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Preface

This booklet presents the official syllabus of the course Analysis 4, primar-
ily intended for second-year undergraduate students in Mathematics. It is
structured into three main chapters: Topology in IR”, Functions of Several
Variables, and Multiple Integrals. The first chapter provides an introduc-
tory overview of the fundamental concepts related to the Euclidean space
R", while the last two chapters conclude with solved exercises aimed at rein-
forcing understanding and facilitating the assimilation of the mathematical
notions and results developed throughout this booklet.

Finally, I would like to express sincere gratitude to the reviewers for their
careful evaluation and valuable remarks, which contributed significantly to

the improvement of the scientific and pedagogical quality of this course.



Chapter 1
Topology in R"

In this chapter, we introduce fundamental concepts related to the Euclidean
space R”, which serves as the foundation for advanced studies in analysis
and topology. We begin by defining the structure of IR" as an n-dimensional
real vector space equipped with standard algebraic operations. Next, we
present the notion of a *norm**, which provides a way to measure the
length or magnitude of vectors, and discuss the properties that characterize
a **normed vector space*. We also introduce the **inner product**.
Furthermore, we explore the idea of **equivalent norms**, emphasizing
that different norms on R” can induce the same topology. The notions of
**open and closed balls** are then defined as fundamental building blocks for
understanding neighborhoods and open sets. We also discuss the **neigh-
borhood** of a point and its role in defining continuity, convergence, and
openness. Finally, we introduce the concepts of **interior**, **closure**,
and **compact sets**, which are essential for characterizing boundedness
and completeness in metric and topological spaces. Together, these notions
provide the analytical tools needed for the rigorous study of functions and

mappings in higher dimensions.
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1.1 The space R"

Definition 1.1.1. The space R" is the set of ordered n-tuples (x1,x2, ..., X) of real
numbers.
We equip R" with the following two operations:
1.V, ye R, x+y =01+ Y1, .., Xn + Yn), .
2. VxeR", VAek (k=R or k=C); Ax = (Ax,Ax2, ..., Axy,).
With these two operations, it is easy to verify that R" is a vector space on k with

dimension n.

1.2 Norm

Definition 1.2.1. Let E € R" be a vector space on k (k = R or k = C). We call a

norm on E, any application:

N: E - R

11
x = N@)= | b

that satisfies the following properties for all vectors x,y € IR" and for all A € k:
a)|lx|[ =0 & x = OF.

b) [|Ax]| = |A] llx]| .

c) “x + y“ < lxll + ”y” ( the triangle inequality).

1.3 Normed vector space

Definition 1.3.1. If the space E is equipped with a norm ||.||, we then say that E is

a normed vector space, and it is denoted by (E, ||.|]).

Example 1.3.1. ( Usual normon R? ) Let x = (x1,...,xp) € RV .

1. The application x = Neo(x) = ||xllc = sup {|xil}, is a norm.
1<i<p

p
2. The application x — Ni(x) = ||x]|; = Z |xi|, is a norm.

i=1



Dr. Smail KAOUACHE. Analysis 4: Courses and exercises with solutions 4

f p
3. The application x — Na(x) = x|, = le.z, is a norm, called the Euclidean
i=1

norm.

1.4 Inner product in a real vector space

Definition 1.4.1. In the real vector space R, an inner product is any application
(., ) :R? x R? — IR that satisfies the following three properties:

1. Linearity in the first arqument
(ax+y,z) =alx,z)+(y,z), forx,y,z € R’ and a € k.

2. Symmetry
(x,y) =(y,x), forx,y € R

3. Positive definiteness

(x,x) > 0and (x,x) =0 x=0.

1.4.1 Euclidean case(standartinner productin R?)

The most common inner product in R? is given by:

(x,y)y=) xy, forallx,y € RV

r
i=1

We therefore have the following properties:
Al = Vx, x).

AAx )y = Adx, ).

A5y ={y,x).

Ax+y,z) = (x,2) + (y, z) (bilinearity).

Il y)y=0=> “x + y| 2= WP+ ”y”2 (Euality of Pythagore).

N Ul =W N -

. ‘(x, y)) < x|l ||y|| .(inequality of Cauchy-Schwarz).
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1.5 Equivalent norms

Definition 1.5.1. Two norms N1 and N, defined on the same normed vector space
E, are said to be equivalent, if and only if there exist two non negative real numbers

a and B, such that:
Vx € E : aN1(x) < Na(x) < fN;(x). (1.2)
We then have the following theorem :

Theorem 1.5.1. Forallp € IN*, the norms Ne, N1 and N, on E = I, are pairwise

equivalent. Moreover, for all x € E, we have:
Neo(x) < N1(x) < ypNa2(x) < pNeo(x). (1.3)

Proof. The relation N (x) < Ni(x) is obvious, because Ni(x) is equal to the
sum of N (x).

Moreover, by using the inequality of Cauchy-Schwarz, we get:

p
N < Q1) <

i=1 i=1

p
12 x Z i = pN2(x).
i=1

Therefore N1(x) < /pN2(x).
Finally, N (x) is the greatest of the positive real numbers |x;|,i =1, ..., p. So,

4
the sum ), |x;* consists of p terms, all less or equal to N2 (x).

We deduce that:
r r
Na(x) = JZ bl < JZ‘NSO(x) = JPNA () = YPNa(x).
i=1 i=1
that is: Neo(x) < N1(x) < /pPN2(x) < pNeo(x). O

1.6 Open ball and closed ball

Definition 1.6.1. Let (E, ||.||) be a normed vector space, and let a € E and r be a non

negative real number. An open ball (respectively a closed ball) of a normed vector
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space E, is a set B(a, 1) (respectively B(a,r)) defined by:

B(a,r)={x€E/ ||x—al <r} (1.4)
(respectively

Ba,n)={xeE/ llx—al<r}), (1.5)

where a is the center of the ball and v is its radius.

1.7 Neighborhood of a point

Definition 1.7.1. A subset V of a normed vector space E is called a neighborhood

of a point a € E, if it is contains an open ball centrered at a.

1.8 Open set and closed set

Definition 1.8.1. * A subset U of E is said to be open, if it is a neighborhood of each
of its points.

* A subset F of E is said to be closed if it complement in E is an open set.

* A non-empty subset F of E is said to be closed, if it satisfies the following property:

Every sequence of points in F that converges in E has its limit in F.

1.9 Compact set

Definition 1.9.1. A non-empty subset K of E is said to be compact if and only if
one of the following properties is satisfied:

1) K is closed and bounded.

2) Every bounded sequence of point in K has a convergent subsequence whose limit

belongs to K (property of Bolzano-Weierstrass).
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1.10 Interior point

Definition 1.10.1. Let E be a normed vector space and A a non-empty subset in E.
A point a € A is called an interior point of A if there exists an open set U C E, such
that a € U. .

The set of interior points of A is denoted by Int(A) or A and it is called interior of

A. 1t is always the largest open subset contained in A.



Chapter 2

Functions of several real

variables

In this chapter we want to go over some of the basic ideas about functions

of more than one variable.

2.1 General definition

In mathematical analysis, a function of several real variables is a function
with more than one argument, with all arguments being real variables. This

concept extends the idea of a function of a real variable to several variables

Definition 2.1.1. A function of n real variables is any application f from a subset
D of R" to R. This part D is called the domain of definition of f.

So, the domain of a function of n variables is the subset of R"” for which
the function is defined. As usual, the domain of a function of several real

variables is supposed to contain a nonempty open subset of IR".

Example 2.1.1. A simple example of a function in two variables is: f : D — R
defined by
1
floy) =33y, 2.1)

8
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where

D=(x,y) €R* x>0andy > 0.

The function f represents the volume of a cone with base area x and height h measured
perpendicularly from the base. The domain restricts all variables to be positive since

lengths and areas must be positive. Furthermore, D is called domain of definition of

f.

2.2 Limit at a pointa

Definition 2.2.1. Let f be a real function of n real variables, defined in a neighbor-
hood of a point a of R", except possibly at a itself, and let | be a given real number.
So:

lim f(x) = & Ve > 0,3a >0, VYx € B(a, ), we have |f(x) - l| <e&.

Example 2.2.1. Consider the function

3
) fx,y) = % (x0, o) = (0,0).

1. The first method: By definition, we have:

x| < \/x2 + y? and |y| < X2+

3 2, .2y2

Xy (" +y7) I
i < . < (2 + 1) <e.

Hence, for all ¢ > 0,3 = +/¢ such that:

\/(x—0)2+(y—0)2: \/x2+y2<0z=> )f(x,y)—0)<e.

That is: f(x,y) — 0, when (x,y) — (0,0).

x=pcos0O
2.The second method: We set
y=psin0®
We can write
4 2
_ p*sin20  p° |
flx,y) = 7 = Essz — 0, asp — 0.
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Example 2.2.2. f(x,y) = i ; Z, and (xo, yo) = (0,0).
1. The first method:
x—Ax 1-a
foe Ax) = x+Ax  1+a

Since the limit at (0,0) of f(x, Ax) depends on the value of A, the function f has no
limit at (0, 0).
2. The second method, f(x,0) =1 and f(0,y) = —1. Therefore, the limit of f does

not exist (because a limit, whenever it exists, it is unique).

2.3 Continuous function

2.3.1 Continuity at a point

Definition 2.3.1. Let f: N(a) € R" — R bea function defined on the neighborhood
of a € R" and in particular at the point a.

