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ABSTRACT

This thesis develops and analyzes Taylor collocation methods for the numerical
solution of Volterra integral equations and their extensions. The work begins with a
Taylor collocation approach for Volterra integral equations with proportional delays,
establishing convergence properties and demonstrating accuracy through numerical
examples. The methodology is then extended to systems of two-dimensional Volterra
integral equations, providing both theoretical convergence analysis and computational
validation. Finally, the method is further generalized to systems of two-dimensional
Volterra integral equations incorporating proportional delays. Throughout each con-
tribution, rigorous convergence proofs are provided, and numerical experiments are

included to illustrate the effectiveness and precision of the proposed algorithms.

Key Words: Integral equation, Integro-differential equations, Collocation method,

Taylor polynomials, Error analysis.



RESUME

Cette these développe et analyse les méthodes de collocation de Taylor pour
la résolution numérique des équations intégrales de Volterra et de leurs extensions.
Elle débute par une approche de collocation de Taylor pour les équations intégrales
de Volterra a retards proportionnels, établissant leurs propriétés de convergence et
démontrant leur précision par des exemples numériques. La méthodologie est ensuite
étendue aux systemes d’équations intégrales de Volterra bidimensionnelles, avec une
analyse théorique de la convergence et une validation numérique. Enfin, la méthode
est généralisée aux systemes d’équations intégrales de Volterra bidimensionnelles in-
tégrant des retards proportionnels. Chaque contribution est étayée par des preuves
rigoureuses de convergence et des expériences numériques illustrant 'efficacité et la

précision des algorithmes proposés.

Mots-clés: Equation intégrale, Equations intégro-différentielles, Méthode de collo-

cation, Polynémes de Taylor, Analyse d’erreur.
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GENERAL INTRODUCTION

Volterra integral equations are fundamental mathematical tools for modeling phenom-
ena characterized by memory effects and hereditary properties. Unlike ordinary dif-
ferential equations, which describe systems based solely on their current state, Volterra
integral equations incorporate the entire history of the system through integral op-
erators. This makes them particularly suitable for applications in physics, biology,
engineering, economics, and population dynamics, where past states influence present

and future behavior.

The inclusion of delays in Volterra integral equations extends their modeling capa-
bilities even further. Delay arguments, particularly proportional delays, arise naturally
in problems where the system’s evolution depends on both current and past configu-
rations scaled in time. Such equations appear in control theory with transmission lags
[36], epidemiology considering incubation phases [13], population biology incorporat-
ing maturation intervals [?7], and materials science characterizing memory phenomena
[47]. The presence of delays introduces significant mathematical and computational

challenges, as the solution must be determined simultaneously on multiple time scales.

Systems of two-dimensional Volterra integral equations represent another impor-

tant extension, allowing the modeling of phenomena with both spatial and temporal



General Introduction

dependencies. These systems arise in fluid dynamics, signal processing, image analy-
sis, environmental modeling, and electromagnetic wave propagation [, 12, ?2]. When
combined with delay arguments, they provide a powerful framework for describing
complex physical and biological processes where memory effects and spatial variations

interact.

Despite their importance, analytical solutions to delay Volterra integral equations
and systems of two-dimensional Volterra integral equations are rarely attainable. This
motivates the development of efficient and accurate numerical methods. Over the past
decades, numerous approaches have been proposed, each with its own advantages and

limitations.

Among the most prominent methods are spectral techniques, which have been suc-
cessfully applied to pantograph-type differential and integral equations with multiple
delays [3]. These methods exploit the global approximation properties of orthogo-
nal polynomials to achieve high accuracy for smooth solutions. Collocation meth-
ods, in their various forms, have proven particularly versatile. Iterated collocation
frameworks offer enhanced convergence through iterative refinement of approximate
solutions [9, T0]. Geometric mesh strategies adapt the discretization to handle solu-
tion singularities near the origin [10], while moving least squares collocation provides

flexibility for irregular domains [T4].

Chebyshev spectral collocation combines the efficiency of spectral methods with
the simplicity of collocation, offering exponential convergence for sufficiently smooth
problems [65]. Multilevel correction approaches improve accuracy through hierarchical

refinement strategies without excessive computational cost [49].

For systems of equations, researchers have developed specialized techniques includ-
ing modified homotopy perturbation methods [23], which extend classical perturbation
ideas to handle nonlinear systems through series expansions. Semi-orthogonal B-spline
wavelet collocation provides a multiresolution approach that captures both global and
local solution features efficiently [38]. Hybrid Legendre block-pulse functions combine

the advantages of orthogonal polynomials and piecewise constant functions for solving

5



General Introduction

systems of Fredholm-Hammerstein integral equations [BY].

In the context of two-dimensional problems, operational matrix methods using hy-
brid functions have been developed to reduce integral equations to algebraic systems
through matrix representations [32]. Legendre wavelet methods offer adaptive refine-
ment capabilities while maintaining computational efficiency [25]. Modified Newton
methods and adaptive iterative regularization schemes have been explored for nonlin-
ear and two-dimensional systems [[I6, 7], providing robust tools for handling ill-posed
problems. Extensions of modified moving least squares methods offer meshless alter-

natives for problems on irregular domains [33].

For systems with delay arguments, differential transformation methods provide an
alternative approach based on Taylor series expansions in a transformed domain. These
methods have been successfully applied to Volterra integral and integro-differential

equations with proportional delays [62].

Despite this rich variety of numerical approaches, the Taylor collocation method,
which combines the high-order approximation properties of Taylor series with the
pointwise satisfaction of collocation conditions, offers distinct advantages for the classes
of equations considered in this thesis. By constructing local polynomial approximations
on each subinterval and determining their coefficients through collocation, this method
avoids complex mesh refinement near delay points and eliminates the need for solving
large global systems. The method’s conceptual simplicity and computational efficiency

make it an appealing alternative to existing numerical schemes [?8, 09, &, 5].

This thesis is devoted to the development, analysis, and numerical validation of Tay-
lor collocation methods for various classes of Volterra integral equations with delays.
The work is organized into four chapters, each addressing a specific type of equation

and contributing to the overall understanding and applicability of the method.

Chapter 1 presents essential preliminary concepts and mathematical tools that form

the foundation for the subsequent chapters. It introduces fundamental Gronwall-type

6
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inequalities, including discrete Gronwall inequalities, Pachpatte’s inequality for two
variables, and Wendroff’s inequality [/, B5, B4, 8]. These inequalities are crucial tools
for establishing stability and convergence results throughout the thesis. The chapter
also presents Taylor’s theorem for functions of two independent variables [41], which
is the cornerstone of the numerical methods developed in later chapters. These basic
lemmas and theorems provide the analytical framework necessary for rigorous error

analysis.

Chapter 2 develops a Taylor collocation method for solving Volterra integral equa-
tions with proportional delays. The method constructs piecewise polynomial approx-
imations using Taylor series expansions on each subinterval of a uniform partition.
A detailed derivation of the numerical scheme is provided, including the determina-
tion of initial derivatives from the original equation and the recursive computation
of Taylor coefficients on subsequent intervals. The convergence analysis establishes
that the numerical solution achieves an order of accuracy equal to the degree of the
approximating polynomials, provided the data functions are sufficiently smooth. Nu-
merical experiments confirm the theoretical predictions and demonstrate the method’s

effectiveness.

Chapter 3 extends the Taylor collocation method to systems of two-dimensional
Volterra integral equations without delays. The method employs bivariate Taylor
polynomial expansions on each rectangular subdomain, with coefficients determined
by solving auxiliary integral equations. A rigorous convergence analysis proves that
the error satisfies an optimal bound in terms of the step sizes. Numerical examples

illustrate the method’s accuracy and confirm the theoretical convergence rates.

Chapter 4 combines and generalizes the previous developments by considering sys-
tems of two-dimensional Volterra integral equations with proportional delays. The
general form includes matrix coefficients and both standard and delayed integral

terms. The Taylor collocation method is extended to handle the added complexity

7
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of delay parameters and the matrix structure [[T]. A comprehensive convergence anal-
ysis demonstrates that the method maintains the same order of accuracy as in the
simpler cases. Numerical experiments validate the theoretical findings and showcase

the method’s applicability to problems with both spatial and temporal memory effects.

Throughout this thesis, emphasis is placed on rigorous mathematical analysis, in-
cluding existence and uniqueness of solutions, stability of the numerical scheme, and
precise error estimates. The theoretical results are complemented by numerical ex-
periments that demonstrate the practical performance of the proposed methods. The
Taylor collocation method presented herein offers a unified framework for solving a
wide range of Volterra integral equations with delays, providing high accuracy, com-

putational efficiency, and conceptual simplicity.

The contributions of this thesis are both theoretical and practical. On the theoretical
side, we provide complete convergence analyses establishing the order of accuracy
for each class of equations considered. On the practical side, we present fully im-
plementable algorithms and validate them through extensive numerical testing. The
methods developed are suitable for applications in science and engineering where high

precision is required.

Future research directions, discussed in the concluding sections of each chapter,
include extensions to nonlinear equations, development of adaptive strategies, and
applications to more complex functional equations arising in real-world problems.
The work presented here lays a solid foundation for these future investigations and
contributes to the growing body of knowledge on numerical methods for functional

equations with memory and delay.



CHAPTER 1

PRELIMINARIES AND
FOUNDATIONAL TOOLS



Preliminaries and Foundational Tools

In this chapter, we present the fundamental concepts and foundational principles
that underpin the discussions to follow. These preliminary ideas are essential for build-
ing a clear understanding of the topic and establish the key definitions and theorems
required. By outlining these core elements, we aim to ensure a logical and coherent

progression throughout the text.

1.1 Taylor Series and Taylor’s Theorem

The Taylor series, sometimes called the Taylor expansion, is a way of writing a function
as an infinite sum built from the values of its derivatives evaluated at one particular
point. It serves as a powerful tool for approximating functions that would otherwise
be difficult or impossible to compute exactly. For many common functions, this series
converges to the actual function near the chosen point. It bears the name of Brook
Taylor, who first presented the idea in 1715. When the expansion is centered at zero,
it becomes a special case called the Maclaurin series, a form studied in depth by Colin

Maclaurin during the eighteenth century.

1.1.1 Taylor’s Theorem for Functions of One Variable

Definition 1.1.1 For a function 1 that is differentiable up to order r+1 at the point x,, Taylor’s

theorem provides the following approximation of Y (x) near xy:

1 (r
¥ Z(TO)(x — x4+ id r(!xO)

(x = x0)" + Ry (x),

P(x) = Plxo) + P (x0)(x = x0) +

where R,(x) represents the remainder term that quantifies the error incurred by truncating the
series after v terms. The remainder can be written in various forms, with one common expression

being the Lagrange form:

w(r+1)(£)
(r+1)!

R.(x) = (x = x0)™",
where & is a point between x, and x.

10
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1.1.2 Taylor’s Theorem for Functions of Two Variables

For functions depending on two independent variables, Taylor’s theorem extends nat-

urally as follows.

Theorem 1.1.1 ([41]) Let H be m times continuously differentiable on Q) = [a, B] X [, 6] and
let (so, to) € Q. Then for all (s, t) € Q, we have

m—1

1 I H(sy, t
1 8k+1H(s ) L |
k'l' akatl ( _SO) (t_tO)/

k+l=m

where

s:= As+ (1= A)so € [a, B, A€ (0,1).
F=At+(1-Mh€ly, o],

This theorem provides the mathematical foundation for the Taylor collocation meth-
ods developed in subsequent chapters. The remainder term allows us to estimate the

error when approximating a function by its Taylor polynomial.

1.2 Integral Equations

An integral equation is one in which the unknown function w(z) appears under an
integral sign. Such equations serve as a powerful and versatile tool across pure and
applied mathematics, and play an important role in modeling a wide range of physical
phenomena. Numerous initial-value and boundary-value problems involving ordinary
or partial differential equations can be reformulated instead as equivalent integral

equation problems.

11
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1.2.1 General Form

A common linear form of an integral equation is expressed as:

5(2)
Az)w(z) = g(z) + u K(z, t)w(t)dr,

a(z)

Here u denotes a constant parameter, while K(z, 7) is referred to as the kernel of the
equation. The unknown function w(z) occurs under the integral sign, and depending

on the equation, it may also appear outside the integral simultaneously.

Note that A(z), g(z), and K(z, 7) are given functions, whereas the integration bounds
a(z) and B(z) may be constants, variables, or some mixture of the two.
1.2.2 Classification of Integral Equations

Integral equations can be categorized into a wide range of types, each with distinct the-
oretical and numerical characteristics. One key distinction is between one-dimensional
and multi-dimensional integral equations, and within each of these categories, integral

equations can be classified as either linear or nonlinear.

Classification by Integration Limits

A further classification depends on the limits of integration, with two main types:

e Fredholm integral equations: If the limits of integration are constant, the equa-

tion is referred to as a Fredholm integral equation, which has the form:

b
Az)w(z) = g(z) + u f K(z, t)w(t)dr,

where a and b are constants.

e Volterra integral equations: If at least one limit is variable, the equation is known

12
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as a Volterra integral equation, with the form:
Az)w(z) = g(z) + p f K(z, t)w(t)dr.

Both Fredholm and Volterra integral equations can be either homogeneous or in-
homogeneous. If g(z) = 0, the equation is classified as a homogeneous Fredholm or

Volterra integral equation.

Classification by the Coefficient Function

Additionally, integral equations are also classified based on how the function A(z)

appears, as outlined below:

e First kind: If A(z) = O, the equation is called a first-kind Fredholm or Volterra

integral equation.

e Second kind: If A(z) = 1, the equation is called a second-kind Fredholm or

Volterra integral equation.

e Third kind: If A(z) # 0 and A(z) # 1, the equation is referred to as a third-kind

Fredholm or Volterra integral equation.

1.3 Leibniz Rule for Differentiation of Integrals

One effective method for solving integral equations consists of transforming them
into equivalent differential equations. The Leibniz integral rule offers a formula for
differentiating under the integral sign and is named after Gottfried Wilhelm Leibniz,

who formulated it in the seventeenth century.

Theorem 1.3.1 (Leibniz integral rule [46]) Consider ¢(z,7) as a continuous function, and

13



Preliminaries and Foundational Tools

assume that d,¢ is continuous within the domain [z, z1] X [0, T1]. For the integral expression

B(2)
D(z) = P(z, 1)dr,

a(z)
the derivative of ®(z) with respect to z is given by:

B(2)

D'(z) = P(z, B(2))' (2) — P(z, a(z))a’ (z) + d.9(z, T)dt.

a(z)

1.4 Piecewise Polynomial Spaces

Piecewise polynomial spaces are mathematical constructs used to approximate func-
tions over an interval by partitioning the domain into smaller subintervals and defining
a polynomial on each of them. These spaces serve as a cornerstone in areas such as
numerical analysis, the finite element method, computer-aided design, and data in-
terpolation, where they provide a flexible and localized means of capturing complex

behavior across a domain.

1.4.1 One-Dimensional Piecewise Polynomial Spaces

Let Ay = {x;: 0 = xp < x3 <--- <xy = L} represent a grid (or mesh) on the interval
[0, L], with the stepsize defined as h =
t=0,..., N-1.

