e ||ro(pery < C(h + [9las

Hence

€, 1
||en,pm||Loo(Dflfn) < Cy(h + Ky,

where C, is independent of 1 and k. This proves Claim 3.

Now, from Claims 1-3, we know that there exist positive constants C;, C;, and Cy,

independent of & and k, such that
legollqoon) < Cill + k)™,

1
el < b7,
" 1
Il < Coh+ 7,

and

€, 1
lesullioqesy < Calh+ 0P,

for all admissible indices

n=0,...,N—1, m=0,..., M—1, €e=0,...,r11—-1, p=0,.
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Set
C:= max{Cl, Cz, C3, C4}
Since
r1=1r,—1 N-1 M-1
_ €0
D= Dn,m/
€=0 p=0 n=0 m=0
we obtain
llellsoy = max les 5l e pe
0<e<r;-1 ! .
0<p<rn-1
0<n<N-1
0<m<M-1
< C(h + ky'*t.
Therefore,

llu — vll=py < C(h + k)P*,
which completes the proof of Theorem B3 1.

3.4 Experimental Results

In this section, we validate the theoretical results established in the previous sections
by applying the proposed method to numerical examples. In each case, the exact
solution is known, which allows a direct comparison with the approximate solution.
The Taylor collocation method is then used to compute the numerical solution, and its
accuracy is assessed by evaluating the absolute error between the exact solution u and
the approximate solution v. This comparison illustrates the efficiency and accuracy of

the proposed approach.

Example 3.4.1 As a first example, we consider the following problem with time delays t, =
1

Ty = =/

5
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8_u(x )=g(x,y)+x u(x—1 —1)
ox YY) =9 Y y S’y 5

e 1 1
2
+f0 fo (x+y+t+s)u(t—g,s—g)dsdt,

xe[0,1], ye[01].

The exact solution of the problem is given by
u(x,y) = y4 + sin(x).

Accordingly, the function g(x,y) is determined from this exact solution. Numerical results
are obtained by applying the proposed Taylor collocation method for different values of the
polynomial degree p. The absolute errors corresponding to p = 3,4,5 are reported in Table B
and illustrated in Fig. B3 and Fig. Bl It can be clearly observed that the absolute error

decreases as p increases, confirming the accuracy of the proposed method. Moreover, the exact

and approximate solutions for N = M = 5 are shown in Fig. B2

N=M=5
(x, v) p=3 p=4 p=>5
0,0) 0 0 0
(0.1,0.1) 999 x107° 9.74x107 9.74x 10713
(0.2,0.2) 2.00x10™* 2.68x107" 2.68x 107!
(0.3,0.3) 299x10™* 7.63x10711 7.63x107!!
(0.4,0.4) 400%x10™* 749x107'12 7.49x10712
(0.5,0.5) 501x107% 7.62x108 523x10710
(0.6,0.6) 6.03x10* 7.73x107 6.70x 10710
(0.7,0.7) 7.01x10™* 450x10° 4.38x1078
(0.8,0.8) 779%x10™ 1.89x10° 3.90x 1077
(0.9,0.9) 7.84x10™* 6.33%x10° 214x10°°
CPU time (sec) 9.02 9.98 10.67

Table 3.1 Numerical results for Example BZT.
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Absolute error
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CPU time (sec): p=3: 9.02, p=4: 9.98, p=5: 10.67
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Common grid points x=y

10~13

Figure 3.1: Numerical results for Example B2

(a) Exact solution (b) Approximate solution

Figure 3.2: Exact and approximate solution of Example B4 for N = M = 5.
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Figure 3.3: Absolute errors function of Example B4 for p = 3,4, 5, respectively.

Example 3.4.2 As a second example, we consider the following two-dimensional Volterra

integro-differential problem with constant delays

T1 =Ty =

NI

The problem is defined on the domain
(x,y) €[0,1] x[0,1],
and is given by

T v, ) = g5, ) + L, gyt ) + MG,y (x = 2,5 = 2)

2
+f ny(x ts)u(t——s——)dsdt
0 0 ,yl ! 2’ 2 !

where

L(x, y) =0, M(x/ y) = xSin(y)/

and

K(x,y,t,5) = scos(x) + 2sin(t + y).

The exact solution is chosen as

u(x, y) = y cos(x).
Consequently, the function g(x, y) is obtained by substituting the exact solution into the given
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equation.