We say that f is continuous at a, if lim f(x) = f(a); that is:
X—a
Ve > 0,3da > 0, such that Vx € B(a, o), we have |f(x) - f(a)( <e&. (2.2)

Proposition 2.3.1. Let f bea continuous function. If a sequence of points {x,} C R"

converges to the point a € R", then the sequence of the images { f(x,)} converges to
f@).

Remark 2.1. The properties of a continuous function in a € R" are identical to

that in the case of a function of a single variable.

Definition 2.3.2. Let f : E — F (E, F two normed vector subspaces of R")) be a
function and let a = (a1, ...,a,) € E.
We say that f is continuous at a, if}%im f(X) = f(a); that is:

—a

Ve > 0,3da > 0, such that Vx € Be(a, o), we have ||f(x) - f(a)“ <e

Proposition 2.3.2.

%(ig}f(x) =f@) eR" = }mﬁ(x) = fi(a), forall i=12,...n.
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Proof. =) Suppose that: lim f(x) = f(a). We then have:
X—a
Ve > 0,da > 0, such that Vx € Be(a, a), we have ”f(x) - f(a)“ <e (23)

On the other hand

|fi(x) - fi()|

IA

\Jzn:(fi(X) - fi(@))? foralli=1,..,n.
=1
lfx) = f@, < e

Which ensures lim fi(x) = fi(a), forall =1, ..., n.

<) Now, suppose that:lim fi(x) = fi(a),i =1, ..., n. So:

Ve > 0,da > 0, such that Vx € Bg(a, a), we have |ﬁ(x) - ﬁ(a)) < i\/_,
n
foralli=1,...,n. Thatis:
2
Ve > 0,da > 0, such that Vx € Bg(a, a) we have |ﬁ(x) - f,'(a)(2 < %,

foralli=1,...,n It follows that, Ve > 0,da > 0, ¥x € Be(a,«), we have

n

Hﬂm—ﬂML=Jﬁyﬂm—ﬁ@V<a

i=1

2.3.2 Continuity on a subset

Definition 2.3.3. Let f be a function defined on a subset E of R". We say that f is

continuous on E if, for all point a € E, we have:
Ve > 0,da > 0, such that Vx € E N Bg(a, o) we have ||f(x) —f(a)” <eé&.

Proposition 2.3.3. Let f : E — R7 (E C RP). There is an equivalence between the

three following assertions:
1. The application f is continuous on E.

2. The inverse image under f of every open set of R7 is an open of IRP.
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3. The inverse image under f of every closed set of R7 is a closed of RP.

Proof. 01) = 02) Suppose that f is continuous on E.
Let A be an open of R7 and leta € f~}(A) , so f(a) € A.
A is an open of R &= dr > 0, such that Yy € 4, 'y - f(a)“ < r. That is:
B(f(a),r) C A.

But f is continuous at a, we then have: Ve > 0, 3a > 0, such that:

Vxe ENB(@,a) = ”f(x) —f(a)” <e=r.

It follows that f(x) € A, i.e. x € f"1(A). We then deduce that the open ball of
center a and of radius a is included in f~!(A), which shows that f1(A) is an
open.
02) = 01) : Let a € E (arbitrary). It is sufficient to show that f is continuous
ata.
Let ¢ > 0 be given, and let f(a) € A, such that: B(f(a),¢) C A (because A is
open). So

f(x) € B(f(a),e) c A = ||f(x) - f@)|| < e,

Letx € f71(A).Since f~!(A)isan open, then Ve > 0, Ja > 0,such that||x — al| <
a= || flx)—f (a)” < ¢.This is indeed the definition of the continuity of f at
the point a.

01) = 03) We just need to switch to the supplementary plan.

Let f : EC R — R7 and let B° a closed of R7. We have f~}(B%) = [f(B)]".
So B¢ is closed & B is open< f~!(B) is open (because f is continuous),
therefore [f~1(B)]° = f~1(B") is closed. o

Proposition 2.3.4. Let f : E ¢ R? — R7 be a continuous function. Then the
image of any compact A of E is a compact of RY.

Proof. Let (y,)nen be a sequence of f(A).

So A(xp)nen C A, such that: y, = f(x,), Vn € N.

Since A is a compact, then from any sequence (x,) of A, we can extract a
subsequencee (x;,) converging to a € A. So from the sequence (1/,)nen, We can

extract a subsequence (y;,) defined by y;, = f(x,) € f(A) which converges to
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f(a) € f(A) (because f is continuous).
Consequently f(A) is a compact in IR. ]

2.4 Differentiable functions

2.4.1 Higher-order partial derivatives

Definition 2.4.1. Let f : U — R (U be an open of R¥). We say that f has at the
point a € U a first partial derivative, with respect to x;, if and only if:

lim f(a+ he;) — f(a)

exists.
h—0 h

d
This limit, whenever exists, tt is denoted by f; (a) or 8_9{((1)'

Definition 2.4.2. Let f : U c RP — R. We say that f is of class C* on U, if all
partial derivatives of order one of f exist and are continuous on U .
The set of functions of class C' on U is denoted by C*(U).

Example 2.4.1. Consider the function:

xy
Wy fay =) 2 TEPFO0

0, if (x, y) = (0,0),

* For (x,y) # (0,0), we have:

of (= + )
5(’(’ y) = xi + yi
af _x(x* -y
oy

which are continuous on R? — {(0,0)} .
So f is of class C* on R? — {(0,0)} .
* At the point (0,0) :

f(h,O)—f(0,0) -0

h
f(olh)_f(olo) —
h

a_f(or O) = lirnh—>0
X
/

&—y(o, 0) = limyo 0.
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So, the function f has the partial derivatives on R? and it is of class C' on R? —
{(0,0)}.

It is clear that P is not continuous at (0, 0).

X
af (2 1 -3n
For example: > (Z' E) =75 — —00, a5 1 — +00,

Definition 2.4.3. Let f € CY(U) (U is an open of RP).
We say that f has a second partial derivative at a point a € U, with respect to x;

and x;,1,j=1,2,...,p, if:
af af

' a—Xi(a + hej) — a—xi(a)
lim

h—0 h

exists.

Ifi # j (case of mixed second partial derivative), it is denoted by:

d 9*
i(—f)(a) or ax';;'(a) (2.4)
iOX]

2
Ifi = j (case of pure second partial derivative), it is denoted by ﬁ(a).

If f admits second partial derivatives at every point a € U, we say that it admits
second partial derivatives on U. If these derivatives are continuous on U, We say
that f is of class C? on UL

The set of functions of class C* on U is of course denoted by C>(U).

Definition 2.4.4. Let f be a function defined on an open U of RP. If its partial
derivatives of order 1 are still differentiable with respect to each variable, their partial
derivatives are called second partial derivatives. By induction, we define the partial

derivatives of order n as the partial derivatives of the derivatives of order n — 1.

Remark 2.2. A partial derivative of order n is therefore obtained by successively
differentiating one of the variables n times with respect to a.

For example, we obtain a derivative of order 4 of a function of three variables
x, Y,z by first differentiating with respect to x, then with respect to y, then again
with respect to x, then with respect to z; or by differentiating with respect to y, then

with respect to z, and then twice with respect to x.
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Notation: The partial derivative of order # of a function of p variables
X1,X2,..., X, obtained by differentiating #; times with respect to x1, 1, times
with respect to xy, ..., times with respect to x,, where ny, ..., n; are positive

a"'f

integers, such that n; + 1, + ... + n = n is denoted by ————-.
oxi'..0x,

2.4.2 Schwarz’s theorem

Theorem 2.4.1. Let f € CY(U), (U is an open of R¥ ) admitting second partial

derivatives on UL

1. ] of d 82f t ¢ nii=1 then:
I T, an Ix.0% are continuous at a, for all i,j =1, ..., p, then:
o*f 2 f
8xi<9xj 4= 8xj8xi @. (2.5)
2. If f is of class C? on U, we then have:
9? 92
S __ oS 2.6)

8xi8xj B axjaxi '

Proof. Without loss of generality, we will assume that p = 2.
Leta = (a,B) € U and let (1,k) € R?, such that: (a + &, 8 + k) € U (because U

is open ). We evaluate the following real in two different ways, we get:
u(h,K) = [f(@+h,B+K) — fla+h,B)] - [f@B+K) - fla,p).

Let F1(x) = f(x, B+ k) — f(a, B). Using Mean Value Theorem, we get
u(h, k) = Fi(a + h) — F1(a) = hF'l(a + 61h); where 61 € 10,1[.

On the other hand

d d
Feo=2wprb-Lap.

So
J d
u(h,k)=nh a—i(a + 61h,B+k) - a—ﬁ(a + 611, B)
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0
Now, let’s F»(y) = 8—;[((1 + 01h, y). Using Mean Value Theorem, we get

u(h, k) = h(F5(B + k) — Fa(B)] = hkF}(B + 62k); where 0, € 10, 1]
2

dyox

Since F}(y) = (a + 61h,y), we have

hk—hkazf 61h 0,k 2.7
M(,)— ayax(a-i- 1/ﬁ+ 2) ()

Let Gi(y) = f(a + 611, y) — f(a, y). So

u(h, k) = Gy(B + k) — G1(B) = kG/ (B + O3k); where 05 € 10, 1.

d d
Since G} = é(ox +hy) - Q—J;(a, y), we have
d d
u(h, k) =k %(a +h, B+ 03k) - af/(a,ﬁ + O5k)

d
Let Go(x) = %(x,ﬁ + 65k). Thus

u(h, k) = k[Ga(a + ) — Go(a)] = khGh(a + 04k); where 0, € 10,1] .
2

d
Since G/(x) = ?afy((x, B + 03k), we then have

?*f
dxdy
From (2.7) and (2.8), we deduce the statement 02.

u(h, k) = kh (a + O4h, B + O3k) (2.8)

For the statement 01: If (h, k) — (0,0), the second partial derivative func-

tions are assuming continuous at a = («, ), we therefore have:

?*f 3 *f
m(ﬂ) = m(ﬂ)-

2.4.3 Laplacian of a function

Definition 2.4.5. Let f € CY(U) (U is an open of R? ) be a function whose p
2

second partial derivatives U —-R,i=1,2,..,pexist. Then, the function

(9x:)?
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Af : U — R defined by:
14 9?2

Af(xl,xz,...,xp) = —_—
= (Jxi)?