ﬁ. Define the subintervals 6, = [x,, x,41] for

Definition 1.4.1 For the grid Ay, the piecewise polynomial space S(pd)(AN) is defined for

parameters p > 0 and =1 < d < p as follows:
SY(Ay) = fu € C([0,L]) : uls, € P, 0< £ <N —1J,

where P, represents the space of real polynomials whose degree does not exceed p.

14
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It can be shown that S;d)(AN) is a (real) linear vector space, and its dimension is given by:
dim S¥(Ay) = N(p —d) +d + 1.

Remark 1.4.1 The specific piecewise polynomial space S(pdl J(AN), where p > 1and d > -1,
has dimension Np +d + 1. It can be regarded as the natural collocation space for approximating
solutions to initial-value problems associated with ordinary differential equations or Volterra

equations.

The choice of the reqularity parameter d is dictated by the number of prescribed initial
conditions, while the term Np reflects that p distinct collocation points should be allocated to

each of the N subintervals 6,. Consequently, the appropriate selection for d is as follows:

e For Volterra integral equations with no initial conditions, we take d = —1.

e For first-order ordinary differential equations or Volterra integro-differential equations

subject to one initial condition, we set d = 0.

e Forordinary differential equations or Volterra integro-differential equations of orderk > 2,

which involve k initial conditions, we choose d = k — 1.

1.4.2 Two-Dimensional Piecewise Polynomial Spaces

For problems involving two independent variables, we construct tensor-product spline

spaces.

Definition 1.4.2 Let Ay = {x, : 0=xp<xy <---<any=Lland Ay ={ym : 0= yo < y1 <
-++ < ym = K} be partitions of the intervals [0, L] and [0, K], respectively. Let Ony = An X Ay
denote the resulting rectangular grid on QQ = [0, L] X [0, K].

The bivariate piecewise polynomial space S;__ll),q_l(GN,M) is defined as the tensor-product

space:

81,1 @n) = S, (AN) ® S (Aw),

15
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where S;__ll)(AN) and S;__ll)(AM) are the univariate spline spaces with discontinuity at the grid

points.

Elements of this space may exhibit jump discontinuities across the interior grid lines x =

x,(mn=1,..., N=-1)andy =vy,, (m =1,..., M—1), and the space itself has dimension NMpq.

These spaces will be used throughout this thesis to construct approximate solutions

to Volterra integral equations in both one and two dimensions.

1.5 The Collocation Method

The collocation method offers an effective numerical means of approximating solutions
to differential and integral equations. It works by choosing a finite-dimensional space
of candidate solutionsusually polynomials of some fixed degreetogether with a set of
points in the domain known as collocation points, and then determining the solution

that satisfies the equation exactly at those chosen points.

1.5.1 General Principles

The collocation method can be summarized in the following steps:

1. Choose a finite-dimensional space V of approximating functions (e.g., polyno-

mials, splines).

M

2. Select a set of collocation points {t;}.”, in the domain.

3. Find v € V such that the equation is satisfied exactly at each collocation point.

This approach transforms the original infinite-dimensional problem into a finite

system of algebraic equations that can be solved numerically.

16
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1.5.2 Variants of the Collocation Method

The collocation method is highly versatile and can be adapted to a wide range of

equation types:

e For ordinary differential equations: Prominent variants include the Chebyshev
collocation method, which builds solutions from Chebyshev series; the Legendre-
Gauss collocation method, tailored to initial value problems for second-order
ordinary differential equations via Legendre-Gauss interpolation; the Bernstein
collocation method, which relies on Bernstein polynomials to tackle nonlinear
ordinary differential equations; and the block hybrid collocation method, formu-

lated specifically for third-order ordinary differential equations.

¢ For partial differential equations: Important approaches include the sparse grid
stochastic collocation method, which draws on a Smolyak-type sparse grid to
estimate statistical properties of partial differential equation solutions; the wavelet
collocation method, grounded in the autocorrelation functions of Daubechies

wavelets; and the spline-collocation method, built on B-spline representations.

e For integral equations: Specialized techniques encompass the Galerkin colloca-
tion method, commonly used for first-kind integral equations, and the iterated
collocation method, which is especially well suited to nonlinear second-kind

Volterra integral equations.

1.5.3 Advantages of Collocation Methods

The performance of the collocation method depends on several factors, including the
choice of collocation points, the selection of basis functions, and the characteristics of
the equation under consideration. Proper attention to these elements is essential for

ensuring convergence and accuracy in the approximated solution.
A major strength of the collocation method lies in its flexibility. In some implemen-

17
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tations, such as node-based techniques, it can be applied without the need for meshing,
thereby significantly reducing computational complexity. This ease of implementa-
tion, combined with its capacity to accommodate complex boundary conditions and
irregular domains, establishes it as a powerful and adaptable tool in numerical anal-
ysis. Moreover, with an appropriate choice of basis functions and collocation points,
the method can achieve highly accurate approximations across a broad spectrum of

problems.

1.6 The Taylor Collocation Method

The Taylor collocation method is a numerical technique employed to solve various
types of differential, integral, and integro-differential equations by representing the
solution as a finite Taylor series. The approach involves selecting specific pointscalled
collocation pointsand determining the coefficients of the Taylor series so that the equa-

tion is satisfied exactly at those points.

1.6.1 Historical Development and Literature Review

Initially applied to Volterra integral equations, the method has since been refined and

extended by numerous researchers:

e Karamete and Sezer [?4] proposed a spectral Taylor matrix collocation approach
for linear integro-differential equations, based on truncating the Taylor series.
Their technique converted the integro-differential equation into a system of alge-

braic equations through Taylor matrix representations.

e Laibetal. [8,29] formulated numerical methods grounded in Taylor polynomials
for approximating solutions of delay integral and integro-differential equations.

Their Taylor collocation method was applied to systems of nonlinear Volterra

18
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delay integro-differential equations, demonstrating its effectiveness for problems

involving delay terms.

e Biremetal. [4, 5] extended the method to two-dimensional Volterra integral equa-
tions and Goursat problems, demonstrating that the Taylor collocation approach

can be successfully adapted to higher-dimensional settings.

These contributions have significantly broadened the applicability of the Taylor
collocation method to a diverse array of complex mathematical problems across various

disciplines.

1.6.2 Scope of the Present Work

In this thesis, we aim to build upon these foundational contributions by extending
the Taylor collocation method to a wider class of Volterra integral equations, with
a particular focus on two-dimensional systems involving proportional delays. By
addressing both linear and nonlinear formulations, this research seeks to enhance the
method’s applicability and to provide more efficient numerical solutions for a broader

range of integral equation problems.

The Taylor collocation method offers several key features that make it especially

well-suited to these problems:

e High-order accuracy for smooth solutions, with convergence rates matching the

degree of the approximating polynomials.

e Conceptual simplicity, grounded in the well-established framework of Taylor

series expansions.

e Computational efficiency, as it avoids the need to solve large global systems by

constructing approximations locally.

e Flexibility in handling diverse equation types, including those with delay argu-

ments.
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1.7 Comparison Theorems and Inequalities

In this section, we review several fundamental theorems concerning discrete and con-
tinuous inequalities. These theorems are essential for constructing the proofs required
to establish the convergence of the approximate solution to the exact solution, a topic

that will be addressed in the chapters that follow.

1.7.1 One-Dimensional Discrete Gronwall Inequality

The following discrete Gronwall inequality is fundamental for analyzing the stability

and convergence of numerical methods for one-dimensional problems.

Lemma 1.7.1 ([Z]) Let (o), be a non-negative sequence and suppose the sequence 1, satisfies

n—1
nnS,80+Zozi17i, n>0,
i=0

with By > 0. Then,

n—

1
ajl, n=x0.
0

]:

M SﬁoeXp[

1.7.2 Continuous Gronwall Inequality

For problems involving continuous functions, the following continuous version of

Gronwall’s inequality is essential.

Lemma 1.7.2 ([T5]) Let p(t) be a positive, monotonic nondecreasing function, and let u(t) > 0,

v(t) > 0 be continuous. If

u(t) < p(t) + f v(s)u(s),ds, a<t<b, (1.1)
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then, t
u(t) < p(t)exp (f v(s), ds), a<t<hb. (1.2)

1.7.3 Pachpatte’s Inequality for Two Variables

For problems involving sequences depending on two indices, Pachpatte’s inequality

provides a two-dimensional discrete analogue of Gronwall’s inequality.

Lemma 1.7.3 ([B5]) Let y(i, j), A(i, j) and u(i, j) be non-negative sequences such that A(i, j) is

nondecreasing in each variable i and j. If

i-1 j-1

v, j) < AG ) + up, 9y, 9),
p=0 g=0
foralli,j €N, then
i-1 j-1
v, ) <AGH[T|1+)] u(m)], i,jeN.
p=0 q=0

1.7.4 Two-Dimensional Discrete Gronwall Inequality

A more specialized two-dimensional discrete Gronwall inequality, suitable for certain

recursive structures, is given below.

Lemma 1.7.4 ([34]) Let w,,, be a given non-negative sequence, and let c¢;, (i = 1,2,3) and ©

be strictly positive. If the sequence w,,,, satisfies

-1 n-1 m-1
m < hC]Za)rm +kc22a)m +hkC3 We +© (13)
n=0 &=0 n=0
foralln=0,1,...,N,m=0,1,..., M, then
W < O exp (k(Nh + Mk)) (1.4)
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where « = 3 (c1 +0p + A/(c1 + )2 + 4c3).

1.7.5 Wendroff’s Inequality

For continuous functions of two variables, Wendroff’s inequality provides a powerful

tool for bounding solutions to two-dimensional integral inequalities.

Lemma 1.7.5 ([48]) Consider ¢ and 1), two continuous, non-negative functions on [p,q] X
[r,s], together with x, a non-negative function that is twice continuously differentiable on

[p,q] X [r,s] X [p,q] X [r,s]. Under these conditions, the inequality

Y(u,v) < P(u,v) + fu fv X, v,7,0)P(t,0)dodt, (u,0)€[p,q] X|[rs], (1.5)
p r

leads to the bound
(u,v) < p(u,v) (u UT(,)dd),(,)GI,]X[,], (1.6)
Y(u,v qi)uvexpfpfr T,0)dodt u,v) €[p,ql x[r,s

where

I'(u,v) = x(u,0,u,v) + f dx(u,v,7,0)dt

p
0
+ dx(u,v,u,0)do
r

+f f 201 x(u,v,7,0)dodr.
p T

These comparison theorems form the analytical backbone of this thesis. They will be
invoked repeatedly in the convergence analyses presented in the following chapters,
providing the necessary tools to establish rigorous error bounds for the proposed

numerical methods.
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CHAPTER 2

TAYLOR COLLOCATION METHOD
FOR SOLVING VOLTERRA INTEGRAL
EQUATIONS WITH PROPORTIONAL
DELAYS
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2.1 Introduction

This chapter develops a computational approach for constructing approximate solu-
tions of Volterra integral equations with a proportionally scaled argument, formulated

generally as:

u(t) = g(t) +f0 M (t, s)u(s)ds + foa My(t, s)u(s)ds, teQ:=[0,71], (2.1)

where the delay parameter a satisfies 0 < a < 1. It is assumed throughout that g(f),
M(t,s), and M,(t, s) are sufficiently smooth on their respective domains €3, R; = {(f,s) :
0<s<t<T},and R, = {(t,s) : 0 <s < at,t € Q). Questions of existence and
uniqueness for solutions of (1) have already been addressed in earlier work, such as

[08].

A particular instance of equation (1) is the delay integral equation:

u(t) = g(t) + f: N(t,s)u(s)ds, teQ,

which emerges by selecting M; = =M, =: N.

Equations of this type offer a robust mathematical structure for representing systems
whose current state u(t) depends upon its complete history and a particular prior state
u(at). Such formulations prove essential across diverse scientific disciplines, including
control theory with transmission lags [B6], epidemiology considering incubation phases
[T3], population biology incorporating maturation intervals [?7], and materials science

characterizing memory phenomena [47].

The advancement of numerical schemes for these equations continues as an ac-
tive research domain. Multiple strategies have been effectively implemented, includ-
ing Legendre spectral techniques [3], collocation procedures [43], iterated collocation
frameworks [9, 0], least-squares collocation [14], multilevel correction approaches [29],

and Chebyshev spectral collocation [65].
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This contribution focuses on developing and examining a Taylor Collocation Method
(TCM) for the equation class represented by (Z1). Our methodology approximates the
unknown solution u(t) locally using Taylor expansions, whose coefficients are estab-
lished by enforcing the equation at a collection of collocation points. The proposed
technique offers several distinct advantages, most notably its capacity for high-order
accuracy when the true solution exhibits smoothness, its conceptual simplicity that cir-
cumvents intricate mesh refinement near the delay argument at, and its computational

efficiency stemming from a direct determination of the solution’s series representation.

While Taylor expansions have been utilized in various numerical contexts, their
implementation as a direct collocation technique for this particular category of de-
lay Volterra equations remains comparatively unexplored. This gap in the literature
establishes the novelty of our contribution. We substantiate the proposed methodol-
ogy with a rigorous convergence analysis and demonstrate its practical effectiveness
through a sequence of computational experiments. The results indicate that the Taylor
Collocation Method constitutes a highly accurate and efficient solver, positioning it
as a compelling alternative to existing numerical schemes for this significant class of

problems.

2.2 Description of the Method

For a fixed positive integer N, let Py denote a uniform partition of the solution domain
Q = [0,77], determined by the nodal points t, = vAt, forv =0,1,...,N — 1, with step
size At = 7 /N. The subintervals are given by Q, = [t,,t,41) forv =0,1,...,N =2,
and Qn_1 = [ty-1, tn]. Let IP,_; denote the set of all real polynomials of degree at most
r — 1. The piecewise polynomial space of degree r — 1, with no continuity requirements
imposed at the partition points, is defined as:

SE:?(PN) ={w:w, =wlg, € P,., v=0,...,N-1}.
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This space Sij) (Pn) forms a real vector space of dimension Nr.

The goal is to construct an approximate solution w € Sij) (Pn) to the exact solution
u of (1), where the coefficients of the local polynomials w,, for v =0,...,N -1, are

obtained via Taylor series expansions on each subinterval €,

The exact solution u is first approximated on the initial interval Q) by the polyno-

mial:

r—1
wo(t) = ”()(0) H, teQ. 2.2)

j=0

The derivatives u)(0) are found by differentiating the original equation (1) j times:

j-1 1 t
u(t) = g0 + Y [0 Mt pu] f O My (t, 5)u(s) ds
i=0 0
O G-1-)
+a2[8£l)M2(t,at)u(at)] +f 8§])M2(t,s)u(s)ds
i=0 0
: S (-1 =i\ 1 (j-1-i=0) '
=g +) ( )[agﬂml(t,t)] uO() + f Y My(t, s)u(s) ds
- 0
' N ) 1—ie at
ra) J ; l) [00Matt at)] " atuO(at) + fo 9P Ma(t, s)u(s) ds,

which, upon evaluation at t = 0, yields:
-1 j-1-i j- 1— ) o)
u (]) ! )
0) = g9(0) +ZZ(; ;( p )[a Mi(t, t)] (0) u(0)
-1 j-

Vi _ i
ta (] él) l)af [0 Mat, 0] @ u(0),

forj=0,1,...,r=1.