The Taylor collocation method is applied for N = M = 5 and for different values of the

polynomial degree p. The absolute error is computed by

E(x, y) = |u(x,y) - o(x,y)

7

where u is the exact solution and v is the approximate solution. The numerical results cor-
responding to p = 2,3,4 are presented in Table BA. In addition, the absolute error profiles
are illustrated in Fig. B4. The obtained results show that the proposed method provides ac-

curate approximations for the considered delayed two-dimensional Volterra integro-differential

problem.
N=M=5

(x,v) p=2 p=3 p=4

(0,0) 0 0 0
(0.1,0.1) | 3.53x 107> 353x1071?2 3.53x10712
(0.2,0.2) | 3.18 x 107" 3.18 x 107" 3.18 x 10~!
(0.3,0.3) | 479x 1072 479x107® 4.79x 107"
(0.4,0.4) | 3.06 x 107" 3.06 x 107! 3.06 x 10~
(0.5,0.5) | 2.74x 107> 1.52x10® 1.33x10°®
(0.6,0.6) | 1.03x10™* 298x10°% 6.56x 1077
(0.7,07) | 276 x10™* 3.44x10°° 3.58x10°°
(0.8,0.8) | 6.64x10™* 132x10° 3.47x107°
(09,09) | 1.49%x102 399%x10° 3.97x107°

Table 3.2 Absolute errors for Example B4 with different values of p.

3.5 Conclusion

In this chapter, we proposed a new numerical method based on Taylor polynomials to
construct a collocation solution for approximating the solution of delay Volterra inte-
gral equations (DVIEs) with a spatial variable. Unlike existing approaches, our method
efficiently handles both time delay and spatial dependence in the integral equation,

which is a key challenge in solving such problems
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Figure 3.4: Absolute error profiles for Example B&2 with N = M = 5.

A rigorous convergence analysis confirms that the proposed method is accurate and
stable, with an O(h + k)P*! error bound. Numerical examples validate its effectiveness,
demonstrating that it provides high-precision approximations while maintaining com-
putational efficiency.

The novelty of our approach lies in the extension of the Taylor Collocation Method to
DVIEs with spatial dependence,an area that has received limited attention in previ-
ous studies. Additionally, our method is computationally efficient as it computes the
approximation coefficients iteratively without requiring the solution of any system of
algebraic equations. Moreover, it can be adapted to various delay integral equations
encountered in applied sciences and engineering.

These contributions make our method a powerful and efficient alternative for solving
DVIEs with spatial variables,laying the groundwork for further extensions to higherdi-

mensional problems.
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This thesis has been devoted to the numerical analysis and approximation of delayed
and multi-dimensional Volterra integral and integro-differential equations. Such equa-
tions arise naturally in the modeling of dynamical systems with memory effects, where
the current state depends not only on the present variables but also on past spatial-
temporal interactions. Because of the presence of delay terms and integral operators,
analytical solutions are generally unavailable, making the development of efficient

numerical techniques an important research topic.

The main contribution of this thesis is the development of Taylor collocation meth-
ods for solving classes of delay Volterra integral and integro-differential equations with
spatial variables. The proposed numerical framework combines Taylor polynomial ap-
proximations with collocation techniques to construct accurate approximations of the
exact solution. A significant advantage of the developed algorithms is that the approx-
imation coefficients are computed iteratively, avoiding the solution of large systems of

algebraic equations and leading to a computationally efficient implementation.

Theoretical analyses have established the convergence and stability of the proposed
methods under suitable assumptions, providing a rigorous mathematical justification

for their application. These results guarantee that the numerical approximations con-
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verge to the exact solutions as the discretization parameters are refined.

The effectiveness of the proposed methods has been verified through several numer-
ical examples. The obtained results demonstrate excellent agreement between the exact
and approximate solutions, with very small absolute errors. Furthermore, comparisons
with existing methods confirm that the proposed Taylor collocation approach achieves

higher accuracy while maintaining a simple and efficient computational procedure.

Overall, the results of this thesis demonstrate that Taylor collocation methods pro-
vide reliable, accurate, and flexible numerical tools for the solution of delay Volterra
integral and integro-differential equations. The proposed framework offers an effective
approach for treating a broad class of problems arising in applied mathematics, physics,

engineering, and related scientific disciplines.

Perspectives. Several directions for future research can be considered based on the
results of this work. First, the proposed methods may be extended to nonlinear de-
lay Volterra integro-differential equations and coupled systems. Second, they can be
generalized to higher-dimensional problems involving more spatial variables. An-
other promising direction is the development of adaptive and higher-order collocation
techniques to further improve accuracy and computational efficiency. In addition,
combining the Taylor collocation framework with modern numerical approaches, such
as spectral methods or machine learning techniques, may enhance its performance
for large-scale problems. Finally, applying the proposed methods to realistic mod-
els arising in biology, physics, engineering, and other applied sciences represents an

interesting topic for future investigation.
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