(xl,xz,...,x ),
4

is called Laplacian of the function f.

24.4 Harmonic function

Definition 2.4.6. A function f : U — R is called harmonic if it is of class C2, and
Af(x1,x2,...,x5) =0, forall x € U.

2.4.5 Continuous linear applications

Definition 2.4.7. Let E C R¥ and F C R7 two normed vector subspaces defined on

the same field k, and let L : E — F be an application. We say that L is linear if:
forallx,y € E, and for all o, f € k : L(ax + By) = aL(x) + BL(y).

Theorem 2.4.2. Let L : E — F be a linear application. Therefore, the following

three assertions are equivalent:

1. Lis continuous on E.
2. Lis continuous at the point xg = 0,.

3. Lis bounded on the unit ball B(o, 1).

Proof.
1 = 2 Obvious.

2 = 3: Suppose that L is continuous at the point xo = 0,. Thus
¥e > 0,da > 0such that Vx € E; || X - 0|l < a = |IL(X) — LO)||; < e.
L(0) = 0 (because L is linear). We take ¢ = 1, we then have:

Ja > 0suchthat: Vx e E: || X|g <a = [ILX)Ilp < 1.
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Let X = aY. So:
IXlle<a= Yl <1,
and
IYlle <1 = ILOVls < ~ = M.
Therefore

dM > 0, such that VY € B(op, 1); we have |IL(Y)l| < M.

So L is bounded on the ball B(o,, 1).
03) = 01): Suppose that L is bounded on the ball B(0,, 1), and we show that
L is bounded on E, that is:

M > 0, VX € E, we have [[IL(X)|l; < M |IX]|r-

Indeed, if ||X||z = 0, The previous relationship is true.

Suppose that: [|X||[r = 7 > 0, and we take y = %x ,V¥x € E.
So|ly| =1 = vy € B0, 1.

Since L is bounded on B(0,, 1), then ||Ly||. < M, Yy € B(o,,1). So

Vx € E: IL@)le = [|Ley)||, = 7 |[LW)||, = Mllxlly < M.

Let us now show that L is continuous on E.

Let a € E (a arbitrary), and let ¢ > 0. then

&

ILX) = L@)lle = ILX = a)lle < MIIX —allp < e = |IX —all < 7=

Therefore, it suffices to take a = ]f_/I So:
Ve >0,da = ]\i/[ such that Vx € E; ||X —a|| < a, we have ||IL(X) - L@)||; < e.
Therefore L is continuous on E. m|

Remark 2.3. We denote by L(E, F) the set of linear applications from E to F, and
we equip L(E, F) with the norm:

LIl = Sup [ILOIl - (2.9)
IXli<1
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2.4.6 Differentiable functions

Definition 2.4.8. Let f : U — R7 (U an open of R?). We say that f is differentiable
at a point a € U, if there exists a linear application L and a function € from U to R?
such that:

f(a+h) = f(a)+L(h) + |Ikll (), where e(h) — 0, (2.10)
h—0,

Theorem 2.4.3. If f is differentiable at a € U, then the linear application L of the

previous definition is unique. 1t is called the differential of f at a and it is denoted
by df,.

Proof. Suppose that we have two functions L; and L, satisfying the definition

of differentiability, we then have:
Li(h) = Lo(h) = [kl [e2(h) — e1(h]. (2.11)

Which implies that

_L,(h) —Li(h)
lim —————=0,Vh #0

=0, Il g
Now, let i € U* and consider the function g : ]0, co[ — R7 defined by:

Lt — Ly(th)
8O ==\

So ltirrolg(t) = 0. But forall t € ]0, o[ ;

L,(th) = L1(th) _ L,(h) — L1(h)
||thl| B (17|

L2(1/ h) - Ll(lrh)

2D - D - o).
L] st)

Thus 0 = ltinolg(t) = g(1), Yh # 0,. Which implies that:

g(®)

L,(1) = Ly(h) = 0,Yh # 0.

Therefore L, = L;. m|
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2.4.7 Properties of differentiable functions

Let f and g be two differentiable functions at a € U. Then we have:
1. f and g are continuous at 4.
2. f + g is differentiable at 4, and furthermore: d(f + g), = df, + dg,
3. af is differentiable at 4, and furthermore: d(af), = adf,

2.4.8 Expressions of the differential
Let f : U — R7 (U is an open of R?).

Theorem 2.4.4. If P = 1 and q = 1. Then, f is differentiable at a € U, if f is

derivable at a, and moreover:
VYh e R, df,(h) = f'(a).h. (2.12)

Proof. Itsuffices to refer to the definition of the differentiability of a numerical

function at a pointa € RR. ]

Theorem 2.4.5. If p = 1 and q arbitrary. Then, f is differentiable at the point
a € U if and only if the q coordinate functions f1, f, ..., fy of f are differentiable at
a, and moreover

Vh e R, dfo(h) = (f{(@h, ..., f(@h). (2.13)

Proof. <) If each function coordinates f; (1 < i < gq) is differentiable ata € U,

we then have :

fla+h) (fi@+h), ..., f(a+h))
[fi@) + f@h + I ex(h), .., f(@) + £ (@ + 1] £4(h)

F@ +(£@), -, f;@) 1+ 1l (e1(), .., £4(h),

where %in(}(el(h), e €q(R)) = 04.
=) Suppose that f is differentiable at a. The application df; is linear, then

there exist I, ..., l;, such that

df, = (Lhh, ..., 1;h).
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Let ¢ = (¢1,...,&;) € R7, we then have
fila+h) = fia) + ih + |h| ;(h), foralli=1,2,..nq,

where %in&si(h) =0.
Consequently, each coordinate function f; est derivable at 4, and f/(a) = ..

thatis:
dfa(h) = (f{@)h, ..., f;(a)h).

Theorem 2.4.6. If p arbitrary and q = 1.

1. If f is differentiable at the point a, then f admits p partial derivatives in a,

and moreover

p
Vh e RY, df,(h) = Z%(a)hi. (2.14)
=1

2. If f admits p continuous partial derivatives at a, then f is differentiable at a

and moreover:

p
Vh € RP, df,(h) = Z%(a)hi (2.15)
i=1 !

Proof. 1. The applicationn df, is a linear on IR?, then there exist p real

a1, ..., &y, such that for all i = (h, ..., hy) € RP, we have

4
dfu(h) = Y aihi.
i=1

So
dfa(O, ...,hz‘, veey 0) = Oll‘h,‘.
On the other hand
fla+h) = f(a)+dfa(h) + ||kl £,(h)
So

f(al, v, Ai—1,0; + hi, ai+1,...,ap) f(ﬂl, ey ap) + dﬂ;(o, ey hl‘, ey 0) + |I’l,| E(O, ey hi, ey O)

fa, .., ap) + ah; + hi| (),



Dr. Smail KAOUACHE. Analysis 4: Courses and exercises with solutions 22

where llmoe i(hy) =

which means that the i-th partial function of f is differentiable at the

pointa = (ay, ..., 4, ..., ap), and g(a) = a;. Consequently

P P af
dfu(h) = Y aihi = ) 5@
i=1 =1 !

2. We have:

fla+h)— f(a) flar +hy,.,ap + hy) = f(ag, ..., ap) =

[f(lll +h, ..., a, + hp) - f(lll,{?lz + hy, ey + I’Zp)] +

—[f(tll,az + hy, e dp + hp) — f(ﬂl,az,ﬂ;; + h3, v lp + hp)] +

+[f(a1,112, sy ap—l/ap + hp) - f(allHZ/ crey ap—llap)]'

Applying the Mean Value Theorem to each difference above, we get:

of
f(LZ + h) - f(a) = hlg(al + O1h1,a, + hy, s Op + l’lp) +

1

(9

a (all az, .. ap—ll ap + Gphp)/

where 0 < 6;<1,forall1 <i<p.

Since each partial derivative above is continuous at a, we then have:

0
fla+h)—fa) = hl[—f(m,az,...,a,,) +e1(h)] +

axl
d
et hp[8_xp(al'a2' e p) + Ep(h)],
with hme ih)=0Vvi=1,..p.
—)Op
If h # 0y, then ||h]| = sup {|h]} = |h10' so
1<1<p
P I, P
—ei(h)] < &) .
i ;h (h) Zl| (h)
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Consequeently
Poa
fa+h-fo-Lhm@ |E
lim — = lim— =0.
1=0, T -0 |IAll

This ensures the differentiability of f in 4, and moreover,

P
Vhe R, dfy(h) =) %(u)h,-.

i=1

O

Theorem 2.4.7. If p and q are arbitrary. Then f is differentiable at a if and only if

the q coordinate functions of f are differentiable, and moreover:
Vh e RP,df;(h) = (d(f1)a(h), ..., d(f;)a(h). (2.16)
Proof. =) Suppose that f is differentiable at 4. Then:
fla+h) = fa)+df.(h) + ||l e(h).