Subsequently, for v € {1,2,...,N — 1}, we approximate u on the interval Q, by the

polynomial:

=1 _(j)
Z ](t”) ~t), teqQ, (2.3)

j=0
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where @, is the exact solution of the local integral equation:

v-1 Fietl t
a0 =90+, [ M0+ [ M6 d
k=0 v tx t ) 4)
vo=l At at 2.
+ Z My(t, s)w,(s) ds + f My(t, s)wy,(s) ds,
k=0 Yk by
with at € Q),,.
The derivatives zb(vj )(tv) are obtained by differentiating (Z4) j times:
: . o (" S (j-1-)
() = g0(t) + Z f I Mt sywi(s)ds + ) [o Ma(t, (b))
k=0 vt i=0
vo—1 K+1 .
f OV My (t, 5)@, (s) ds + Z f 3V My(t, s)w,(s) ds (2.5)
+a Z [&‘”Mz(t ab)w,, (at) f O Miy(t, 5w, (s) ds,

leading to the following expression at t = t,:

0t = w”+ZfKWMMMM@%

j-1 j-1-i ,, . . .
-1- ; (-1-i=0)
+ Z( MWM@W (t) @ (1)

i=0 (=0 f
vo—1 Fierl .
+ 3 My(t,, s)w,(s) ds

-1 j-1-i ,. . i—1-i-0)
+a (] ! Z)a" [00Matt an)] " (1) wOat,),

forjefo,1,...,r =1}
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2.3 Convergence Analysis

This section is dedicated to a rigorous convergence analysis of the proposed Taylor
Collocation Method. Our primary objective is to establish that the numerical solution
w converges to the exact solution u of (1)) at a rate of O((At)"), where r is the degree
of the local Taylor polynomials, provided the data is sufficiently smooth. The analysis

proceeds in two main stages.

First, we prove a lemma establishing uniform bounds on the derivatives of the
local solutions @,. This step is essential, as these bounds directly control the local

approximation error of the Taylor polynomial.

Second, building upon these preliminary results, we prove the main convergence
theorem. The error analysis is conducted separately on the initial interval and the

subsequent subintervals.

Lemma 2.3.1 Let g, My, and M, be r-times continuously differentiable on their respective
domains. Then, there exists a constant f(r) > 0 such that for allv = 0,1,...,N — 1 and
j=01,...,r,

1@y < B,

provided At is sufficiently small, where @Wo(t) = u(t) for t € .

Proof. The argument proceeds in two parts.
Part 1. There exists f1(r) > 0 such that IIZTJf,j)IILoo(QV) < Ba(1).

Let bi = ||w1(/j)||L°0(Qv). Forallj=0,1,...,7, we have

b < max {|[uPfl=@y, j=0,1,...,7} = i(). (2.6)

Part 2. Forv=1,...,N—1,since 0 < a < 1, it follows that vy < v.
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Define I', = max {bi i = O,...,r}. From (Z5), forallj=1,...,r,

j-1

bl < C, + 2C,At Z T, +(Cs + aCs) Z b+ 2C,AL DY,
where

C = max{llg(j)lle(Q) :j=0, ...,r},
G max ||8(] M1||L°°(R1), ||3JM2||L°°(R2) j=0 7’},

{( 1)”[39%@, O] ),
] 1-
£

Let C4 = C3 + aCz + 2C,7 . Then,

Cs

)||[a<l’M2(t at)] V" ey 1 j =1, =0,...,j-1;,£=0,...,j-1- i}.

v— J—
bl <Ci+ 2c2AtZ T, +Cy Z b 2.7)

Fixing v € {1,...,N — 1} and applying Lemma ["ZT to (Z7) yields:

v—1 j-1 v-1
bl < (Cl +2C,At Z r) exp (Z C4] < C1 exp(rCy) +2C; exp(rCy) At Z T,
k=0 =0 k=0

Cs Ce

<Cs+ C6At2 I..

Applying Lemma [CZ1 once more gives, forallv=1,..., N - 1:
v—1

I', < Csexp (C6 Z At] < Csexp(CeT).
x=0

The result follows by taking f(r) = max {B1(r), C5exp(C¢7)}. m

Theorem 2.3.1 Let g, My, and M, be r-times continuously differentiable on their respective

domains. Then, equations (Z2) and (Z3) define a unique approximation w € SE:?(PN), and
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the error & := u — w satisfies

IEllr~) < C(At)"

for sufficiently small At, where C is a constant independent of At.

Proof. We again proceed in two steps.

Part 1. There exists El > 0, independent of At, such that |||z~ < El(At)’, where
Eo(t) = |u(t) — wo(t)| for t € Q.

For t € )y, Lemma 23T implies that for sufficiently small At,

p(r)

16| (a) .
—y

1Go(B)] = [u(t) — wo(t)| < T—(At)r

Part 2. There exists Ez > 0, independent of At, such that [|5,[|1~q,) < Ez(At)’, where
E() =u(t)—w,(t) forvell,..., N -1}

For t € Q),, it follows from (Z-4) that

v-1 Fiet1 ¢
u =50 =Y, [ MG+ [ M0 - 0.6)ds
K:SO_l 1\ Fiet1 L at
+Z Mo(t, s)E(s) ds + f Mot $)E,, () ds.
x=0 vt by

Since vy < v and at < t, we obtain
-1 ot
-l <Y ARIEN + K [ =i,
x=0 ty

where K = 2 max {||M1||L°°(7z1), ||M2||Lm(7zz)}-
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Applying Lemma [C72:

v-1 t -1
it = @yl < [ZA ||8K||]exp( f st)s At K exp(TK) (1.l
K by x=0 —
A

<

[y

< ) AtA]E

K

I
o

Consequently,

[l ”L ~0,)

v-1
1801 <l = @,l1 + [0, —will < Y At A TS +

k=0

(At)".

Invoking Lemma 31 and then Lemma L7, we find:

-1
I1E,]] < @(At)rex [Z AtA| < & exp(T A)(ALY.
: x=0

Taking C, = exp(TA) completes this part.

The theorem is proved by setting C = max {(~?1, Ez} [

2.4 Numerical Experiments

This section presents the numerical validation of the Taylor Collocation Method. To test
its performance, the scheme is applied to several Volterra integral equations involving
proportional delays, each with a known exact solution available for comparison. All

calculations reported below were carried out using Maple 17.

Example 2.4.1 ([54]) Consider the following pantograph-type Volterra integral equation:
t

u(t) = (= + t + e’ + t(at — 1)e* + f ts u(s)ds,

at
where the kernels are My(t,s) = —My(t,s) = ts, and the exact solution is u(t) = €.
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Table U1 and Figure U0 display the absolute errors between the exact and approximate

solutions for N = 10 and various values of polynomial degree v and «. Table 2 shows a

comparison between the sinc-collocation method [64] and TCM for r = 7.

Table 2.1: Absolute errors for Example "2

t a=0.1

a=0.5

a=0.99

r=5

r=7

r=>5

r=7

r=5

r=7

4.64 x 10710
4.11x 10710
2.77 x 10710
1.21 x107°
1.62 x 107°
2.87 x107°
4.86 x 107
8.00 x 107°
117 x 1078
222 %1077

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.87 x 1071
6.40 x 10711
4.67 x 10710
489 x 10710
5.75 x 10710
3.22x1071°
1.10 x 107°
1.98 x 1071
1.29 x 1071
2.63x 10710

4.67 x 10710
414 x 1071
3.82x 1071
1.24 x107°
1.67 x 107°
2.00x 107
3.54x 107
4.60 x 107
7.78 x 107
217 x 1077

1.87 x 1071
6.40 x 1071
437 x 10710
4.83 x 10710
7.85 x 10710
8.20 x 10710
4.71 x 10710
458 x 10710
1.29 x 107?
1.43 x107°

7.40 x 1071
3.24 x 10710
4.56 x 10710
1.84 x 10710
1.32x 1077
1.70 x 1071
419 x 10710
1.34x 1077
1.10x 107°
1.15x 1077

2.06 x 10~1
1.10 x 107°
8.33 x 10710
1.96 x 10710
2.08 x 10710
8.31x 10710
6.39 x 10710
6.85 x 10710
1.24 x 107°
1.52x107°

Table 2.2: Maximum error comparison between TCM and Sinc-Collocation for Exam-

ple 4T
o TCM Sinc-Collocation [54]
N =10 N =30 N =10 N =30
0.01 |1.11x1077 1.84x1077 | 3.73x10® 5.50x 1071
0.09 | 1.11x107° 1.92x107° | 457x10° 3.61x107°
0.1 |1.10x10™° 191x107° |419%x10°® 525x107°
05 | 1.43x107° 1.87x107° | 8.84x10™°> 4.09x1077
099 | 1.52%x107° 1.52x107° | 1.75%x 10> 7.55x1078

Example 2.4.2 To provide a comprehensive evaluation of the proposed Taylor Collocation

Method (TCM), we compare its performance with two classical quadrature methods: the re-

peated trapezoid quadrature method and the repeated Simpson quadrature method with variable

step [BZ]. For this comparison, we consider the following Volterra integral equation:

t
u(t) =t +f Mq(t,s)u(s)ds, tel :=10,0]
0

(2.1)

with ® = 2 and the kernel My(t,s) = %ts. The exact solution of this equation is u(t) = te!’ 15,

We compute the absolute errors at equally spaced points t = 0,0.2,...,2 for each method.
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lo—'.l' i

lo—ﬂ- i

1077 3

Absolute Error (log scale)

10-110

0.4 0.6

0

0.8 1.0

Figure 2.1: Absolute error for a = 0.1 and «a = 0.5 for Example "4

Table '3 and Figure 2 present the comparison of the TCM (r = 10) with the repeated

trapezoid method and the repeated Simpson method.

Table 2.3: Comparison of absolute errors for Example 22

t | TCM (r = 10,N = 10) | Repeated Trapezoid | Repeated Simpson

0.0 0 0 0

0.2 2.93x 1071 1.30 x 107 3.56 x 107°
0.4 1.48 x 10710 5.40x107° 2.89x 1078
0.6 3.59 x 107 1.26 x 107 1.01 x 1077
0.8 1.02x 107 2.38x107* 257 x 1077
1.0 1.35x 10710 411x10™ 5.61 x1077
1.2 2.32x 10710 6.83 x 107 1.14 x 10°°
1.4 3.20x107° 1.13x 1073 223x10°°
1.6 329 x 1078 1.87 x 1073 4.35x107°
1.8 450 x 1078 3.15x 1073 8.55x107°
2.0 8.27 x 1078 543 %1073 1.71x107°

2.5 Conclusion

This chapter presented a Taylor Collocation Method (TCM) for solving linear Volterra

integral equations with a proportional delay. The method constructs local Taylor poly-
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102 4
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Figure 2.2: Comparison of absolute errors for Example 2.

nomial approximations on a uniform mesh, determining coefficients through collo-
cation. This approach avoids complex mesh refinement near the delay point and

circumvents solving large global systems.

A rigorous convergence analysis established that the method achieves O((At)")
accuracy for sufficiently smooth solutions. Numerical experiments confirmed this
high-order convergence across various delay parameters, demonstrating the method’s

robustness and reliability.

Future work may extend this approach to nonlinear problems, more complex func-

tional equations, and adaptive step-size strategies.
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CHAPTER 3

TAYLOR COLLOCATION METHOD
FOR SOLVING A SYSTEM OF
TWO-DIMENSIONAL VOLTERRA
INTEGRAL EQUATIONS
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3.1 Introduction

Systems of two-dimensional Volterra integral equations (2D-VIEs) are fundamental
mathematical tools for modeling complex phenomena in diverse scientific and engi-
neering domains. These systems arise naturally in fluid dynamics, signal processing,
control theory, mathematical biology, image analysis, environmental modeling, and
electromagnetic wave propagation [, 12, P7]. A typical linear system of 2D-VIEs has

the form:

Hbl (X, y) = fl (x, }/) + j(;x j(;y [Hl,l (X, y/ t/ S)'qbl (t/ S) + Hl,Z(x/ y/ t/ S)IPZ(t/ S)] det/
o, y) = o) + [ [ [Hoa(x, y, 1, )Pt s) + Hoo(x, y, t,s)a(t, 5)] dsdt,

(3.1)

where (x,y) € Q = [0,a] X [0, 8], and the functions f; and H;s (d,6 = 1,2) are given

sufficiently smooth functions defined on appropriate domains.

While substantial progress has been made in developing numerical methods for
one-dimensional integral equations—including the modified homotopy perturbation
method [?3], semi-orthogonal B-spline collocation [38], and Hybrid Legendre Block-
Pulse functions [39]—computational techniques for systems of two-dimensional in-
tegral equations remain relatively scarce. Notable existing approaches include oper-
ational matrices of hybrid functions [32], Legendre wavelet methods [25], modified
Newton methods for nonlinear problems, adaptive iterative regularization schemes
[16, T7], extensions of modified moving least squares [33], and spectral collocation

methods [563].

This chapter develops and analyzes the Taylor Collocation Method (TCM) for solv-
ing systems of linear two-dimensional Volterra integral equations of the form (B),
extending foundational work in [4, 5, 8, ?9]. The method constructs approximations
directly through Taylor series expansions within a polynomial spline framework, pre-

serving the integral structure and leveraging solution regularity for accurate results.
The existence and uniqueness of solutions for such systems are established in [[T,
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4T]. Our primary contributions are: (i) a complete algorithmic description of TCM
for 2D-VIE systems, (ii) rigorous convergence analysis with error bounds, and (iii)

numerical verification of theoretical predictions.

The chapter is organized as follows: Section 2 details the method construction using
Taylor polynomial approximations. Section 3 presents the complete convergence anal-
ysis. Section 4 demonstrates the method’s effectiveness through numerical examples.

Section 5 offers conclusions.

3.2 Method Description

We seek numerical approximations to the solution pair (y1, 1;) of system (Bl) over the

rectangular domain Q = [0, a] X [0, f]. Define uniform partitions:

Py={xi=iAx,i=0,...,N},
PM: {y]:]Ay/ j:0/-~-1M}/

B

with step sizes Ax = & and Ay = .

The resulting grid is:

G = Pn X Py ={(xp, Yym):0<n <N, 0<m <M}

Define subintervals:

In = [xn/xn+1)/ n= OI' . 'IN - 2/ IN—l = [xN—llxN]I

]m = [ym, }/m+1)/ m = O/ s /M - 2/ ]M—l = []/M—l; ]/M]/
and sub-rectangles:

Riw=LXxXJ], n=0,....N-1,m=0,... M-1.
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Let @,1,-1 denote the space of bivariate polynomials of degree at most p — 1 in each

variable. The polynomial spline space is:

S 1(Grum) = (W Wy = Wik, € Qpapr, n=0,...,N=1; m=0,...,M-1).

This space has dimension NMp?. The solution ¢ satisfies boundary conditions:

Y(x,0) = f(x,0), 0<x<a,
$0,1) = fO,y), 0<y<p.

Approximation on Initial Rectangle R

On Ry, approximate 14 by:

p-1 it
1 0%7y(0,0) ,
Wa,0(x,y) = Z z'_]'8x¢+8y1x v, (x,y)€Rpp, d=1,2. (3.2)

i+j=0

9"114(0,0)

The derivatives —= 5y are obtained by differentiating (81). Differentiating j times

with respect to y and then i times with respect to x yields:

8l+]1,bd(xy) 5 -0) -1 r i1 ¢
~oxay =3V fu(x, y)+Z ;( )( )

r=0 [=0 ¢=0
o0 [ 911 (-1-) I (x, y)
_ | ol ( o [0 Huse vty )| 555 5
Pl ai—l q 9 1 (j-1-7) 8'7+11,b2(x, y)
S l v, ( T [82 Hy(x,y,t, y)] W
r o~ 1 1-7) 8l¢1(tl y)
+ ( )f i l — [8] H (xly/t;y)]] - 5.7
;ZZ;‘ dxi Ay ay!
o arl . 81 (t’ )
3xll —[0Y" " Hya(x, y, t, y)]] %dt
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i-1 q y ~ n
q M T i-1-9) 1) M (x, s)
+Z ( ) 0 W[gl qaz]Hd,l(x,y,x,s)]]T

MNP (x, s)

+
ox"

Axa-n [agz - q)a(])H 2%, Y, X, S)]]

X U .
+ f f V3V Hy i (x, y, t, ) (t, s) + 0PV Hyo(x, y, t, 8)a(t, s)dsd.
0 0

Setting (x, y) = (0,0) gives:

81+]¢d(0 O) 1)8(])f (0 0)

axidy

-1 r i-1 ¢q
+zzzzw)

=0 1=0 q=0 1=0

5 gt I11(0, 0)
(j-1-7) 1\Y,

07x‘1 n laxz 1-q|, (ayr ! [&2 Hi (o y,t, y)])]xzyzo 8x’layl

2171 911 ! (j—1-7) 8n+l¢2(0, 0)
+ 8x‘7_’7 |ax1 1 . (ayr_l [82 Hd,Z(x/ ]/, tl y)] gm0 &x’78—yl .

Approximation on Rectangles R, o forn > 1

Forn=1,...,N -1, we approximate ¢ by the polynomials:

& 1 Wan,0(Xn, 0)

i+]=0 l'_]' Ix'dy!

wd,n,O(xl y) = (x - xn)i]/j/ d = 1/ 2/ (x/ ]/) € Rn,Ol (33)

where @, , o solves:

n-l Xt Y
Wano(X,y) = falx,y) + Z f f [Ha1(x, y,t,8)w1 ¢0(t, 8) + Hao(x, Y, t,8)wo e 0(t, 5)| dsdt
5:0 .X'g 0

X Yy
; f f [Hyr (5, y, £, 8)1mot, ) + Ha(x, y, £, $)amo(t, s)] dslt (3.4)
X, JO

Differentiating (84) j times with respect to y and i times with respect to x, we obtain:
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Ty ,.0(x, y)

Sray = % fixy)
n-1 j-1 r . ) ~ l
r o Ll (] 1-#) M
EEEO [ S mesa]2
81 ar l (j-1-7) 8lw2’5,0(t/ y)
o |9y gyl%2  Hizlwy b y)l] a—yldt

X &1 Yy . .
f f d l)a(zj)Hd 1(x, y, t,8)wy,c0(t, ) + 8§”8§])Hd,z(x, Y, t,8)wa e o(t, s)dsdt
~0

r=0 1=0 =0 n=0
27 8i 1= 0" ! (j=1-7) &mlwl,n,o(xr y)
R [axz =il x(ayr 2 Ha v )| ==
211 | gi-1-a o (j-1-7) ansz,n,O(xr }/)
axq 7 [ xl . q (ay7’ ] 8 Hd,Z(x/ y/ t/ ]/)] axnayl

r—I al .
+ZZ( )f oxi aayr l[a(] - er1(x y,t, y)]lu]l—()(ty)

r=0 =0

81 ot ' Wo ot y)
| o st ot 1| T

' ZZ( ) X1 [ 2 q)a(])Hdl(x v, X, s)] W

110'10
8
aqn

+ f f VOV Hyi(x, y, t,s)wl,n,o(t,s)+a§1>a;f>Hd,2(x, Y, t,8),0(t, s)dsdt (3.5)
X, JO

a" w2n0(x S)

[8(1 1- Q)a(])H 25,1, x, S)]

then evaluating at (x,,0),

ai-'—jZT]d,n,O (xn/ 0)

Sray = % fixn0)
n-1j-1 r X+l )i r—1 !
r d 0 ( 1-r) 8wléo(tr 0)
+ [ U = (x,v,t, )] Z e
; ;O ; (l) fx; axl |~ " iy x=xp,y=0 ayl
d [ o (j-1-7) wZ,E,O(t/ 0)
* % W[aZ HdIZ(x, v b y)] X=Xp,y=0 a—yldt
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o [ gi-1-4 I 1 (-1-n) "M 1,0(x, 0)
axq . [&xl - q (ay [8 H 1(x ]/;f y)] tex, =0 axnayl

o1 014 ! (-1-7) am—l’(DZ,M,O(xn/ 0)
+ i1 [83(1 1- [1 (ayr_l [82 Hd,Z(x/ Y t’ y)] tm =0 axrlayl '

Approximation on Rectangles R, ,, form > 1

we approximate ¢ by w,,, in the rectangles R,,,,,n =0,..., N-landm=1,... M -1

such that
p-1 i+
1 a Wd n,m (xn/ ]/m)

= o N1 — N —1 .

Wd n,m (x/ y) =
where @, ,, , solves:

wdnm X, ]/) fd(x y)

n-1 m-1 XE+1 Yp+1
+ Z f f [Hd,l (x/ y, t S)Wllé’,p(t, S) + Hd,Z(x/ Yy, £ S)wlé,,ﬂ(t/ S)] dsdt
=0 p=0 Y

0

+
%H

f [Hii(x, y,t,8)wy e m(t, ) + Hao(x, y, t,8)Wo.c m(t, s)] dsdt

&=0
m— Yp+1
+ f f [Hdl(x Y, b, )W np(t,8) + Hao(x, Y, t,8)wn (8, s)] dsdt
p=0
Xy
+f [Hai(x, y, t, 8)01nm(t, S) + Haa(x, Y, t, 8)W2nm(t, s)] dsdt. (3.7)
Ym

Differentiating (B7) j-times with respect to y then i-times with respect to x, we obtain

MWy m(x, y)

Ixidy/ Z)a(])f (x,y)
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-1 m-1

XE+1 Yp+1 o
Z f IOV Hy1(x, v, t, 5)Yws e ot 5) + VIV Hya(x, v, b, )wn g o (t, s)dsdt

r e gi [ gr-l (j-1-7) 3lw1,g,m(t, y)
' Z 1=0 (l)»[xe I Ay~ 1[8 Hi(x, y,t, y)] a—yl

ng(t y)

3

+

dt

— [0V " Hyax, y, 1, y)]l

n-1 X541 ) ) ' '
+ Z f 951)9?1{(1,1 (x, ¥, t,8)wy g m(t,s) + 85”8(2])Hd,z(x, Y, t,8)Woe m(t, s)dsdt
&=0 VX Ym

m-1 i-1 ¢ 1 a : ;
SR [ 2 9] e

p=0 g=0 n=0

M T i-1-9) 4() w5, )
 ox [81 dy Hax(x,y, x, S)] e

m-1

X Yp+1 a(z’) a( )l H a(i) a(]') H dsd
+ 172 d,l(x/ y’ t/ S)wllﬂ,p(tl S) + 1 Y d,Z(x/ y, t/ S)w2,n,p(t/ S) sat
Xy VY,

r=0 =0
A7 ai‘l‘”/ ar_l (j-1-7) aT7+lwl,n,m(x/ y)
o [ x|, ( Sy [82 Hyq(x,y,t, y)] Px19y]
84 al =4 (j=1-r) aTI-'—IZ:(JZ,n,m(x/ y)
qu 7 |axl = q (ayr ] [8 HdZ(x ]/,t y)] &xnayl
=1 -
d [ o! (j-1-7) alwl,n,m(t/ ]/)
+ ;0 ; (Z)f axz |ay _ [&2 Hd,l(xl y/ t/ ]/)] 8—]/1
al B T M t
" axz[ v ()" Haa(x, y, t, y)]lz—(y)
- YO ; W1 (X, 5)
) 7 Drnmi,S)
0"”’ (i-1-0) () O3 1 (X, 9)
8 [8 8 Hd2(x Y, X, S)] Tds
f f IOV Hyy (x, y,t, )01t 8) + OOV Haa(x, Y, t, )3t $)dsdlt (3.8)

m

and evaluating at (x,, ) gives:
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ai+ja71:1,n,m (xn/ ym)

N OJ0))
axiayj = 81 82 fd(xn/ ym)
n—1 m-1 XE41
+ Z f f a(])Hdl(xn/]/m/t S)wi,e,p(t,S)
&=0 p=0

+ a51)8(2])1_&,2(3(;1/ Ym,t, 8)Wo e o (t, s)dsdt

n-1 j-1 r £ 1
r X+l 0 J~ ! 1-) alwlém(tl ym)
LEL( welagm ] | S
1), oxi|dy-1-2 _ Yy

£=0 =0 =0 ¢ Y=Y

81 r—I _ (9 w2,§,m(t1 ym)

axz ay [a(] 1- )HdZ(x y,t y)]]x:x - a—yldt

m=1i-1 ¢4 Yor1 941 Nw (x S)

(i=1-9) 5(j) Z Plnpins®)
' pZ=5 ; ;‘( )L Axn [& 9 Har (%, y, %, S)] X=X Y=Y ox'
-1 d"w n (Xn,S)
(i-1-4) 5() Z T o)
+ axq n [(91 a Hd’Z(x Y x S)]XZXn/y:ym ox" s
-1 v -1 g

auHIAHH

r=0 [=0 ¢=0 n=0

g1 ! (j-1-7) anle,n,m(xn/ ym)

axq ] [ x|, (8}/"1 [ syt ) vty OX1OY

LT[ (g O a1 (X, Yn)

8x”1"7 [8xi‘1“7 . ( Iy [82 Hyo(x,y,t, y)]) N X9y

forn=0,..,N-landm=1,..,.M-1.

3.3 Convergence Analysis

We establish the convergence properties of the proposed method. Consider L*(Q) with

the norm:

lpll=) = inf{C > 0 : p(x, y)| < C for a.e. (x,y) € Q}.

43



TCM for Systems of 2D-VIEs

Boundedness of Derivatives
We need the following lemma to prove the convergence of the presented method.

Lemma 3.3.1 Let f; and Hys, d,0 = 1,2 be p times continuously differentiable on their
respective domains. Then, there exists a positive number A(p) such that foralln =0,...,N-1,

m=0,.... M-1,d=1,2andi+j=0,1,...,p, we have,

[T <

oxidy

Lm(Rn/m)

where W,0,0(x, y) = Ya(x, y) for (x, y) € Rop.

Proof. Let g;',jn’m = “ai(;izib;;]f”’ LRy we haveforalli+;j=0,1,...,p,
8i+j¢d
a’ < max — ,i+i=0,1,...,pd=1,2% = Ai(p). (3.9)
d,0,0 axzay] L~(Rog)

From (BH), we have foralln=1,..., N-1;i+;=0,1,...,pandd =1,2

n-1 Xeil Y
0,0 0,0

+Cap f f(a150 + a2 Vdsdt

£=0 Y& 0

N | -1 "

n 0! 01 01

G Z Z Z(al no o) T Ca2 (a), ,+ 0y, ,)dt

r=0 =0 q:O 17:0 r=0 |=0 X

-1 9 y . y

10 0 0,0 0,0

+C45 Z f (@], 0 + @y 0)dS + Caz f f (ay7 ) + 4y, )dsdt,

g=0 n=0 0 X

where, foralli+;=0,1,...,p

Cq,1 = max {||8§i)(9;j)fd||m(g)} ’
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:O,...,j—l;l:O,...,r;(S:1,2},

42 = Max {(?) j—;i [aa;;l, [(9(] O Hys(x,y, t, y)]]

Q)

€3 max{||8()8(])Hd5(x y,t, s)”Lm(Q), = 1,2},

r o [ 91 o7 [ 5(=1-1)
S U0 e b G o A | Y
4 — ’
1=0,...,1,9=0,...,i-1,n=0,...,4,6=1,2

and

1 [6,(1 1- q)a(] Hd,é(x/ Y, X, S)] .

oxT1

Cd,5=max{(2) ,q:0,...,i—1;n:0,...,q;6:1,2},

©)

the constants ¢;;,d =1,2;i=1,...,5 are positive and independent of N and M, hence,

n-1 j-1 r
0,1
S Ci1 + cipAx (”1,50 250) + Cd3AXA3/Z(”1go 250)
£=0 r=0 =0
-1 r i-1 ¢q
tCig Z(alno Zn() +Cd2AxZZ(” 2n0
r=0 =0 ¢=0 n=0 r=0 =0
i-1 49
17,0 n, 00
+Cd,5AyZ Z(al,no y0) +Cd3AxAy(aln0 A0
q= n:O
n-1 j-1
700
< Can + Cd,ZAxp Z(a 1,£,0 250) + ¢y 3AXA]/ Z(a 1,£,0 25]0)
&=0 1=0 =0
-1 i-1
+ Caap Zz(alno 0)+Cd2Apo(a1no 2n0
I=0 n=
+ ci5A (a”’ ) + ca3AxXA (a a?
a58Yp 1o T 2n0 a3RXAY @) 1,07
n=0
which implies that,
n-1 j-1 -1 i-1
al < Ca1 + o @hy+ayi)+car Y. Y @ +ale),  d=12 (3.10)
&=0 1=0 1=0 n=0

where c;6 = caop + c43Ay and ¢y = cd,4p2 +cy szx + caspAy + cazAxAy.;d =1,2

Now, we consider the sequences I'y,, = max{a”’ i+j=0,...,p},n=0,1,... N-1,

dO’
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d=1,2
n-1 -1 i-1
ij 1 P
gl < a1 + CagpAx Z(Fm +Toz) + Cay @’ +alt),  d=12 (311
&=0 =0 1=0

]

M,

Let ozf;jo = a;’ ot a;’jn o forn=0,1,...,N-1,i+j=0,...,p. Adding the inequalities of

(B10) we get
N n-1 -1 i-1
OCZ{O <c+ C6pr Z(Tlr& + rzlg) + Cy Z Z O(Z:i), (312)
£=0 1=0 1=0

where C1 =1C,1 +C1,2,C6 =Cp1 + Cpp,C7 =Cr1 +Cyp
Using the notations of Lemma [CZ3, we put for each fixed n € IN

n—1

VG f) = oty A j)=eitephn ) (Tie+Toe),  plif)=cr.
&=0

It is clear that the sequence A(j, j) is nondecreasing in each variable i and ;.