Which implies that

fila+h) = fi(a) + @i(h) + Ikl &i(h),

where @; is a linear form on R?, and I}irg gh)=0
—U

This proves that each coordinate function f; is differentiable at a, and that:

(dfi)a(h) = @i(h) = (dfa)i(h).

&) Suppose that each coordinate function f; is differentiable at a, then if the

linear transformation is defined by:

I(h) = @f1)a(R), ..., (dfo)ah),

we can easily verify that this application is suitable as a differential of f at

the point a. o
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2.4.9 Jacobian matrix

Definition 2.4.9. Let f be a differentiable function at a € U. The Jacobian matrix
of f at a point a is a matrix denoted by ] ¢(a), where:

% 2%

I (@ . . . 2%, (a)
Jf(a) =
%% o

We then have, for h = (hy, ..., hp)T, we have df,(h) = J¢(a).h.
Ifp = q, the Jacobian of f at a is the determinant of the Jacobian matrix of f at a, i.e,
J (@) = det(J¢(a)).

2410 Composition of differentiable functions

Theorem 2.4.8. Let f : U— R7and g: V — R®° (U and V are open subsets of IR
and RY, respectively), such that f(U) C V.

1. If f is differentiable at a € U and if g is differentiable at b = f(a) € V, then

g o f is differentiable at a, and we have:

d(go fla=d(Q)rw X dfa(h), h € U, (2.17)

or:
Jgor(@h = Jo(f(@)) X J(@)h. (2.18)

2. If f is differentiable on U and if g is differentiable on V, then g o f is
differentiable on U.

3. If fis of class C' on U and g is of class C* on 'V, then g o f is of class C! on
U.

Proof. 1. Assume that f is differentiable at 2. By definition:

f@+h) = fl@)+dfu() + Il e1(h), with e1(1) — oy.
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Similarly, g is differentiable at b = f(a):
86 +K) = 2) + dgi®) + [kl e2(8), with e26) — o.
g o f is differentiable at 2 <= T? a linear application L, such that:
(go fila+h)=(go f)a)+ L(h) + |kl e(h), with &(h) oo O

We have

(8o f)a+b)=glfla+b)]=glb+ f(a+Db)—b]=glb+kh))],
such that: k(h) = f(a + ) — f(a). Then

(g0 f)a+h)=g(b+k(h)) = gb) +dgy(k(h)) + [lk(h)|| £2(k(h))-

Itis clear that: limk(h) = lim f(a+h)—f(a) = 0,. Then lim &(k(h)) = os.
h—o, h—o, k(h)—o,

Since dgy is linear, we can write:

(go f)la+h) g(b) + dgydf,(h) + Il dge(e1(h)) + lIk(M)]| e2(k(R)
8(b) + dgp(dfa(h)) + Il £(h),

lIk(P)ll
]

where e(h) = dgy(e1(h))+
that I}im &(h) = 0s. We have

—0p

e2(k(h)), Yh # op. It remains to be proven

&imdgb(el(h)) = dgb(]}im e(h)) (because dg; is continuous)
—op —0,
= dg(og) =05 (becausedg, is linear).
On the other hand
kol [ldf) + ke [ldfm)
= < + |ler(h)]] .
T T T
We choose the norm ||/|, = sup || and
i=14g
P 4
afi afi,
dfa(h)||., = sup —(@)hj| = (a)h|.
H H 1<i<q = afj ] ; axj ]
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So:

ki)l 3
o |ieaton) < [Zl

Then g o f is differentiable at 4, and moreover:

9fi

]

(@) + |I€1(h)||] le2(k(h))] — 0, when h — 0,

d(g o f)a = dgf(g) X dﬁz
T
Leth = (hl, ey h,,) , we then have:

Jeog@h = d(go flalh) = (d(g) sy X d(F)a) ()

Jg(f(@)h,¥h # 0,

which gives Jgr(a) = Jo(f(a)) X Jf(a).

2. Paragraphs (2) and (3) are then obvious.

Special cases

1) Ifp=g=s=1,wehave:

(gof) (@h=g (f(a)f (@hVheR
That is
(8o f)(a) =g (f(a)f (a).

2)If p = s =1 and g arbitrary. i.e;
frucR—Rlandg:vcRT — R

x= flx)=(filx),..., fa(x)) and  g(f(x)) = g(f,(x), ..., f,())-
fi(@)
So J,(a) = : (vector matrix), and
fq (@)

J.(f(@) = ( (f a)...... g%(f(a)))( Line matrix). Then

q
d
Joor @ = Jo(F@) % J5(a) = Z;ﬁ(f(u» x f(@). (219)
i=1 /!
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Example 2.4.2. Consider the functions f : R - R® and ¢ : R®> — R defined,
respectively, by:

f(x) = (cos x, sin x, tan x)

and
g, y,z) = +y+2°.

We'll try to find Jgor (0). It is clear that f and g are differentiable. Moreover:

f(0) 0
JfO=| £0) |=|1
£(0) 1

and
Jo(x, y,2) = ( 2x 1 322 )
Since f(0) = (1,0,0), we have: Jo(f(0)) = ( 2 10 ), and thus

0
Jor@=(2 1 0)x| 1 |=1L
1
3) If p = g and s arbitrary:
= (x1,...., 'i> fX) = (i(X), ooy fp(X)) and g(f(X)) = (81(f(X), -.vor-, g5 (f(X)))
We have J6) = (@) @). S0
JF; JF,; agl 8fl afl
Ho . Pe) (e . Bre | Fe . Fe
oF, . o, %,
axl(a) o axp 8f f( )) s afp a_xl(a) . 3_xp(a)
So

31:1' d i aFi
@ = Z g(f( N3 ,z—1 sand j=1,p, Jr(@ >=[a—x],(a>]. (2.20)
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2.4.11 Differentiation with respect to a vector

Definition 2.4.10. Let f be an application defined on an open subset U of R? with
values in R7 and let v € IRP be a non nul vector. We say that f is differentiable at
a € U (or admits a derectional derivative) with respect to the vector v, if:

i fla+tv)—f(a)
im—"

lim ; exists. (2.21)

This limit is denoted by d,, f,.

Remark 2.4. 1. Existence of directional derivative does not depend on a vector,
but only on its direction. Indeed, if f is differentiable at a with respect to a
vector v € RP — {0}, then f is also differentiable at a with respect to all vectors
of the form Av, A € R*, because
a+tAv) - f(a

i L0 10

t—0

= Alim
s—0

fla+sv) - f(a)
. ,

and thus
AeR" dyfo = Ad, fa.

2. if n =1, we have only two directions corresponding to the values v = 1 and
v = —1. in this case, a function f defined on an open interval I of R with
values in R?, is differentiable at a € I with respect tov = 1 if:

i f@ 0= £@)
m-—-

exists,
t—0 t

and it is differentiable at a € I with respect tov = -1, if

/@ -f@ _ . fla+t) - f@
im = —lim

t—0 t t—0 t

exists.

In other words, in the case where n = 1, there is an equivalence between

differentiable and differentiable with respect to a vector.

Theorem 2.4.9. Let f be an application defined on the open U of R with values
in RY. If f is differentiable at a € U then it has at a a derivative with respect to any
vector v € IRP — {Op} and we have d,, f, = df,(v).
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Proof. Since f is differentiable at a, we then have:
fla+h) = f(a) +df,(h) + |||l e(h), where}}irg e(h) =0. (2.22)
—Up

Let h = tv where t is a real number belonging to a neighborhood of o.

The expression (2.22) becomes:

fla+tv) = f(a)+tdfo(v) + |t o]l e1(t), (2.23)

where 1&%&(0 = ltl_r)%e(tv) =0.

If t # 0, it is rewritten in the form:

(@a+tv)— f(a) t
FER20 - ap+ Yoty @24)
We pass to the limit as f tends towards 0, we find the result. ]

Remark 2.5. Note that theorem( 2.4.9) does not admit a converse: a function can

admit derivatives with respect to all vectors without being differentiable.
Example 2.4.3. Let us consider the application f : R* — R defined by

x

fe,y) = ﬁ frs

0, otherwise.
Since }(1{}1% f(x, x> —x?) = =1 # 0, the application f is not continuous at (0,0). This
implies that f is not differentiable at (0, 0).
On the other hand, f has a directional derivatives at (0, 0) with respect to all vectors.
Indeed. Let v = (o, ) € R, we then have
0,0+ ) = f0,0) _ f(ta,tp) _ ap
t t ta? + B

This quantity always has a limit as t tends towards 0, which equals 0 if = 0 and

« otherwise.

2412 Mean Value inequality

Definition 2.4.11. Let a and b be two elements of RP. The segment with endpoints
a and b is the set [a, U] defined by:

[a,b] = {X eR"; Ate[0,1] X=a+tb-a). (2.25)
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Definition 2.4.12. A subset E of R? is called convex, if and only if:
Y(a,b) € E?, [a,b] C E. (2.26)

Theorem 2.4.10. (Mean Value Theorem) Let f be a function of class C' on an open
set U c R with values on R. Then for all vector a,b of U, such that [a,b] C U,

there exists ¢ € la, b[ verifying:

f(b) = f(a) +dfe(b - a). (2.27)

Or, bysetting b = a + h, there exists O € 10, 1] verifying:

fla+h) = f@a) +dfron(h). (2.28)
. , L of ,
Remark 2.6. Given the expression df.(h) = }, %(C)hi. The two preceding formu-
i=10X;
las can be written as
4
d
£0) = f@ + Y 2L @t - a), (229)
=1
or
p 3](
fla+h) = fa)+ Zg(a + Oh)h;. (2.30)
i=1

Proof. (Proof of Theorem (2.4.10)) :
Let t — F(t) be the function defined on [0, 1] by F(t) = f(g(t), where

gty =a+tb-a).