Then, by Lemma [C73, we obtain from (312)

n-1 i—1
a;’fo <l + Cépr Z(rl’é + Iﬂz,g)] H

&=0

n-1 (3.13)

< [1 + pC7]p + Cq [1 + pC7]p pr Z(Tl,g + leg),
&=0

8] €9

itis clear thata, ‘< a’;d=1,2,i+j=0,...,p,

Letl, =11, +1,,n=0,1,...,N-1,, it follows that ford = 1,2

n-1 n—1
4y, o < Cs + CopAx Z I'e = Tu<cs+coopAx Z T¢ (3.14)
=0 =0
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It follows, by Lemma [CZ), foralln =0,1,...,N-1,andd = 1,2

I'yn < cgexp(peoy). (3.15)

Vositi=0,,ph
n=01,...,N-L,m=0,... M-1;d=1,2

On the other hand, we have, from (38), foralln =0,..., N-1,m=1,..., M—1 and

Consider, the sequence I'y,, ,, = max{a

i+j=0,...,p
N n—-1 m-1 n—1
@) < Can+CasAXAY Y Y (Trgp+Tagp) + CanpAx Y (T + Dam)
£=0 p=0 &=0
-1 m—1
+ cd3AxAyZ(l"15m + rzém) + Cqsp AyZ(FlnP + Fan)
£=0 p=0
m—1 -1 i1
+CapDXAY Y (Tip + Tang) + caap® Y Y (@ +al, )
p—O =0 n=0
i-1
+Cd2PAxZ(alnm an)+cd5pAyZ(alnm 12]2111
n=0
+ cdlgAxAy(a%g,m + ”gig,m)'
which implies that,
N n—-1 m-1 n—1
aZ,]n,m < Cq1+ bd,lAXA]/ Fl,(g,p + Fz,g,p) + bdlex Z(rllglm + leélm)
£=0 p=0 =0
L (3.16)
+bd3AyZ(F1np+F2np)+bd422(alnm al ), d=1,2
=0 n=0

where b1 = ¢43, bia = caap® + Ci3Ay, bas = casp* + ca3Ax and

bis = Caap® + CappAX + caspAy + ca3AxAy.

Let o/, =a11”]nrm+a12’,]n,m,forn =0,1,...,.N-1,m=0,1,.... M=1,i+j=0,...,p.
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Adding the inequalities of (B-16), we get

l] <C1+b1AXAy (I‘lgp+F25p)+b2AxZ(F19m+I‘25m)
0 = 3.17
m=1 -1 i-1 ( . )
+ bSAy Z(rl n,p + rz,n,p) + b4 Z Z O‘Zlm
=0 1=0 7=0

where by = by 1 +by1,bp =b12 +bao, b3 = b3+ b3, by =b1g+byy

Using the notations of Lemma [C7Z3, we put for each fixed n,m € IN

Y, j)=ay, ., u(j)=byand

A, j) = e +biAxAy Zg;(l) ern:_ol (T1ep+T2p) +b2Ax Zz;(l)(rl,g,m +T0em)+b3Ay Z’;:Ol (Tip+
Lanp)

It is clear that the sequence A(, j) is nondecreasing in each variable i and ;.

Then, by Lemma 73, we obtain from (B17)

i-1 j-1
Sa(z 7) H + b4]
t=0
n—-1 m-1
<c [1 + Pb4] +AXAy bl [1 + pb4]p (Tllglp + leglp)
~— —— %,_/ i=0 p=0
bs
m—1
+ Asz [1 + pb4]p2(l“15m + rzgm) + Ayb:; [1 + pb4 Z(Flnp + FZHP)
— =0 ™ p=0
by b
it follows that, foralln =0,1,..., N-1,m=0,..., M -1,
n-1 m-1 n—-1
Fd,n,m Sb5 + AXAyb6 (I‘],g,p + leg,p) + AXb7 Z(rli,m + rz,,g,m)
&=0 p=0 &=0
. (3.18)
+ Aybs Z(rmp +To,,),  d=1,2
p=0

Letly =T ym+Topm foralln=0,.... N-1,m=0,... M—1
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Then, by Lemma 74, we obtain from (BI8) for fixedd = 1,2

n-1 m-1 n-1 m—1
T < bs + AxAybs Ty, + Axb; Z Te . + Aybs Z T,
&=0 p=0 =0 p=0 (3.19)
< bs exp(y1(NAx + MAy))
where V1= %(b7 + bg + \/(b7 + bg)z + 4b6)
Then
Canm < bsexp(yi(a + p)), d=1,2 (3.20)

Hence, from (BY), (B15) and (B20), by setting

A(p) = max{Ai(p), cs exp(pacy), bs exp(y1(a + p))}

The proof of Lemma B3 is completed. m

Main Convergence Result

We consider the space L*(Q, R?) with the norm

||(P||L°°(Q,R2) = maX{||§01||L°°(Q), ||§02||L°°(Q)}-

The following theorem gives the convergence of the presented method.

Theorem 3.3.1 Let f; and Hys (d,6 = 1,2) be p times continuously differentiable on their
respective domains. Then equations (B2), (B3), (Bf) define a unique approximation w €

(s;‘_ll{p_l(gN,M))z, and the resulting error function E(x, y) = (x, y) — w(x, y) satisfies:

|EllL=@r2) < C(Ax + Ay),

where C is a finite constant independent of Ax and Ay.
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Proof. The proof is split into three steps.
Claim 1. Define the error E(x, y) on Rg by Es00(x, ¥) = Ya(x, y) — waoo(x, y), ford =1, 2.

There exists a constant C; independent of Ax and Ay such that,
El Lo (ro k) < C1(Ax + Ay)P.

Let (x, y) € Roo, by using Taylor’s theorem, we obtain from (B22)

1
|Eq00(x, y)| < Z S

]
= it

ai+ j Ebd
Ixidy

(Ax)i(Ay)f, d=1,2
L*(Royp)

Hence, by Lemma B3, we have

Esoolx y)l < Ap) ) - —(Ax ‘(Ay) = (p ) C(AxrAyy. =12 (3.21)
Z+] P
G

Claim 2. Define the error E(x,y) on R, by Ej,o0(x,y) = ¢a(x, y) — Wano(x, y) for all
nef0,..., N—-1landd =1,2.

There exists a constant C, independent of Ax and Ay such that,

|Ellzo(r,0,r2) < Ca(Ax + Ay,

foralln=1,...,N —1. Let’s pose

IEllLo g, 0,12 = l|Eall-
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Let (x, y) € R,,0, we have from (B4)

n-1 XE+1 Y
l;b (X, ]/) - N, (x/ ]/) = (H , (x/ Y, trs)(lp (t,S) — Wi, (t,S))
d dn,0 ;L ‘ﬁ dzl 1 1,£,0

+ Hyo(x, Y, £, 8)Wa(t, s) — wa g ot 5)))dsdt
e
+ L ﬁ (Ha1(x, y,t,8) (W (t, s) — Wi e0(t, 5))

+ Hyo(x, y,t,8)(Wa(t, 8) — Wae0(t, 5)))dsdt.

Hence,

n—1
4, ¥) = amoCt, Y < Y AXAYHElliqr, )
&=0

_ X Y
+H, f f 01(5) — Drmo(t, )] + ol 5) — Danolt, s)ldsdt,
x, JO

where, Hy = [|[Hy1lli=) + Hallie@), d = 1,2.
By adding the two inequalities, we have

n—1
9102, ) = B1uo(, Y| + 92, ¥) = Danolx, ) < ) AxAYHIIE|
&=0

_ Y
+H f f W1(t, $) — Dot S)| + [ty ) — Dol 5)ldsdt,
x, JO

where E = ﬁl + ﬁz
Then by Lemma [CZ5,

n—1
[a(x, y) = Do, y)I < Y AxAYHIEl|exp (Hap)
&=0

< Y AxpHexp(Hap)lEell, —d=1,2

=0 —
A
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Which implies, by using Taylor’s theorem, that

|Ed,n,006 Y| < [Wa(x, y) = @i no(x, Y)| + [@ano0(X, Y) — Wano(x, y)l

n—1

"MWy 0 N
AxAy||Ee|| + Z e (Ax)(Ay).
e o iljt || dxidyi Lo(Reg)

Hence, by Lemma B3], we obtain

A(p)

ool )l < ) AxllEl + —=(ax+ Ay, d=1,2

£=0

Then, by Lemma 7T, we have
Alp) .
|EA|l < ) ——(Ax + Ay)” exp(ary).

Thus, we take C, = (p) exp(aiy).

Claim 3. Define the error E(x,y) on Ry by Eqpum(x, y) = Ya(x, y) — Wanm(x,y) for all
nef0,...,N—-1},me{0,..., M—1}and d =1, 2.

There exists a constant C; independent of Ax and Ay such that,
EllLo (R, m2) < C3(Ax + Ay)?,

foralln=0,..., N-landm=1,...,M—1. Let’s pose

|Ellzo R, R2) = [[Enmll-

Let (x, y) € R,,,», we have from (B7)

n-1 m-1

n— m—
[a(x, y) = Danm(x, y)l < AXAYHEe ol + ) AxAYHNEe ll + ) | AXAYHIE,
¢&=0 p £=0 p=0

+ Edf |17bl(t/ S) - Z’Dl,l’l,m(t/ S)l + |¢2(t/ S) - ZTJZ,i’l,m(t/ S)ldetl d = 1/2
Ym

§

I
o
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By adding the two inequalities, we have

n—1 m-1 n—1
[W1(t,8) = W1nm(t, s)| + [Y2(t, 8) — Woum(t, 8)| < AxAyH||Eg,ll + Z AxAyHI|Egmll
&=0 p=0 &=0

+ Z AXA]/HHEn p” + Hf |¢1(t1 S) - ZDl,n,m(t/ S)l + |1,b2(t/ S) - ZZ)Z,n,m(tl/ S)ldet/

Ym
Then by Lemma 75,
n-1 m-1 . .
(X, Y) = D pm(x, )| < AxAy Hexp (Hap)||Es |
£=0 p=0 —_—
A2
n—1 . . m—1 . .
+ Z‘ Ax BH exp (Hozﬁ) |Ee mll + Z Ay aH exp (Hocﬁ) IE;,,pll, d=1,2
&=0 —_— p=0 ~—_—
As Ay

which implies, by using Taylor’s theorem, that

|Ed,nm (X, Y 1Pa(x, ¥) = @ m (X, Y + 1Dt (X, Y) = Wa (2, Y)

n—1 m-1 n—1 m—1
<)Y AAYAEE Il + Y AxASl[Eell + Y AYASIIE,
&=0 p=0 &=0 =0

1
1!
= ilj!

8i-'—ji()d,n,m

Xy A)'(Ayy,  d=1,2

LRy m)

+

Hence, by Lemma B3], we obtain

n—-1 m-1
IE,ll < AxAyAy|[Ee ol + 2 AXAS||Ee ll + Z AYAS|E, ll + (p) —Sxr Ay, d=12
&=0 p=0 p=0
(3.22)
Then, by Lemma 73, we obtain
Alp) .
|Enmll < —— o ——(Ax + Ay)’ exp(ya(a + B)) (3.23)

where V2 = %(/\3 + /\4 + \/(/\3 + /\4)2 + 4/\2)
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Thus, we take C; = % exp(y2(a + p)).

Taking C = max{C;, C;, C3} completes the proof. m

3.4 Numerical Implementation and Examples

Example 3.4.1 Consider the following system of 2-DVIEs as defined in (B):
e
Ui(x, y) = filx,y) + f f [cos(s) ¥1(t, s) + sin(s) Pa(t, s)] dsdt,
0 Jo
e
Pa(x, y) = falx, y) + f f [xtz Pi(t,s) + (x + 1) Yot S)] dsdt,
o Jo
where the functions f1(x, y) and f»(x, y) are given by:
L
fi(x, y) = x cos(y) — Sy
, 15 . 5, 5 4
fa(x, y) = xsin(y) — Zx sin(y) + gx cos(y) — gx .
The exact solution of this system is Y1(x, y) = x cos(y) and P,(x, y) = x sin(y).

The absolute error of the proposed method for N = M = 10, p = 3,5 is shown
in Table Bl. Also Figure B shows the comparison between exact and approximate

solutions for N =M =10and p = 5.

Example 3.4.2 Consider the following system of 2-DVIEs as defined in (B):

Xy

ot = o+ [ [ it + st s,
Ox Oy

s, = e+ [ [ it = yatt 9l ase,
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Table 3.1: Absolute errors for Example B4 for N = M = 10

)

p:

3

=5

1 — |

[ — 1o

P
Y1 — Yl

[z — s

(0,0)
(0.1,0.1)
(0.2,0.2)
(0.3,0.3)
(0.4,0.4)
(0.5,0.5)
(0.6, 0.6)
(0.7,0.7)
(0.8,0.8)
(0.9,0.9)

0
8.32x 1077
3.34%x10°°
7.61x107¢
1.37 x 107
219x%x10™°
3.23x10™°
454 %107
6.17 X 107
8.19x107°

0
3.88x 107
1.19 x 107
7.06 X 1077
242 x107°
6.29 x 107
1.37 x107°
2.68 X107
438 x107°
824 x107°

0
430 x 10710
2.00 x 107
3.60 x 1078
1.91 x 1077
6.70 X 1077
1.84x107°
435x%x10°°
9.15x107°
1.77 x107°

0
6.00 x 10712
9.63 x 107
1.08 x 1077
5.67 x 1077
2.01x10°®
5.68 x 107
1.36 x 107°
294 x107°
5.83x10™°

0000040
0.000030]
0.000020-]
0.0000107]

.

(a) The error [; — | for N =M =10. (b) The error |1, — ¢| for N = M = 10.

Figure 3.1: Comparison between exact and approximate solutions for Example BT
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where the functions f1(x, y) and f,(x, y) are given by:

filx,y) = —x - %y +x(y+ eV + (@ —x+1De ™ —x(xy+x+y+1e™ ¥+ %ye‘h,

1 1,

1 1 1 1 1 1
——__Z -x-y _ = v - 3 _ ), =x - =), x2y
ROoy) =g =3y +ye 2(3”2)6 +2(y 2)6 +2(y+2)e '

The exact solution of this system is Y1(x, y) = e~ and P,(x, y) = ye ™*7V.
The absolute error of the proposed method for N = M = 15, p = 3 is shown in Table

B2.
Table 3.2: Absolute errors for Example B42 for N = M = 15

(v y) =(5x 1) | 1=l 2 — o

©,0) 0 0

i=1 499 x1078 | 456 x 1077
i=2 1.76 X 1077 | 1.61 x 107
i=3 3.33x1077 | 3.23 x 107°
i=5 561%x107 | 7.11x10°°
i=7 423%x1077 | 1.11x107°
i=10 7.37x 1077 | 1.65 x 107
i=12 1.95x107% | 1.95 x 107
i=14 3.02x107% | 2.20 x 107>
i=15 1.63x 107 | 9.96 x 10°

Example 3.4.3 Consider the following system of 2-DVIEs as defined in (B):

X Yy _ t _

P1(x, ) :fl(x,y)+£ f(; %sz(t,s)dsdt,
X Yy _ t _

Pa(x, y) :f2(x,y)+£ f(; %Hybl(t,s)dsdt,

where the functions f1(x, y) and f,(x, y) are given by:
filx,y) = xe' Y - iyZ (3 +3x — 5y + (=3 — 6x + 5Y)),

flx,y) = ye' ™ + ixz (3= 5x + 3y + e ¥(=3 + 5x — 61)).
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The exact solution of this system is Y1 (x, y) = xe'™¥ and P(x, y) = ye'™.

Comparison of the absolute errors between the hybrid functions method (HFM)
[32] and the proposed method (TCM) for N = M = 10, p = 4 is shown in Table B3.

Also Figure B2 shows the comparison between exact and approximate solutions for

N=M=10and p = 4.

0.000030—
0.000025—
0.000026—
0.000024—
0.000022—
0.000020—
0.000015—
0.000016—
0.000014—
0.000012~]
0.000010—|
0.000008—]
0.000006—]
0.000004—]

Table 3.3: Absolute errors for Example B23

(x,y)

HFM [B2]

TCM

[y — 1]

[2 — 1]

(0,0)
(0.1,0.1)
(0.2,0.2)
(0.3,0.3)
(0.4,0.4)
(0.5,0.5)
(0.6,0.6)
(0.7,0.7)
(0.8,0.8)
(0.9,0.9)

1.11 x 1077
490x 1078
1.41 x 1077
2.10 x 1077
1.53 x 1077
6.80 x 1077
1.18 x 1077
2.84x 1077
329 x 1077
1.86 x 1077

5.02 x 1071
3.25%x1078
1.34x 1077
2.03x 1077
1.37 x 10~
6.80 X 10~/
1.18 x 107
2.84%x1077
3.28 x1077
1.87 x 10~

[y — 1]
0

1.00 x 1071
2.60 x107°
1.07 x 1078
3.12x 1078
7.60 x 1078
1.54 x 1077
2.83x1077
4.80 x 1077
7.68 x 1077

[2 — 1
0

2.00 x 10710
1.90 x 10~
8.50 x 107?
2.71x 1078
6.45 x 1078
1.35x 1077
251 %1077
426 x 1077
6.76 x 1077

(a) The error [¢p1 — 1,51|.

0000100
0.000090-]
0.000080-
0.000070-]
0.000060-]
0.000050]
0.000040]
0.000030-]
0.000020-)
0.000010-]

o]

(b) The error 12 — |

Figure 3.2: Comparison between exact and approximate solutions for Example
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3.5 Conclusion

This chapter presented the Taylor Collocation Method for solving systems of two-
dimensional Volterra integral equations. The method employs Taylor polynomial ex-
pansions within a piecewise polynomial spline framework to directly approximate the

solution without converting the integral system to algebraic equations.

Key contributions include:

1. A complete algorithmic description for systems of 2D-VIEs
2. Rigorous convergence analysis proving (Ax + Ay)” error bounds

3. Numerical verification of theoretical predictions

The method demonstrates high accuracy and is particularly effective for problems

with smooth solutions. Future work will focus on extension to nonlinear systems.
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CHAPTER 4

SOLVING SYSTEMS OF
TWO-DIMENSIONAL VOLTERRA
INTEGRAL EQUATIONS WITH
PROPORTIONAL DELAYS VIA
TAYLOR COLLOCATION
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4.1 Introduction

Volterra integral equations (VIEs) are fundamental mathematical tools for modeling
phenomena characterized by memory effects and hereditary properties, with appli-
cations spanning physics, biology, and engineering [Z]. The inclusion of delays, par-
ticularly proportional delays, extends their applicability to areas such as population
dynamics, control theory, and viscoelasticity, where system states depend on both

current and past configurations [42, [8].

Avariety of numerical methods have been developed for systems of one-dimensional
integral and integro-differential equations. These include approaches based on Haar
functions [30], hybrid Legendre functions [31], Chebyshev polynomials [], homotopy
perturbation techniques [b1, 3], Taylor series expansions [44], B-spline collocation
[38], and hybrid block-pulse functions [39]. For systems with delay arguments, contri-
butions include the work of Yal¢gnba and Erdem [b0], Shakourifar and Dehghan [40],
Taghizadeh and Matinfar [45], and Yiizba and Ismailov [62], who employed differential

transformation methods.

Systems of two-dimensional Volterra integral equations (2D-VIEs) extend these
concepts to model problems with both spatial and temporal dependencies. Existing
numerical strategies for such systems include operational matrix methods using hybrid
functions [3?] and Legendre wavelet approaches [?5]. Modified Newton methods and
adaptive iterative regularization schemes have also been explored for nonlinear and

two-dimensional systems [IL6, [7].

The presence of delays introduces additional complexity, motivating the develop-
ment of efficient numerical schemes. Collocation methods are particularly attractive
due to their high accuracy and adaptability [8]. The Taylor collocation method, which
combines the high-order approximation properties of Taylor series with the pointwise
satisfaction of collocation techniques, has proven effective for various integral and
integro-differential equations [?4, P’8]. However, its application to systems of two-

dimensional Volterra integral equations with proportional delays remains an open area

60



TCM for Solving 2D-VIEs with Delays

of investigation.

This chapter addresses this gap by developing a Taylor collocation method for such
systems. We present a detailed derivation of the numerical scheme, provide a thorough
convergence analysis, and demonstrate its efficacy through numerical experiments. The
proposed method offers a computationally efficient and accurate alternative, suitable

for practical applications requiring high precision.

4.2 Method Description

We consider a linear system of two-dimensional Volterra integral equations (2D-VIEs)

with proportional delays of the form:

r r & 7
Z Aap(&E,MURE, M) = Galé, 1) + Zfo [) Kap(&,m,T,0)Us(T, 0) do dt
=1 =1

r mE P21
+ Z f f Hop(&,n,1,0)Ug(T,0)do dr, 4.1)
o1 Jo 0

where (&,71) € Q = [0,a] X[0, b] € R?, and the delay parameters satisfy 0 < p1,p» < 1.
The functions G, and A,g, for a,f = 1,2,...,r, are continuous on Q. The kernel

functions K, s and H,, 4 are continuous on their respective domains:

Y1 ={&n10):0<71<E<q, 0<0<n<D),

T ={(&n10):0<T<piE<a, 0<0<pm <D

The existence and uniqueness of solutions for such systems are discussed in [[[T, &1].

The system can be written in matrix form as:
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A Pé P21
A(E, Mu(&,n) =g, 17)+f f K(¢&, 1,7, 0)u(t, 0) dad7+f H(¢, 1, 1, 0)u(t, 0) do dr,
0o Jo 0 0
4.2)

where

u(g,n) = [Ui(&En), ..., UE ],
g(&,n =G, ..., GE ],
K(E,1,7,0) = (K&, 7,00, sy,
H(E, 0, 7,0) = {Hap(&, 0, T, 00 5o
A1) = (A& MY

Assuming A(&, 1) is invertible on (), the solution is given by:

& n
u(&,n) =AN(E ngE, ) + fo fo A& K(E, 1, T, 0)u(t, 0) do dt

PE P21
+ f f ATV MHE n, T o)u(r,0)dodr.  (4.3)
0 0

4.2.1 Discretization and Spline Space

To construct a numerical approximation, we introduce uniform partitions of the inter-

vals [0, a] and [0, b]. Let

HN:{Ei:ib:izo,l,...,N}, b:

z)=

Iy={n=j5t:7=01,.... M}, t=

4

i

and define the grid on Q as I'lyn = Iy X Ty = {(En, 1) : 0 <1 <N, 0 <m < M}
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The subintervals and sub-rectangles are defined as:

Op = [En/ én+l)/ n= O/ 1/- . -/N_ 2/ ON-1 = [éN—l/ EN]I
67?1 = [nml nm+1)/ m = O/ 1/° . -/M - 2/ 6M—1 = [UM—ll T]M]/
Qum=0,%X0, n=0,....N-1,m=0,... M-1.

Let m,_1,-1 denote the space of real polynomials of degree at most p — 1 in both &

and 1. The bivariate polynomial spline space of degree p — 1 is:

STV (M) = {V: Vg, € Tp1p1, 1=0,...,N=1;, m=0,...,M—1.

p=1,p-1

(=1)

Our aim is to find an approximation V € (S 7,

(ITym))" to the exact solution u
of (B1). The degrees of freedom are determined by imposing collocation conditions

derived from Taylor polynomial expansions on each sub-rectangle €2, ,,.

The solution u is known along part of the boundary of :

u(&,0) = A 0)g(&,0), 0<E&<a,
u(0,7) = A7 (0,mg(0,7), 0<n<b.

4.2.2 Construction of the Approximation
Approximation on ()

On the initial rectangle )y, we approximate u by its Taylor polynomial about (0, 0):

p—1
1 9"1u(0,0) ,
Vool(&, ) = ZO [,—],85[—((917])5 n, (&) € Qop, (4.4)
+]=
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where ‘9[;];;?7’]0) denotes the exact partial derivative at the origin. These derivatives

can be obtained by successively differentiating the integral equation (B3). For instance,

differentiating ; times with respect to n and then ( times with respect to £ yields:

9*1u(0,0)

_ W0 (A1
SEan =919 (A70,0)g(0,0)

d***u(0,0)
déHIn«

o4 (a6 e )]

K
09K
(30““

g:n:O

I (0, 0)
IEHIN"

&f—‘u [ at—l—é’

7 [ 3G-1-0) (s -
FET ;@;:T:zizplé( 05777 (A 1(€,n)fi(é,n,T,Pzn))])]

anex

&=n=0

Approximation on Q,

For rectangles on the first row where n > 1, we define:

- L aL+]Ff/n,0(£nr O)

JEI (E=&)', (&1 € Quyp, (4.5)

(VH,O(EI n) =

I 41
t+7=0 L ]

where (T/n,g satisfies the auxiliary integral equation:

- n-1 Eorl ]
Vunem =g+ Y. [ [ AEKER T Vool dsde
0=0 V<o 0
E —
s [ AT KE a9 s
&n YO
-l & o
+Zlf f A& DHE, 1,7,5) Vo, ) ds de
0=0 Y¢o 0

Pé P2
+f f ATE MH(E 1,18 Vao(r, ) ds d,
£y JO

(4.6)
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IV,0(&,1)

Wlth p]é S [51’101 Eng+1)' TO flnd aélan]

, we differentiate (£6) j-times with
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respect to 1 then (-times with respect to &, to obtain:

3‘“;‘\/71,0(5/ M _ 0D (a1
ey = o) (A7 € ge )
n-1 -1 o 3 —
o\ [ 9" | 97 [0-1-0) ( x 11 9" Vo(T, 1)
+ Z 4 Z (K)j; a_él lw [82 (A (5/ T])K(é, n,7T, ’7))] a—T]K dt
0=0 0=0 k=0 o
n—1

97 iy ( IV, 0(E, 1)
g e non)]| et

£ ) -
' | U7 [0-1-0) (-1 F*V,0(T, 1)
f JE! IW 95777 (A7 (&, K&, m )| T

g —_
A U s —1— _ YV, 0(&,5)
’ Z( ) 0 a7 97709 (AT K(E m, &,9) | 55— ds

n—1 -1 o Eon - "
o\ . o1 gt [ go—x (G=1=0) { n -1 *Voo(T, pa1)
920 20 M 4 It e T PR B A

o

e -1 ¢
£
+pip2 Z Z (i)(#)ijffpg
IV, 0(1E, pan)

e (;T;):K [8(21—1—@) (A—l (& nHE, 1,1, Pz’]))])] DRI

0 p1E L —K K
0\ « I (-1-0) { A 1 I*Vuo0(T, p21)
s ;)‘ KZS (K)Pz fgﬂo 9¢! [3’7@_" [82 (A (& mH(E 1T pzn))] I~ at

4 u L (=1-0) () { A -1 aH(VnU,O(Plérs)
H)pl fo Sem |0 (AT E D i 9))| g g ds

P& 21
e[ e (7 B, ©9) Vot s

1‘10
(4.7)
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Hence, evaluating at (&, 0):

&Lﬂ;‘}n,o(én/ 0) 1) () -
N o) (A 1(5n,0)g(5n,0))
n-1 -1 o Eotl —x K
0 f J l‘yg (-1-0) ( A -1 ] 9" V(1 0)
+ By ) A (5/ )K(EI Y ) dt
; ; e (K) £ 85‘ 81]@—1{ [ 2 ( n N n )] P a—qK
-1 o0 -1 ¢ ¢
LLLE
0=0 x=0 ¢=0 u=0 KJ\H
el B R SRSy IV ,10(61,0)
X S lag—l—f . (aq@—K V777 (A& K(E 7)) >
= E=En =
m-1 -1 o E il x K
0\ « ” i Al (-1-0) -1 J (V"rO(T’ O)
* Pz ; =0 é (K)pz L‘O aél l&n@—k‘ [82 (A (E’ ﬂ)H(E, T]/ T, pzﬂ))] £ =0 81]1\ dT
-1 o -1 ¢ 0 ‘
+tPip2 Z Z Z (K)([J)prg
0=0 x=0 (=0 u=0
1 [ g1-¢ 9 [ (-1-0) [ A -1 Vi 0(p1En, 0)
X R [agl—l—f e (3,7@—1< [92] (A (& mH(E 1, T, Pzﬂ))] g . DERI
=p1 =& =
]_1 4 plén L —K K
0 Kf J [ 0 (-1-0 -1 ] J (VHO,O(T/ O)
+ = d A (5/ )H(él Y ) dr.
p2 QZ:;‘ L K)Pz o 9 | ane~ [ 2 ( m 1,7, P21 )] A on~
(4.8)

Approximation on Q,, ,,

For interior rectangles with n > 0 and m > 1, we define:

O 1Vl )

V(& n) = PR

E=-&)M—1w), (En)eQym,  (49)

[ 4!
t+7=0 L ]

where V), ,, satisfies:
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— n-1 m-1 Eorl TA+1
V(&1 = ATE n)gE, N) + Z f f ANENK(E, N, T,8)V,(T,5) dsdt
A=0 Yéo

A

Eorl n
f ATYEMKE N, T,9)Vam(T,8)dsdt

NA+1
f ATY(E MK(E 1, T,9) V(T s)dsdT

n VA

'] —_—
+ f ANENK(E N, T,8)Vm(T,s)dsdt
Mm

c
cn

Mol mo-l o+l TA+1
+ ZO. ; f j; A ATYEMHE, N, T,8) V(T s)dsdT

”0 1 n&e1 ppon
f f ANEMHE N, T,8) Vo (T,8)dsdt
&

s
mo—l  ~piE ~aa
+Z f f AE H(E, 1, T,5) Vi (1, 5) ds dT
éno un

+

P15 par)
f f _1(5/ T])H(él nT S)(Vno,mo (T, S) ds dT,

Mmg

(4.10)

with pi& € [E,,y, Eng+1) and pon) € [Ny, my+1). Differentiation yields the partial deriva-

tives at (&, Nim)-

&H];‘}n,m(é/ TI) ) () -
sl = o (A& mg(&,m)

1

Eorl A+
’ f f 913 (ATE MK(E 0, T,9)) Voa(r,s) dsd

P

=
|

—_
7

I Q

| Il

= o

\|~ ~

L
st

£
9 R R (j-1-0) 1 Vou(T, 1)
) fé B l e k[& (A7 MK(E 1, 7, 17))]] B dt

+
7O
=}
S
1l
o
A
I [S)
< Q
—
A

|
—

it

< Oy
Q
Iy
-

=

3

g
93 (A™E MK(E 0, T,8)) Viu(t, ) ds dt

3 Q
T
—
T
—

1~

4 1 Jl—p (t—=1-0) () - &H(Vn,/\(é’s)
( )fn ser [0 (ATE K E n, £,9)]| 52 ds
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TIA+1
f agl)&(zf)(A—l (6’ T’)K(é/ TI’ T, S))(VH,A(TI S) dS dT

g [ ;;_if (gl e n))])] &;Z;f v
B 2 n e
+ f E f na“ 0)(ATH(E DK(E, 1,7,9)) V(T ) ds d