It is clear that g is of class C' on [0,1]. So Fis of class C' on [0,1].

According to the composition theorem:

p
= (fog)(t Z()—f (a + t(b — a))(b; — a).
i=1

Since F is of class C! on [0,1], then we can apply the mean value theorem

established for numerical functions of a real variable, 460 € 10, 1[ such that:

F(1) = F(0) + F'(0),
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which implies that there exists ¢ € ]a, b[, such that:

P
d
£0) = f@ + Y 2L )~ ).
=1t
[m}

Remark 2.7. Note that this Mean Value Theorem is only valid if the arrival space
has dimension 1.
Indeed, if we consider the function f : R — R3, defined by f(t) = (cost, sint, t).
We have
f(2m) - £(0) = (0,0,2r) and f (t) = (—sint,cost, 1).
So
Vte R, f2r) — f(0) # 21 f(t).

Theorem 2.4.11. ( Mean Value Inequality ) Let f : U — RY be a function of class
C' on U (U is an open convex of R?).

Assume that there exists a constant M > 0, such that ||df(x)|| <M, forall x e U
Then:

1) = fll < MlJx -y (231)

Proof. Letx,y € U, so x + t(y — x) c U,Vt € [0,1] (because U is convex) and
let F : [0,1] — R be a function defined by: F(t) = x + t(y — x).

It is clear that F is of class C! on [0,1], and moreover:

F(t) = dp(x + Hy = 0)(y = %)

By the fundamental theorem of calculus, we can writte:

1
F(1) - F(0) = fo E(tdt.
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So

IE(1) = FO)II

fo 1 E(t)dt

1
HL (v —x)df(x + tHy — x))dt

IFx) = f)|

IN

1
[ =0t + =0
Mlly—+

IA

2.5 Taylor’s formula

2.5.1 Successive derivatives of the function

t— F(t) = f(a+t(b—a))

Definition 2.5.1. We say that the function F is of class C"', when all the derivatives

of F up to the order n exist and are continuous on the set where we work.

Definition 2.5.2. Now, let f : U —> R7 be a function of class C' on U (U be an
open on IRP). So F defined by F(t) = f(a + t(b — a)) is also of class C" on R.

We have
Pt—zp“af +tb b; — a; 2.32
= Y g @+ 0= )~ 232)
. P af
Leth = (hy, hy, ...,hy) = b—a.So F(t) = Z E(u + th)h;.
Therefore e

Et) = Zp: Sty (2.33)
== o '

=1
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Recall that:

PV 4

Zai = Za? +2 Z aia;. (2.34)

=1 =1 1<i<j<p
Si 82f 82f b f class C? on U h

ince ——— 5,0%, &x s - (becuse f is of class C* on U), we have:
P 9? f
Z (a + th)? +2 Z (a + thyhih;. (2.35)
i=1 1<1<]<p
By induction, it can be shown that:
4 rf
(= = Z Z (@ )y, forally €U j =1,

Xi
in= =1 nt

2.5.2 Higher-order differentials

Definition 2.5.3. (Differential of order 2) We will begin by viewing the second
differential as a bilinear function..

Let U be an open of R?, f : U — R, be an application and let a € U. We assume
that the second-order partial derivatives of f at a exist. The second differential of f
at the point a, denoted d*f, , is defined as the bilinear form:

(RF?  — R
k) —  dydfy).

In terms of coordinates:

P, (1K) = du(dif,) =Zp]}i
j=1 i=1

where dy, is the directional derivative in the direction h.

2

@ik, (2.36)

2.5.3 Taylor’s formula

Theorem 2.5.1. Let f: U C R” — R be an application r—times differentiable at

a € U, then it admits a Taylor-Young expansion of order r at the point a; i.e., there
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exists a function € : RP — R, with lim e(h) = 0, such that:
fa+h)=f(a)+ de fal* -+ 1[I e(h) (2.37)
k=1

Remark 2.8. (Taylor formula of order 02) Let f be a function of class C* on a convex
set U of R with values in R, and let a,b € U. So dc € ]a, b[ such that:

p 3](
fb) = f(a)+za—3q(a)(b,-—ai).+

82f(c)(b —a)+2 Z

i=1 1<1<]<p

(C)(b a;)(bj —aj)|.

Remark 2.9. (Writing in dimension p = 2)

fly) = f(xo,yo) + (x - xo)—f(xO,yo)+(y Yo) f(xo,yo)Jr

Pf P f
1| x=x0) ﬁ(xo + 0(x — x0), Yo + O(y — yo)) + 2(x — x0)(y — yo)a oy (xo + O(x — x0), Yo+
+_
2

+0(y — yo)) + 2(y — yo)2 > (xo+6(x x0), Yo + O(y — Yo)),

where 6 € 10, 1] .

2.5.4 Quadratic form and Hessian matrix

Definition 2.5.4. In the expression (2.35), the application:

g0 = E(0) = Z& z(a)h2+2 Z

1<1<]<p

(a)h . (2.38)

is a quadratic form on IRP.
The symmetric matrix that represents d* f, in the canonical basis of R?, is called the

Hessian matrix of f at the point a and it is denoted by H(a)
2

d
The coefficients of the matrix H(a) are the second partial derivatives E g a), for
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all1<i,j<p. So

’f *f
—( ) 0%, (a)
H¢(a) = .. . , (2.39)
82f *f
8x,,8x1( 2 8_x,2, 2
’f ?*f

and for all 1 <i,j < p, we have

8x,-o7x,-() Ix;0x; @)

Definition 2.5.5. (Differential of order >2) Let f : U C RP — R be an application
of class C"~. By induction, we can define the differential of order r at a point a € U,

the continuous r—linear application d’ f, by:
d fo(h, hy, ... hy) = dhl dh fa)

rf
Z Z e @hi.ki, forall by € U, j =17

Definition 2.5.6. Let f : U C R? — R be an application r—times differentiable in
a € U. The application ¢ : RP — R defined by:

o) =d f,(h,h,..., h),
is called the symbolic power of the order r of the differential of f at a.
Notation 2.5.1. We denote by:

& fo(h, .. h) = &l (2.40)

2.5.5 Second-order Taylor expansion

Since the partial derivatives are continuous, we can write:

Pf Pf Pf
oo = T, Ix;idx;

(a+ 00 —a)=s—=5—(a)+n;(b-a), (2.41)
where n; j(b —a) — 0 when b — a, and since

2|t — a)(b; — a))| < 1B — @) +|(B; - ap|” < b —al’,
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we can finally state that there exists a function (b — a) — €(b — a) defined in

the neighborhood of 0, such that:
P 92 f

P L= @)(bi - a)? o+
fb) = f(a)+Za_£(a)(bi_ai)~+% 1;1 axiazf +|b — al* e(b-a),
i=1 +2 Y, () (bi — a;)(bj —ay)
1<i<j<p axjaxi

where €(b —a) — 0, when b — a.

Example 2.5.1. Let’s consider the function

fx,y) =l +x+y).

We computr its Taylor expansion of order 2 at (xo, yo) = (0,0)

Since of of
£(0,0)=0, a(0,0) = @(0,0) =1
and 82f 82f 82f
ﬁ(olo) = 8_]/2(010) = m(olo) =-1,
then:
(x+y)?

feoy) =x+y-—Z—+E+ e y),
where e(x,y) — 0, when (x,y) — (0,0).

2.5.6 Another Taylor formula for an arbitrary or-

der of a function of two variables

Very practical symbolic notation

of | " 3 bk e 9
We denote by [x$+y&—y] —gbcnx Yy oxk Jynk
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Derivative of order 1 of the function F(t) = f(xo + thy, yo + thy)

It is easy to see by induction that if f is of class C", then F is also of class C"

and that its derivative of order n is given by:

o
f = (xo + thy, Yo + thy). (2.42)

n
RO = ) G I
k=0

Taylor’s formula of order n

Let f be a function of class C", then we can apply the Taylor-Lagrange

formula to the order n on the function t €[0,1] — F(t) between 0 and 1, we

then get:
n—-1
B 1 FO@©)  F™(o)
F(1) = F(0) + ;H o+ where €101 (2.43)
That is
n-1 ®)
1[, 2 )
fxo+h,yo+h) = f(x0,y0)+ ;ﬁ [h1a—£ + hzé] (x0, yo) +
+lhﬂ+h—(m( + 6h + 6hy)
" 18x 2&y X0 1, Yo 2)-

Taylor expansion of order n

n J af1®
fe,y) = f(xo,y0) + Z% [(x - xo)&—i +(y- ]/0)&—];] (X0 = o) +
k=1""
+I(x = x0), (v — yo)ll"e [(x — x0),(v — v0)],

with ¢ [(x — x0),(y — yo)] — 0, when (x, y) tends to (xo, ¥o)-

2.6 Diffeomorphism

Definition 2.6.1. If f is a bijection of class C from an open U of R" to an open
V of R, and if the inverse bijection f ~1 is also of class C, we then say that f is a
Cl-diffeomorphism from U to V.
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Remark 2.10. Note that V is necessarily an open set. Indeed, it is the inverse
image of the open set U under the continuous application f=*. It follows from the
composition theorem that the Jacobian matrix of f is invertible at every point a of U
and that the Jacobian of f~! at the point f(a) is the Jacobian of the inverse matrix,
ie.