En I m
+n0 3 f T 990 (A € E(E 1,1 9 Ve, 9) ds de

=

y ]z 1[ zg é _— _ ) TS
o+1 L 5)@ K 1 B (V(jmo( )
p2 (]:) L aél |81‘,Q—K[ (2] 1 @)(A 1(5/”) (5/”/ /FZ”))]jI p) K[ s P21 dt
o= Q - II [

K=

-l ~Ea ppan
+) f f VAP (ATE MHE, 1,7,9) Voo (T,5) ds dr
=0 Yo

Ty
mo—1 =1 ¢
0 ¢ TIA+1 af u - A- aH(VnO,A(Plérs)
) Z( )PT | S e e ne ape 9)] =
A=0 (=0 u=0 H n

mo—1 p1E TA+1 0
* f EREY (A_l(éz mH(E, 1, T, S))(Vno,/\('f, s)dsdt

-1 o0 -1 ¢
IIWH) ;(@)(H)pi‘pz

IV mo(P1E, P2n)
déran~

o (gl e e )|
T=p1&

0 . P1& al a@—K (Vno mo(T pzn)
+p _OZ_;(i)Pz L ,1 ,;—g|a,7@-,<[3£ TOAT(E H(E, n,wzn))]]
-1 L
f P21 af_y —1— () _ a#(vno,ﬂm(pléls)
+p 2 ZS(M)’?T fn = (2417090 (A &, MH(E, 1, p1E, 9))] Se ds
= u: mg
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1€ P21 010
[ [ AR (A HE 179 Vi) s @)

Mgy

And here’s the evaluated version at the grid point

8[+](V m(én/ nm)

= VIV AT Es, 1)8(En, 1))

déan
n-1 m-1 Estl Mis1
+ f f &gl)a(zj) (A_l(énl T]m)K(én, nmr T, S))(Vg,/\(T, S) dS dT
0=0 A=0 V¢
n—-1 j-1

ottt o= (-1-0) A -1 IV (T, nm)
‘L 0751 la oK 07 (A7 KEn, T, 17))]]9%E (9—r]’<

-

A
I
o
—_———
ISURLS)
S—

+
'ZM

0=0 4 e
m—-1 (-1 ¢
f)fm“ I7H 1 w1-0 50) IV, 1(&n,9)
+ a a] (A 1(5/ T])K(é/ Tl/é S) =¢, _— dS
A=0 ;O ; (‘u 1 a£€ # ]% Mm aé‘u
71 0 -1 ¢ o\(¢
LT ()

0=0 x=0 (=0 u=0
a{’—y aL—l—t’ a@—K (-1-0) i aK+‘u;‘\/n,m(5n/ T]m)
FRE" [ eIt ng( v [82 (A7 (&, MK, T, n))] s TEne

—Im

ng—1 mp—1 Eot TIA+1
f 919 (A™ (& ) H(Ens M, T, ) Vo (T,8) ds d
& In

o=0 A

l\+4
M

i
(=)

m-1 -1 o
o\ . [ d | 9~ gu=1-0 Voo (T, pan)
vp ()pf [ 2 1O A G, 1, )]
ZUOQO;K ? &o aé 817@ ? ’7’%1 0777
no—1 Eo+1 P21m
+ Z f f VP (AT E, N H(En, 1, T, 9)) Ve (T,8) ds dt
=0 Yo Mmyg
mp—1 11
0~ ¢ u TA+1 a(’ ([ -0 (]) » H(Vno,)\(pléms)
mo=l &y i
+ f f IV (A&, N H(En, T, T,9)) Vi A (T, 8) ds dt
A=0 v np n
-1 o0 -1 ¢ 0 ¢
02529 39 9 M & (A B
0=0 x=0 (=0 u=0 H
A 97 [ 50-1-0) 5 -1 IV g,y (P1Ens P211m)
aéf L |a§[ 1-¢ _— (87‘]9 K I:az (A (ézn)H(E/ 1, T;Pz’?))] £=t aéygrlk

n
Mm
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]2 1r EQ‘ e g [ 9o Voo (T, P2
2 H no,mo\'tr T]m)
+ p2 - (:Z)szc; FIs l& = K[ 2] 1- @)(A ' mH(E, 1,7, pzn))]l o dt
o . =i
-1 ¢
¢\, [P 9tu (t=1-0 AN A -1 Voo P10, 9)
+p1 E ( )p* f O (ATNE, MHE, 1, 11E,8)) [ e, , s
=0 p= =0 ‘u 1 Ty agf {JI: ( ):ITE]:Um 85/’1

D1En P21m
f f (9(1)07(]) 1(5?1/ nm)H(gn/ 77711/ T, S))(Vno,mo (T’ S) dS dT'

Mgy

4.3 Error Analysis

We begin with a lemma establishing the boundedness of the derivatives of the auxiliary

functions.

Lemma 4.3.1 Let g, Kand H be p times continuously differentiable on their respective domains.
Then, there exists a positive number 9(p) such that foralln =0,... N-1,m=0,... M -1,

and1+71=0,1,...,p, we have:

o+ ](T/nm
déan

< 3(p),
Lm(Qn,mley)

where (T/o,o(cf, n) =u(&,n) for (&,1m) € Qop.

o+ ](T/nm
déadn

Proof. Let 4, = forall t+; =0,1,...,p. We proceed by

Le (Qn,m/]Rr)

induction on 7 and m.

Step 1: Initial rectangle ()yy. For the initial rectangle, we have the exact solution

‘”T/o,o(é, n) = u(¢, n). Therefore,

al+]u
déon

agy < max{ ti+7=0, 1,...,p} = 91(p). (4.12)

L>(Qp,R")

Step 2: Boundary rectangles €, for n > 1. Since 0 < py,p> < 1, for (&, 1) € Q,,9, we
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have p1& € [&,,, Eng+1) and pon € [1o, M), where ny < n. Thus, the largest possible value

for ny is n, and the largest possible value for &, is &,.
Define T, = max{aZ,]O c1+7=0,1,...,p}forn=0,1,..., N—-1.

From the differentiated form of the auxiliary integral equation for €, (corre-
sponding to (B7) in the method description), we obtain for alln = 1,...,N -1 and
t+7=0,1,...,p:

4 ‘SKH n
nO <C1+ (C2+p2(2) Zf; [edt +2Cs

) B 4 -1 o <
+ (C4 + plpo4) Z Z Z LZZ:Q + (Cz + poz) Z f Elg’/é dt

U
+(Cs + p1Cs) Y a gda +2C; f f a2 dodr,
&n V0

0

where the constants C; (i = 1,...,5) are positive and independent of N and M,

defined as:
Ci = max{| 8(1‘)8;])(A‘1g)||Lm(Q) tt+7=0, 1,...,p},
o' | 0o
— 0 (-1- Q) Al
C, = max {(A) oF [377@ - [8 A'K) l LM(Q
d' | 77" 1 -1-9), 5 1 o 11 —
agt[aw[a (A7H)| LW(Q).@_O,...,] LA=0,...,0p,
(1) 5(7) _
Cs = max{||8 d; (A 1K)HL°°(Q 1H)”L°°(Q)}’
86’—;1 81—1—5 8@—)\ (-1=0)/ A
Cy = max< (% W || 2e= l&él‘l—" _ ((917@_)\ [0721 (A 11()] Lw(g),
o [ 27 1= @) -1
M\ || 5ge=p laé‘ =) ((9,70 A [8 H)] @)

0=0,...,7— 1,)\—0,...,@,5 0,....,t—Lu=0,...,¢},
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Cs = max{ [8(‘ 090(A 1K)]

; L°°(Q)
ot
agé’—y

1

)

[a -1- f)a(])(A 1H)]

sz,...,L—l;y:O,...,f}.

L>(Q)

Noting that the sums over the indices introduce factors of at most p, we obtain:

n-1 n-1 =1 =1
) SCL+2Cw% Y T, +2C30t Y | Ty +2Csw° a)
k=0 x=0 A=0 u=0
+2C,ph Z 0L 4 oCspt Z +2C;hta%)
-1 -1
< Cy +Csh Z T, +C; a, (4.13)

xk=0 A=0 u=0

where C¢ = 2(C,p? + C3b) and C; = 2(Cyp? + Copa + Cspb + Czab), with a and b

denoting the lengths of the intervals in the £ and 7 directions, respectively.

Now, for each fixed n, we apply Lemma [CZ3 (Pachpatte’s inequality) with:

n-1
e, ) = aZ{O, a(l, 1) =Ci + C6bZ T, b)) =
x=0

Clearly, a(, j) is nondecreasing in both variables. Applying the lemma yields:

n—-1 -1
a < (Cl + cﬁbZrK] [T11+).¢
x=0 s=0 t=0
n-1
<Ci[1+ 3G, +Co1+pC1°H Y T (414)
x=0

Cs Co
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Since I', = max{a,’ }, we obtain from (&13):

n-1
Iy < Cs+Cob ) | T (4.15)

Applying Lemma L7 (the discrete Gronwall inequality) gives foralln = 0,1,...,N-

I'y < Csexp(Coa). (4.16)

Step 3: Interior rectangles €3, ,, for m > 1. Now consider the sequenceTI’, ,, = max{ai;l]m :

t+7=0,1,...,p}forn=0,1,..., N-landm=0,1,... M-1.

Since 0 < py1,p2 <1, for (&, 1) € Qym, we have p1& € [Eny, Eng1) and pan) € [Ny, Nimg+1),
where 1y < n and my < m. Thus, the largest possible values for (1, m) are (n,m), and

the largest possible values for (., ,) are (&, Nm).

From the differentiated form of the auxiliary integral equation for Q, ,, (correspond-
ing to (B8) in the method description), we obtain foralln =0,...,N-1,m=1,...,M-1,
andt+;=0,1,...,p

H

n—-1 m— n—1

a3}, < Ci +2Cabt Ter + (Ca + paCa)p bZ T
k=0 A=0
n—-1

+2C35t Y T + (Cs + priCs)p fZ T
x=0
m-1 ]—1 -1

+2C3HE Y Typ + (Ca+ prpaCa)p? T
=0

7-1 -1
+ (C2 + p2Cr)Ph Z ays, + (Cs + piCs)pt Z aly,
= ”:0

+2C3htay.

Simplifying the constants, we obtain:
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where

B] = 263/

T +szer +BngFM

Bz = Z(CQDZ + C3b),
B; = 2(Csp* + aC3),
By = 2(C4p* + Copa + Cspb + Csab).

For each fixed n and m, we again apply Lemma with:

=

Cl + Blbf

k=0 A=

e, ) =a, al,)) =

_

-1 m—

0

Applying Pachpatte’s inequality yields:

n-1 m-1
ay)y < C1+Blbfz A+szZrm+BngrM
0 A=0
-1 ]—1
X 1+ B,
s=0 t=0
n-1 m-1
< Ci[1+ pBy]" +bt By [1 + pB,]” | )
k=0 A=0
35 Be,

+5HB,[1+ pB,)° e +18 [1+ pBy]” r,
2 4 Z 3 4 Z Ae

By

~— ———
A=0
Bs
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Since I, = max{a,,,}, we obtain:

n-1 m-1

n-1 m—1
Ty < Bs + Bebt A+ BHY T+ Bst) Ty (4.18)

k=0 0

E

>~
I

Now, applying Lemma 74 (the two-dimensional discrete Gronwall inequality) to

(BE18) gives foralln =0,1,..., N-landm=0,1,... M- 1:

Lym < Bsexp (y1(a+ D)), (4.19)

where y; = 1 (B, + Bs + /(87 + Bs)? + 455).

Step 4: Combining the bounds. From (812), (B16), and (ET9), we define:

S(p) = max {91(p), Csexp(aCy), Bsexp (y1(a+Db))}.

Thus, foralln =0,..., N-1,m=0,..., M-1,and t+7=0,1,...,p, we have:

o+ ];‘}n,m
déan

< 3(p),
Lm(Qn,m/IRr)

which completes the proof of Lemma E31. m

The main convergence theorem is stated below.

Theorem 4.3.1 Let g, K and H be p times continuously differentiable on their respective do-
mains. Then equations (B4), (B5), (B9) define a unique approximation V € (S;__?’p_l(HN,M))r,
and the resulting error function e(&,n) = w(&, n) — V(&, n) satisfies:

llellz~@ry < €(b + )7,

where € is a finite constant independent of b and t.
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Proof. The proof is conducted in three stages, corresponding to the different types

of subdomains.

Claim 1: Error on the initial rectangle ) o. Define the error on Qg by ego(&, 1) =

u(&, n) = Voo(&, n). We show that there exists a constant €; independent of h and f such
that:

llellreyor) < Ci(h + )P,

For (&,1) € Qo p, applying Taylor’s theorem to (B-4) yields:

1 || 0
o r < -5 " A [f]'
llellz (Qo,0,R") = z i [!]! “agtan] b

+]=p L*(Qg0,R")

Using Lemma B3 to bound the derivatives of u, we obtain:

1 . 3(p ,
lelli=oum < 4) Y, bt = S0 4y (4.20)
! p!
——
(U1

Claim 2: Error on boundary rectangles (), o for n > 1. Define the error on Q,, by

e 0(&,n) =u&,n) -V ntorn=1,..., N-1. Let |le,|| = |lell.~q,,r)- We show that

there exists a constant €, independent of h and f such that:

lleq ] < C(h+5P, VYn=1,...,N-1.
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For (&, 1) € ,,, from the auxiliary integral equation (86) we have:

- n- E el 1]
U(E, 77) - (Vn,O(ér n) = Z L ﬁ A_l(él T])K(E, 77/ T, a)eK,O(TI G) dodt
k=0 x
E —
¢ [ [ AEnKE TN o) - Violr, o) dodr
&n YO
-l & Apan
+ Z f f A& MH(E, 1, T,0)e(T, 0) dodt
k=0 Ex 0

. P& P21
[ [ a0 o) dod
&y JO

Since ny < n, p1& < &, and pon < 1, we obtain:

. n-1 - . & 1 .
lu = Vol < be?(llexll +7(f f lu— Vol dodr,
k=0 &n J0

where K = 2 max{r||A~K||.~(q, 7| A~ Hl| = }-
Applying Lemma 73 (Wendroff’s inequality) yields:
-1

lu (Vn0||<zf)f7(||ek||exp (Fab) < Y 00 exp (ab) e

K=0 ————

M
Now, using Taylor’s theorem and Lemma BE3T:
leall < lhu = Visoll + Vo = Viroll
izz bl + Z o 8{9;;17]0 yv

BN
—_

<Y bsfled + (—p)(b+f)”

A
Il
o
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Applying Lemma [CZT (the discrete Gronwall inequality) gives:

lewll < ﬂ(mf)pexp (ahy).