I (F @) =[1; @] (2.44)

Example 2.6.1. Let f : R? — R? be a function defined by f (x,y) = (x +y, x — ).
So f "LR? - R?, is defined by f "(x,y) = E(x +y,x—1).

It is clear that f and f ~ are of class C' on R%. So f is a diffeomorphisme of class
Clon R%.

Remark 2.11. If f is a bijection of class C* and if f~' is also of class C*, we say
that f is a diffeomorphisme of class C* (k > 1).

Theorem 2.6.1. ( Local inversion theorem) Let f be a function of class C* (k > 1),
defined in a neighborhood of a point a € RP, with values in R?, and let b = f(a).

If dy is invertible, so there exists a neighborhood A of a and a neighborhood B of b
such that f is a local Ck-diffeomorphism from A to B.

Theorem 2.6.2. ( Global inversion theorem) Let f be a function of class Ct
(k 2 1) on U C RP(U is an open), injective and such that the differential dy (x) is
invertible for all x € U, then f is a C*~diffeomorphism from the open U onto the

open f(U).

Proof. Since df(x) is inversible, then det](x) # 0 and since f is injective, then
f is bijective from U onto f(U).

So, f is a diffeomorphisme, and moreover f(U) is an open set. |

2.6.1 Partial differential equations (PDE)

The particular characteristic of a partial differential equation (PDE) is that it

involves functions of several variables.

Definition 2.6.2. A PDE is then a mathematical relation that connects a function

with its partial derivatives with respect to multiple variables.
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Example 2.6.2. Here are some examples of equations:

f f

) d
1. E(t' X) + ca f (t, x) = 0: One dimensional transport equation, where x is the
spatial variable represents location along a line( for example, distance in meters),
t is the time variable, f is the transported quantity ( for example, temperature,

concentration of polluttant in a pip, density of a fluid) and the constnt c is transport

velocity .
i 2P f o : . .
2. w(t,x) =c ﬁ(t’ x): One dimensional wave equation, where x is the spatial

variable (position along a line), t is the time variable, f(t, x) is the wave displacement
(or pressure, voltage, etc.) and the constant c is the wave propagation speed.

3. %(t, X) = kj—; f(t,x): One dimensional heat diffusion equation, where f(t, x)
is the temperature, x is the spatial variable, t is the time variable and k is the thermal

diffusivity constant

2.6.2 Change of variables and PDEs

In this part, we aim to determine all functions of class C* on an open U C R?,

which satisfy a PDE. For this, we can use the diffeomorphism

¢ (u,, Uy, ..., up) = Pu, ..., up).

So, f is of class CF on U = there exists an unique function g of class C* on
U, such that: f=g0¢

Example 2.6.3. Using the change of variables u = xy and v = y, find all functions
f of class C! on

U={@xy) eR/0<x<land0<y<1}, (2.45)
verifying:
af df

Solution: Let ¢ : U — ¢(U), such that ¢p(x,y) = (xy,y) = (u, ).
1. Let's show that ¢:U — ¢(U) is a diffeomorphism of class C* on UL

It is clear that U is an open. Moreover

o(U) = {(u,v) eR? u= xyelol] andv=ye ]0,1[} =U
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So ¢(U) is also an open.
¢ is of class C* on U (obvious).
¢ injective?.

xy=xy = x=x
Let x,y € U, such that ¢(x,y) = ¢(x',y’). So

and y =y’
y x

Jolx, y) = 0 1= det], =y > 0.
Therefore, ¢ is a diffeomorphisme of class C* on UL
Now, we solve the equation:

of _of . (2.47)

Yox Yoy =Y '

f is of class C' on U = there exists an unique function g of class C* on U, such

that: f = go ¢.
The Jacobian product method leads us to:

Jr(x, y) = Jo(@(x, y)-JP(x, y)) = Jo(u, 0)-Jp(x, y)-

So
of 9\ (23 2%\(v =
ox dy du dvllo 1)
That is:
of _ 98
ox  Yqu
% 3
9 _ 98, %8
dy “du v
The equation (2.47) reduces to
8 9g 98

d
Consequently: a—f} = —1. So g(u,v) = —v + h(u), where h is a function of a single
variable of class C * on ]0,1[.

Finally, we have:

fay) = glety)
8(u,v)

—v + h(u) = —y + h(xy).
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Example 2.6.4. (Case of polar coordinates):

Let ¢:]0, +oo[ x R — R2\{(0,0)} such that ¢(r,0) = (r cos 0,7 sin 6).
Let F = f o¢p, where f is of class C* on R>\{(0,0)} .

1. Express the partial derivatives of F in terms of those of f.

2. Find all functions f of class C* on R*\ {(0,0)}, such that:

of _ of
ya - X@ =0. (248)
3. Find all functions f of class C* on R? — {(0, 0)}, such that:

of . of

ya + xa—y =kf, (k= cst). (2.49)

4. Find all functions f of class C' on R. X R, such that:

af  df _
Solution: It is clear that ¢ is a diffeomorphism of class C** on ]0, + oo X R.
1. We have
(a_p a_F):(a_]f a_f) cos@ -rsinf ’ 251)
dr 96 dx dy)|sin® rcosO
>0 d d 0
oF = Cos G—f + sin@—f
ar ox dy 250
OF Y of (2.52)
50 = —rsin 9$ + rcos 88_]/
2. From Equ. (2.52), we deduce:
& .
—f = cos(@)&—F - sin(0) &—F
Jx or r d0 (2 53)
a_f_ . (9)8_F+cos(9) JF :
oy~ oy 20
Thus o of 5
F
yﬁ—xa—y—O(:»%—O. (254)

Consequently: F(r, 0) = h(r), where h is of class C* on ]0, + oo .
Finally
feoy) = Flo7 (x,y)] = F(r,0) = h(r) = h({[x2 + 12). (2.55)
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3. We have o of
JF
y; - X@ = kf 4 % =
Recall that the solutions of the differential equation 1(x) = —ky(x) are of the form:

—kE. (2.56)

y(x) = cexp(—kx), (2.57)

Then:
F(r, 0) = c(r) exp(—k0),

where c(r) is a function of class C' on 0, + oo[ .

And since 6 = arctan(% ), we have

f(x, y) = c({/x* + y?) exp (—k arctan(%)) . (2.58)
4. We have
af Idf oF
x$ + a—y W =0
o F=h),

where h is of class C* on R.

Consequenty
fx,y)=h (arctan (%)) . (2.59)

Example 2.6.5. (Wave equation)
Using the change of variables u = x + cy, v = x — cy, find all functions f of class
C? on R?, verifying:

’f i _
8_y2(x' y)—c W(x, y) =0, (2.60)

where c is a non-zero positive real constant.
Solution: Let ¢: R*> - R?, such that ¢ (x,y) = (u = x + cy,v = x — cy).
Let f = g o ¢. The formula for partial derivatives gives us:

af If\ (dg dg\[1 ¢
5 %) %)[1 ] el
of 9 38

x 0 Ju
5 o
ox ou v’

So:
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It follows that:

w = ) w5

o2 ox\ox] ox o

_ (2, 9)(%, %\ P, , P %
- (@ " %)(au " 80) a2 o0 T o (2.62)
and:
ay? (9 ay au” “au)\"ou " oo a2~ uaw v’
(2.63)
or

o’ f dg 98 Kk 12k or’g  Pg g
oz ( ) ZCl 1 aukazﬂk =5 2ouoe T

Pf 28 98\7 |y cxor_opk 8 (Pg . Py Pg
E (au ) ZCC(C) —aKaUZ—K‘C(ﬁ 2o T o

The expression (2.75) becomes:

2

g
Ju dv

=0 e g(u,v) = h(u) + k(v), (2.64)

where h and k are two functions of class C! on R.

Finally:

flx,y) =g, v) = g(u,v) = h(u) + k(v) = h(x + cy) + k(x —cy).  (2.65)

Example 2.6.6. Let ¢: U = {(x, Y eER tgy > |x|} — Rand ¢ : U — @(U) with
@(x,y) = (u=x—y,0=2x+y). Let g be a function of class C>. Let f = g o ¢.

1. Show that ¢ is a C?-diffeomorphism between U and an open ¢(U) of R?* which
will be specified.

2. Express the partial derivatives of f in terms of that of g.

3. Show that if f is a solution of the PDE.

2 2
G- Shen = -, (266

92
then g is solution Of4<9uo§v (x,y)— V-uv =0
4. Deduce the general solution of (2.75).
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Solution: 1. ¢ is injective and it is of class C**, and moreover
1 -1
u=x-yandv =x+y = detj,(x,y) = det{ L1 ] =-2#0.1iejyis

revertible.

According to the global inversion theorem, ¢ is a C* diffeomorphism between U
and o(U).

Calculate p(U):
*Ifx>0,theny—x>00u=x-y<0andy>x>0cv=x+y>0

*Ifx <0, thenv=x+y>0andu=x-y <0.

Then @(U) = ]—0c0,0[ X ]0, +oo[

2. We have f = g o ¢. We find

of of _( 9% g 1 -1
5 ) @(x,y) )—( 5,0 == (,0) )[ - ] (2.67)

That is P 3 3
Y=o+ Lo
5 o (2.68)
@(x,y) = _E( ,0) +5 (M 0)
3.8
’ *f Jd d\(dg
(8x)2( ) (5"‘%)(& (u Z’)"‘ (M U))
8 92g 32
_ _9%8 28
o= (- %)( Z ‘“’“a ‘“’”’)
B g *g *g
= W(H,U) - Zm(u,v) + W(M, U).