9
Thus, we set €, = % exp(alty).

Claim 3: Error on interior rectangles €, ,, for m > 1. Define the erroron (), ,, by e, ,,(&, 1) =

ul&,n-Vuyu&n)forn=0,...,N-landm =1,..., M- 1. Let [le, .|| = llellz~q,,,r)-

We show that there exists a constant €3 independent of f) and f such that:

lewnll <GB +5°, VYn=0,..,N-1,m=1,...,M-1.

For (&, 1) € Q,,,, from the auxiliary integral equation (B10) we have:

-1

-1 Eierl TIA+1
w(&,n) = V(&) = Z é f AN NK(E, 1, T,0)e (T, 0)dodT
=0 0 K N

n—

3
3

A
>
Il

—_

Exc+l 1
f f AYE K&, 1,7, 0)e (T, 0)dodT

Nm

+
] g

3 TIA+1
+ f A_l (El T])K(gl n,7T G)en,/\(T, G) dodt
1 n

&
A=0 g; A

< —
+ f AYE MK, 0, T, 0)(u(t,0) — V,,u(1,0)) dodt
n

R

c
Gn

1’10 Lmo—1 Eietl TIA+1
Z f f ANE H(E, n,T,0)e, (T, 0) dodt
k=0 A=0

”0 1 ~&en P21
f f AYE MH(E, N, T,0)e m,(T,0) dodT

Ex Mmyg
mo=1  ~pi& T]\+1
+ f f Y& nH(E, 1,7, 0)en, (T, 0) dodt
A=0 5110
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Since ny < n, my < m, p1& < &, and pon < 1, we obtain:

. n-1 m-1 . n-1 - m—1 _ . & il -
=Vl < bR lexll+ Y 5K llexull+ Y bl ll+K f f la=V,, || dodr.
x=0 A=0 *=0 A=0 En M Mm
Applying Lemma [C7Z3 yields:
. n-1 m-1 - _
[t = Vil < bEK exp (Kab) el
k=0 A=0 ~————

A3

Now, using Taylor’s theorem and Lemma E3.T:

”en,m” < ||ll - (Vn m” + ”(Vnm - (Vn m”

n-1 m-1
< biAslles | + Z bAsllesnll + Zmnemn
x=0 A=0
1 aH—](Vnm
+ — —|| ¥
L; | dEdn

3
—
S
AR

PI/\1

b Aalle Il + Z bAsllecnll + Z tAslle

>

K

+ —!(b + 1.

I
<o °
~~

~ O

Applying Lemma 73 to this recursive inequality gives:

lewnll < ﬂ(b £ exp (7a(a + 1),

where V2 = % (/\3 + /\4 + \/(Ag + A4)2 + 4:A2)
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Thus, we set €5 = ? exp(yz(a +b)).

Conclusion. Combining the three claims, we obtain:

llellzery < €(h +1)°,

where € = max{C,, ¢,, €;} is independent of ) and f. This completes the proof of
Theorem £371. m

4.4 Numerical Examples

To illustrate the theoretical results, we present numerical experiments for selected
test problems. For each example, we compute the approximate solution V using
the proposed Taylor collocation method with various values of p, N, and M. The
maximum error Exy = max peq [[u(&, 1) — V(& 1)l is estimated at a set of test points.

The numerical order of convergence is calculated as:

log(Enm/Eanom)

Order = )

In this section, several numerical examples are given to show the efficiency of our

proposed method for approximating the solution of system of 2D-VIEs.

Example 4.4.1 Consider the following system of 2D-VIEs as defined in (B1):

3 3 X Y
Z A s, Y Up(x, y) = Galx, y) + Z f f Kap(x, y,t,8)Ug(t,s) ds dt
p=1 p=1 v0 O

1y

3. i
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for a =1, 2,3, where the coefficient matrices are given by:

1 00
{ﬂa,ﬁ(xr y)}i//gzl ={0 1 0},
0 01
0 2x ¢€°
{«a,ﬁ(x/ y, t S)}i,lgzl =|#s 0 sy |,
x s—t 0
cos(y) e* O
{ﬂﬂ,ﬁ(x/ Y, t/ S)}i,ﬁzl = sy 0 O0f.
et 0 «x

The functions G.(x,y), @ = 1,2,3, are chosen so that the exact solution of this system is

Ui (x,y) = xe¥, Uy(x, y) = xy° and Us(x, y) = cos(y).

The absolute error of the proposed method for N = M = 15, p = 4 is shown in Table &7l Also
Figure B shows the comparison between exact and approximate solutions for N = M = 15 and

p = 4. Also table B2 presents a convergence study demonstrating the expected O((b + 1)) rate.

Example 4.4.2 Consider the following system of 2D-VIEs as defined in (BT) with r = 3,
Anp(x,y) = Oap (Kronecker delta), and the kernel functions given by:

7(1,1 (x/ ]// t/ S) = O/ 7<‘1,2(:){/ }/, t/ S) = zx/ 7(1’3(.7(:, ]// t/ S) = e—S’

7<‘2,1 (x/ }/, t/ S) = Stzl 7(2,2(-%:/ ]// t/ S) = 0/ 7(2,3(xl ]// t/ S) = 5]/;
7<3,1 (x/ ]/; t/ S) =X, 7(3,2(9(/ y/ t/ S) =5- t/ 7<3,3 (xl y/ t/ S) = 0/

and H,p(x, y,t,5) = 0 for all o, p = 1,2,3. The functions G,(x,y), a = 1,2,3, are given by:

1 1 1 1
— ol T 2434 T — — xa}
Gi(x, y) = xe 2x Xy + 2eyxcos(y) eyx sm(y),
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Table 4.1: Absolute errors for Example B4 for N = M = 15

(x,y) = (ﬁ/ ﬁ) Uy — V4 U, — Vs U5 — V3
(0,0) 0 0 0
i=1 220%x 1070 223x107* 1.00x107°
i=2 148 x10% 4.40x 10" 2.40x107°
i=3 520%x10® 220x1071° 7.10x107°
i=4 1.14x 107 7.44x1071° 142x10°8
i=5 201x107 1.89x107° 241x10°8
i=6 320x 1077 5.25x107° 4.83x10°8
i=7 431 %107 1.28x10% 834x108
i=8 493x107 2.84x10% 132x1077
i=9 412x107 6.18x10°% 2.11x1077
i=10 1.70x 1077 1.24x1077 3.12x1077
i=11 923x 1077 243x107 4.56x1077
i=12 276 x107% 453x107 6.34x1077
=13 6.10x 10 797x107 824x1077
i=14 1.16 x 107> 1.33x10° 9.82x1077
i=15 9.07x10% 591x10* 1.14x10™*

CPU time/s 875.62

Table 4.2: Convergence study for Example 4T with p = 3

N=M lle1]loo EOC lle2]loo EOC lles]loo EOC CPU (s)
4 283x107% — 515x10% — 388x10° — 5.62
8 427x107° 273 724x107° 283 657x10* 256  35.03
16 585x10* 287 955x10™* 292 9.45x10™° 280 720.60

Ga(x, y) = xy’ - %x43yy + %x‘*ey - ix‘L — sin(y)xy* — xy cos(y) + xy,

1 1 1 1
Gs(x, ]/) = COS(y) + Ex3y4 + §x3 — §x3ey _ ExzyS'

The exact solution of this system is Uy (x, y) = xe¥, Us(x,y) = xy° and Us(x, y) = cos(y).

The absolute error of the proposed method for N = M = 10, p = 3 is shown in Table B3. Also
Figure B2 shows the comparison between exact and approximate solutions for N = M = 10

and p = 3.

83



TCM for Solving 2D-VIEs with Delays

(a) The error |U; — V4| for N = M =15. (b) The error |Uy — V5| for N = M = 15.

(c) The error | U3 — V3| for N = M = 15.

Figure 4.1: Comparison between exact and approximate solutions for Example B4

Example 4.4.3 Consider the following system of 2D-VIEs as defined in (B1l) with r = 2,
A p(x, y) = Oap, and the kernel functions given by:

7(1,1 (x/ ]/; t/ S) = COS(S), 7(1,2(36', y, t/ S) = Sin(S),

7<‘2,1 (x/ y, £ S) = xtzl 7<:'Z,2(xl y, t S) =x+t
7_{1,1(x/ y/ t/ S) = 1/ 7‘{1,2(-7‘:/ ]/; t/ S) = O/ 7_{2,1 (x/ yl t/ S) = O/ 7_{2,2(x/ yl t/ S) = 1/
with py = § and p, = 1. The functions Gy(x, y) and G»(x, y) are given by:

G1(x, y) = xcos(y) — %ny —0.03125x% sin (%),
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Table 4.3: Absolute errors for Example BE42 for N = M = 10

(x, ) Uy — Vi U, — V| U5 — Vs

(0,0) 0 0 0
(0.1,0.1) 3.26x10°% 391x1071° 8.81x1078
(0.2,0.2) 899x%x107 1.19x10% 7.93x1077
(0.3,0.3) 5.09%x10° 9.16x107® 296x10°°
(04,04) 1.69%x10° 4.08x1077 7.75x10°°
(0.5,0.5) 4.24x107° 136x10° 1.68x107°
(0.6,0.6) 898 x107° 382x10° 324x107°
(0.7,0.7) 1.69x10* 959x10° 5.82x107°
(0.8,0.8) 292x10™* 223x107° 9.96x107°
(09,09) 4.73x10™* 4.92x107° 1.65x107*

(a) The error |U; — V4| for N = M =10. (b) The error | Uy — V3| for N = M = 10.

0.75

(c) The error | U3 — V3| for N = M = 10.

Figure 4.2: Comparison between exact and approximate solutions for Example

5
Go(x,y) = xsin(y) — % sin(y)x” + §x3 - ng +0.03125x% cos (%) —0.03125x2.

The exact solution of this system is Ui (x, y) = x cos(y) and Uy (x, y) = x sin(y).
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The absolute error of the proposed method for N = M = 15, p = 4 is shown in Table &4. Also
Figure B3 shows the comparison between exact and approximate solutions for N = M = 15

and p = 4.

Table 4.4: Absolute errors for Example for N=M=15

(x,y) = (ﬁ, ﬁ) Uy — V4| U — Vs

(0,0) 0 0
i=1 7.00 x 1011 2.07 x 10-1°
i=2 300x 1070 1.76 x 10~
i=3 1.10x10° 836 x10~°
i=4 460%x107°  2.66x 1078
i=5 1.68x10° 7.37x10°®
i=6 475% 1078 1.84 x 1077
i=7 114 %107  4.09x 1077
i=8 244x 107  841x1077
i=9 477%107  1.61x 1076
i=10 8.65x 107 2.89 x 107
i=11 149x10° 4.94x10°°
i=12 243x 1076 814 x 107
i=13 384x 1076 1.29 x 107
i=14 587 x 1076  1.99 x 1075
i=15 543 x 1076  2.85x 10~
CPU time/s 312.57

0.0000100-7

0. {}(J(){l(l‘){}*<

0. {)(J(){l()k{rz
00000070
0 oumun{E V
0.0000050
00000040
0.0000030
0.0000020
0.0000010

TATIT1TY

(a) The error |[Uy — V4| for N = M =15. (b) The error |U; — V5| for N = M = 15.

Figure 4.3: Comparison between exact and approximate solutions for Example

Example 4.4.4 Consider the following system of 2D-VIEs as defined in (B1) with r = 2 and
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the Coeﬂ'l'Cient matt ix.'
“: [arﬁ '(’y aﬁ_— 7
’ 1 O _l

and the kernel functions given by:
7<‘1,1 (x/ ]// t/ S) = le 7(1,2(.7(', ]// t/ S) = e—S,

7<2,1 (x/ ]// t/ S) = t253/ 7(2,2(-)(:/ ]/, t/ S) = 5]/,

with H,p(x,y,t,5) = 0 for all o, p = 1,2. The functions Gi1(x, y) and G»(x, y) are given by:
Gilx,y) = 11—2x (élaczez_y(y3 +3y% + 6y + 6) — 3(x* — 1)e¥ — 3x(7x + 4y3)) ,

1 1
Galer, ) = —2=x* (((y = 3)y +6) = 6) + 6) = ="y =y

The exact solution of this system is Uy (x, y) = xe? and Us(x, y) = x*y°.

Comparison of the absolute errors between the Legendre wavelets functions method (LWFM)
[V5] and the proposed method (TCM) for N = M = 8, p = 5 is shown in Table E4. Also Figure

shows the comparison between exact and approximate solutions for N = M =8 and p = 5.

Table 4.5: Absolute errors for Example 44

LWFM [25] \ TCM

U = Vi U=Vl U=V U=V

244 x10™* 244x10™% 356x10° 4.97 %1071
6.63x107% 6.45x107% 2.72x1077 3.07x10°8
324x107%2 281x107%2 1.01x10°® 325x1077
932x107%2 6.15x107%2 6.83x107° 4.47x10°
1.73x 1072 1.67x10°% 6.48x10°% 1.15x1077
1.22x 1072 1.17x107% 2.60x1077 3.55x107°
732x10™% 728x10™* 8.62x10® 1.00x1078
6.13x107% 6.02x107° 1.82x1077 248x107°
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(a) The error |U7 — V1| for N =M = 8. (b) The error |Uy — V5| for N = M = 8.
Figure 4.4: Comparison between exact and approximate solutions for Example B-44

4,5 Conclusion

This chapter presented a Taylor collocation method for solving systems of two-dimensional
Volterra integral equations with proportional delays. The method constructs piecewise
polynomial approximations using Taylor series expansions on each sub-rectangle. A
convergence analysis proved that the method achieves (h + f)* accuracy. Numerical
experiments confirmed the theoretical results. Future work includes extension to non-

linear systems.
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This thesis has presented a comprehensive investigation of Taylor collocation methods
for solving Volterra integral equations and their extensions. Three main contributions

have been developed and analyzed.

First, a Taylor collocation method was formulated for Volterra integral equations
with proportional delays. The approach constructs local Taylor polynomial approx-
imations on a uniform mesh, determining coefficients through collocation. A rigor-
ous convergence analysis established that the method achieves O((At)") accuracy for
sufficiently smooth solutions, and numerical experiments confirmed this high-order

convergence across various delay parameters.

Second, the methodology was extended to systems of two-dimensional Volterra in-
tegral equations. The Taylor collocation technique was adapted to handle the increased
dimensionality and coupling between equations. Convergence analysis demonstrated
that the method retains its high-order accuracy in the two-dimensional setting, with

numerical examples validating the theoretical results.

Third, the method was further generalized to systems of two-dimensional Volterra
integral equations with proportional delays. This extension addresses the additional

complexity introduced by delay arguments in a multi-dimensional, multi-equation
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framework. Theoretical convergence guarantees were established, and computational

experiments confirmed the method’s effectiveness and precision.

Across all three contributions, the Taylor collocation method has proven to be a
powerful and versatile numerical tool. Its key advantages include high-order accuracy
for smooth solutions, conceptual simplicity, computational efficiency through local
approximation, and flexibility in handling various equation types including delay
arguments and coupled systems. The rigorous convergence analyses and numerical
validations presented throughout this work establish the method as a reliable and

competitive approach for solving a wide range of Volterra integral equation problems.

Future research directions may include extending the method to nonlinear prob-
lems, developing adaptive step-size strategies for solutions with sharp gradients, and
applying the Taylor collocation approach to other classes of functional equations such

as integro-differential equations and problems with state-dependent delays.
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