Therefore the equation

9? 9?
_fz( ) f (]/2 - xz)/
(9x) 9y )
becomes:
2 (1,0 = VoV
48uav(u' v) = V-uyo.
Which implies that:

g(u,v) = —%(—uv)% + F(u) + H(v)), (2.69)
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where F, H are of class C* on R®. and R, respectively.

Consequently:

Fy) = gl0,0) = —5 (3 = 3%)F + F(x— y) + HGx + ).

2.7 Local (relative) extrema

2.7.1 Free extrema

Let f: U — R (U is an open of R?) and leta € U.

Definition 2.7.1. We say that f has a local maximum at a € U, if there exists an
open ball B(a,r) C U, such that for all x € B, we have f(x) < f(a).

Definition 2.7.2. We say that f presents a local minimum at a € U, if there exists
an open ball B(a,r) C U such that for all x € B, we have f(x) > f(a).

Definition 2.7.3. We say that f presents a local extremum at a € U, if f(a) is a

local maximum or local minimum.

Critical points (Stationary)

Definition 2.7.4. Let f: U — R (U is an open of IRP) be an application of class
Clon U
A point a € U is said to be a critical point for f when the differential of f at a point

a is zero. That is to say, each of the partial derivatives =—(a),...,5—(a) is zero.
ox1 oxp

Definition 2.7.5. The gradient of f at point a is the vector V f(a) of IRP whose
components are the first partial derivatives of f at the point a.
That is:

of of ) (2.70)

Vf({l) = a_xl(a)/' cer a_xp(a)

Definition 2.7.6. The point a is a critical point for f, if and only if V f(a) = oge
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Example 2.7.1. Cnsider the function (x,y) — f(x,y) = x> +y°> — 3xy.
It is clear that f is of class C* on R?. Then

of )

() =302 -y =0
jcr e xX*=yand y* = x.

—_— = 2 —_ =

y Y =3 -9 =0

Sox* = x.

Finally, the critical points are (0,0) and (1, 1).

Example 2.7.2. (x,y) — f(x,y) = x* + 1> + 2y cos(x) + 5.
f is of class C* on R?. Then
of

oY) = 4x% - 2ysinx.

f oo =32
@(x, y) = 3y° +2cos(x) + 5.

d
Since %(x, Y) = 5—-2=23>0, f has no critical point.

Necessary condition of local extremum

Theorem 2.7.1. Let f : U — R (U is an open of R?) be a function of C' on U.

If f presents a local extremum at a point a € U, then a is a critical point for f.
Proof. Suppose, for example, that f has a local maximum at a. Then:
Jr > 0, such that for all ||x —al| < r, we have f(x) < f(a)
Let F be the function of variable t defined in a neighborhood of 0 by:
F(t) = f(a+th);Yh # 0,.
Letx=a+th.So
l—all = [lthl < r = |t = 0] < = = a >0,

17

and

F(t) = f(x) < f(a) = F(0).
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So
da > 0, such that for all |t — 0] < a, F(t) < F(0);

which implies that F presents a local maximum at 0, and moreover F(0) = 0.
On the other hand:

. Loof

E(t) = ;hl-&—xi(a +th).
Then

. Loof
0=FE©0) = th (@) = df,(h). .71
i=1

i
Xi

Quadratic forms

Definition 2.7.7. A quadratic form on IR is any function Q : R? — R defined by
Q(x) = xTAx, where x = (xl, ...,xp), A is an n X n symetric real matrix (A = AT),
and xT is the transpose of the vector x. It can also be written as polynomial form:

Q) = i aiixiz +2 Z'aijxixj, where a;; are real coffecients.

*If Q(xl)_1> 0,Vx ;(])]Rn, we then say that Q is a positive definite quadratic form.
This is therefore equivalent to saying that all the egeinvalues of the matrix A are
strictly positive.

*If Q(x) < 0,Yx # Ogn , we then say that Q is a negative definite quadratic form.
This is therefore equivalent to saying that all the egeinvalues of the matrix A are

strictly negative.

2.7.2 Sufficient condition for a local extremum

Theorem 2.7.2. Let f be a function of class C? in a neighborhood of a critical point
aeRr.

p
1. If the guadratic form H(u) =
If the q form H(u) wZzll Txo%,

2

(a)ujuj is positive definite, then f has a
local minimum at a.

2. If H is negative definite, then f has a local maximum at a.
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Proof. 1. Let’s demonstrate this in the case of a positive-definite quadratic
form. Then there exists a positive real number m such that for every vector
u = (uy,...,up), we have:

H(u) > mlul’,

where m denotes the smallest eigenvalue of the hessian matrix.

Now, let u = x — a. Using the second Taylor expansion, we get:

fx) = f@)=Vf@(x—a)+ %H(x —a) + ||x — al* e(x — a).
Since ¢(x —a) — 0, when x — a, we have:

Vm > 0,35 > 0 such that Vx € B(,6), |e(x —a)| < %

which implies that e(x —a) > —%. Then

1 m
£ = £@) > Fmlix =al = 2 ke = al? = 0.
2. The proof is identical for a local maximum at a, by choosing:

H(u) < —m|ul? and e(x —a) < %

Case of the two-dimensional Let (x,y) — f(x,y) be a function
of class C2. The critical points are therefore obtained by solving the system

of equations:
of
o ) =0
f e =
ay (x’ ]/) =0
The quadratic form H at a critical point (a, b) is of the form:

’f ?f ?*f
oD+ 2= =D @) + =0 o

Then H is a second-degree polynomial that maintains a constant sign if and

Hx,y) = (x - a)?

(a,b).

only if its discreminant is negative.
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Let A = azf b), B =
€ _W(a/ )/ -

in the following way:

> f
@y)?

*f

m(ﬂ, b) etC =

(a,b). The Hessian H behaves

1. H(x,y) > 0 & B> - AC < 0 and A > 0, This is a local minimum.
2. H(x,y) <0 < B> - AC < 0 and A < 0, This is a local maximum.
3. H changes its sign < B> — AC > 0. No extremes.

4. Doubtful case & B? — AC = 0.

Example 2.7.3. f(x,y) = x> + 1> — 3xy.

The critical points are (0,0) and (1, 1).

* At (0,0):

A=C=0and B=-3and B> —= AC =9 > 0. So no extremes, and since A = 0,
this is a saddle point.

*At(1,1):

A=C=6and B=-3. So B> — AC = —27 < 0 and since A > 0, this is a local

minimum.

Example 2.7.4. (Case of the three-dimensional)
f(x,y,2) = 15— 8x + 8x% — 4x> + x* + 12y + 4y? + 12z + 4yz + 4z%. This function

is of class C? on IR>.

of
a—(x,y,z) =0=-8+16x—12x* +4x° = x = 1.

a—f(x,y,z):O:12+8y+4z
&% Sy=zce—=y=z=-1
E(x,y,z):0:12+82+4y

The only critical point is therefore (1, -1, -1).
2

We h =12x%2 - 24x + 16 82f =8 &2f =8
e have (ax)z(x,y,z)— X X , OyP (x,y,2) =8, (az)z(x,y,z) =8.
82f 82f Bzf

axay(x/yrz) - axaz(x/ylz) - 0/ azay(xlylz) - 4

So

+z
H(x, y,2) = 42 + 817 + s;(yT)2 + 622> 0.

Therefore, (1, -1, 1) is a local maximum.
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2.7.3 Constrained extrema

Theorem 2.7.3. (Lagrange’s Theorem) Let U C IRP be an open set, 1 <n <p,
ae€Uandlet f,g1,82,...,8n : U — Rbe a functions of class CY, such that:

(Vgi(a)
rang . =n.
(Vgn(a)
So, for the restriction of the function f to theset {x € U, such that g1(x) = .... = gu(x) = 0}

admit a local extremum at a, there must exist n scalars A1, Ay, ..., A,,, such that:

V[f+ Z)\kng(a) =0.
k=1

By definition, the scalars A1, Ay, ..., Ay, are called Lagrange multipliers and
Lif+) hgiiU—R,
k=1
is called Lagrange function.

Remark 2.12. Since the condition is necessary but not sufficient, the existence of

the scalars A1, Ay, ..., Ay, does not guarantee the existence of the local extremum at a.
Remark 2.13. Ifn =1, then

rang(Vgi(a)) =1 & Vgi(a) # 0.

2.8 Implicit function theorem

Here, we seek the condition under which the equation f(x) = 0 can be locally
solved as y = ¢(x), where ¢ is a function defined in a neighborhood of a
given point.

We denote by f a function of class C" of an opent U of C IR?, with values
inR.
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The following theorem allows us to determine the derivative of the

desired function even if we cannot explicitly state it.

Theorem 2.8.1. Let a = (a1, ay, ..., ap) be a point of U, such that

_ of
f(a) =0and 8_xp(a) # 0.

Then, there exists a unique continuous function ¢ : B((al,az,...,ap_l), 0) »> R
verifying:

1. p(a1,az, ..., ap-1) = ap.

2. For all (x1,x2, ..., Xp-1) € B, we have f(x1,x2, ..., Xp-1, (X1, X2, ..., Xp-1)) = 0.

Moreover ¢ is of class C" on B.

Remark 2.14. 1. Around the point (xo,Yo), we can therefore solve locally the
equation f(x,y) = 0 in the form y = @(x).
2. We will obviously take I and | to be small enough so that the rectangle I X |

remains included in the open set U

Proof. (Proof of theorem 2.8.1)
Without loss of generality, assume that p = 2.

a) Existence of the solution y = ¢(x) : For the purposes of the proof, assume

Jd d
that —f(xo, Yo) > 0, and case —f(xo, Yo) < O is treated in a similar way.

dy Iy
. df . . . . .
Since @ (x, ¥) is a continuous function that is non-zero at the point (xy, yo), we

can find a rectangle [xo — &, xo + h] X [yo — k, yo + k] on which g—J};(xo, Yo) > 0.
Let g : [yo — k, yo + k] > R be a function defined by g(y) = f(x, y), for all x
fixed in [xg — h, xo + H] .

So ¢(y) = (?—];(x, y) > 0 = gis increasing on [yo — k, yo + k] .

In particular, the function y — g(y) = f(xo,y) is strictly increasing on

[y() —k,y() +k] .
And since g(y,) = f(xo0, yo) = 0, we have:

f(xo, 0 — k) = g(yo — k) < 0and f(xo, yo + k) = g(yo + k) > 0. (2.72)
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By continuity, there therefore exists a small segment Jxg —a, xo + a[ C Ixg — h, xo + [,

such that for all x € Jxg — a, xp + a[, we have
f(x, 0 —k) <0and f(xo, yo +k) > 0. (2.73)

And since f is continuous, then there exists one and only one point y €

lvo — k, yo + k[, such that:
flx,y)=0,Yx € ]xo —a,xo +af. (2.74)

We have therefore defined an application ¢ from I = Jxo — a, xo + a[ to

J = lyo — k, yo + k[, such that: f(x, ¢(x)) = 0.

b) Continuity of the function ¢: It results from this construction.

Let’s repeat the same reasoning, replacing k with ¢ ( ¢ smaller ), but ¢

arbitrary. So
Ve > 0,3a > 0, such that [x — xg| <a = |(p(x) - (p(x0)| <e.

Consequently ¢ is continuous.

c) Differentiability of the function ¢. Let (x, ¢(x)) and (x + ¢, p(x + t)) two
points of U (¢t small enough so that (x + ¢, @(x +t)) C U).

The Mean Value Theorem tells us that there exists a point p on segment

(x, p(x)), (x + £, @(x + 1)), such that:

0

F((x+ £, 0(x + 1) = fx, p(x))
d d
((x+1) —x) &—i(P) +(p(x + 1) - p(x)) é(i’)

J J
t%(ﬁ) +(px +1) — p(x)) a—J;(P)-

d
Since a—Jyr(p) # 0, we can write:

of
P+t - ) _ g
f of
@(P)
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We then have:
of
- —5- (%, ¢(x))
o0 = lim PP s (because p — (x, ¢(1)).
- t—0

a—y(x, P(x))

And since f is of class C!, then ¢ is continuous. In other words, ¢ is of class
ClonU m

2.8.1 Case of dimensionp =2

Let (a,b) € U, where b = @(a). In the neighborhood of 4, the function ¢
verifies f (x, p(x)) = 0. Then the theorem of differentiation of composite

functions gives us:

Lo Lwow)| |0
o T g )T

Which implies that:
of DI P
o TP + 95 @ pla) = 0.
So: of
— 5, W e()
Ppx) = ———
@(ﬂ, P(a))
Assume that a is a critical point of ¢. So ¢(a) = 0, we then have:
?f
~52 @ 9@)
(p(ﬂ) = &f—
a—y(a, ¢(a))

2.8.2 Case of dimensionp =3

Let (a,b,c) € U, where ¢ = ¢(a, b). in the neighborhood of (4, b), the function ¢

verifies f (x, y, (x, y)) = 0. Then the theorem of differentiation of composite
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functions gives us:

1 0
oA N 0 1 |-
ox dy IzJl 99 ¢ '
dx dy
Which implies that:
of
B(P 3 _g(x/y/(P(x/]/))
5=
E(x/ Y, (P(xr y))
and
_8_f(x (x,y)
0= 20T
AT '
5 O Ve )
Furthermore, if (g, b) is a critical point of ¢, we then have:
°f
P e Wb - —ﬁ(u, b, p(a, b))
(aX)z ' a_f(a b (ll b)) '
32 7 /(P 7
»’f
az(p b _ _a_yz(u/b/(P(alb))
(ay)z(a' " (9_f(a b, (a,b))
&Z 7 /(P 4
and Py
82(p i _axay(a/b/ (P(a, b))

(a,b) =
ox0 Jd
(9xy) a—i((a, b, p(a, b))
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2.9 Exercises about chapter 2

Exercise 2.9.1. Determine, whenever they exist, the following limits:

1 lim u 2 im —sin (xy) 3 im w
(y)-00 X2+ Y2 (1y)-00) 2+ y_z’ (xy)—(0,0) tan( [y yz)'
sin (x?)sin (y) . 1L+ Lol
4 ( ) Y (x2+y2) 6. lim M,a>1,

. (xy)—(0,0) x2 + sinh? (yZ)/ ' (xy)—(0,0) ‘ (x.y)—(0,0) X%+ y2

Exercise 2.9.2. Studying the continuity of functions f, g : R> — R defined by:

1
y+ —arctan(x?y), ify#0
Lfx,y)= y
0, if y=0
Y .
xexp(arctan(=)), ifx#0
2.9(x, y)= P X .
0, if x=0

Exercise 2.9.3. Let h : R = R be a function of class C' and let f : R> > Rbea
function defined by:
h(x)—h
@)
f(x/ ]/) = ) x-y
h(x), if x=y,

Show that f is continuous on R2.

Exercise 2.9.4. Let ay, aa, B1, B2 and y five constants positive and let f : R* » R
be a function defined by :

x| [y| ™ ,
%/ if (x,y) # (0,0)
fee =4 (i + o)
0, if (v, y) = (0,0)
Show that f is continuous at (0, 0) if and only zf;ﬂ + % > .
1 p2

Exercise 2.9.5. Let f : R? — R be a function defined by:

f@wz{XMMM+W% if (x,y) # (0,0)
, 0 if (x, ) = (0,0)

Show that f is of classe C' on R?.
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Exercise 2.9.6. Let f : R — R be a function of class C'.

1. Define ¢ : R — R by g(t) = f (sin(t), exp(t2)). Show that g is class C! and
calculate the first derivative of g as a function of the partial derivatives of f.

2. Define h : R? — R by h(u,v) = f(uv, u* + v2). Show that h is of class C* and

express the first partial derivatives of h in terms of those of f.

Exercise 2.9.7. 1. Let f : R> — R be a function defined by:

2 2

x .
xyszyz' if (x,y) # (0,0)

0, if (x,y) = (0,0)

f(x/y) =

1. 1. Is f continuous on R2.
1. 2. Is f of class C* on IR?.
1. 3. Show in two different ways the differentiability of f on R,

»’f *f
%9y (0,0) and o (0,0). Conclude.

2. (Supplementary part) Same questions for the function g : R*> — R, which is
defined by:

1.4. Calculate

_ { x*yln (x2 + yz), if (x,y) # (0,0)
8(x,y) = : _
0, if (x,y) = (0,0)
Exercise 2.9.8. 1. Let f, g : R*> > R be a functions defined by:
VSO0 e # 0,0 Y0 ) # 0,0
foop=1 iy if (x,y , sy =1 iy if (x,y ,
0, if (x,y) = (0,0) 0, if (x,y) = (0,0)

Ave the functions f and g differentiable at (0,0)?.
2. Let f : R?> > R be two function defined by : f(x,y) = cos(x) exp(y).
2.1. Calculate the gradient of f at every point (x,y) € R>.
2.2. Calculate the Hessian of f at the point (0, 0).
2.3. Find, using two different methods, the second-order Taylor expansion of
the function f in a neighborhood of the point (0, 0).
3. Let ¢ : R? — R? be a function defined by:

o(x,y) = (x = sin(ay), y —sin(ax)), a € ]-1,1[.

Is the function @ a C'-diffeomorphism of R* on p(R?)?
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Exercise 2.9.9. Let ¢ : R? > Rand ¢ : R?> - R? with ¢(x,y) = (x — y,x + ).
Suppose that g is of class C2. Let f = g o .

1. Show that ¢ determines a C>-diffeomorphism.

2. Express the second partial derivatives of f in terms of that of g.

3. Show that if f is a solution of the PDE:

Pf Pf

GEE D ~ GrE® Y =4 =), 275)
, . &g
then g is solution of 3o (x,y)—uv =0

4. Deduce the general solution of (2.75).

Exercise 2.9.10. 1. Show that the equation x* + 2 exp(y) + sin(xy) — 2 = 0 defines
in the neighborhood of the point 0 an implicit function y = @(x), such that ¢(0) = 0.
Show that ¢ has a local maximum at 0.

2. Show that the equation 3x> + 6y + z° — 2z* + 1 = 0 defines in the neighborhood
of the point (0,0) an implicit function z = @(x,y), such that ¢(0,0) = 1. Verify
that (0, 0) is a stationary point of ¢. Study its nature.

Exercise 2.9.11. Find the stationary points of the following functions and study
their natures:

1. f(x,y) = x + y* — sinh(x + y).

2. g(x,y) = x + y —sinh(x + y).

Exercise 2.9.12. Find on E; the extrema of the functions f; : E; ¢ R* - R,
(i=1,2,3) defined by:

1. filx,y) =x(1 +y) + In( \/2-1-9527+y2) and E1 = W

2 fay) = < Y and E, = B(©,0),1).

+x2 + 2
2

3. fs(x,y) = andE3:{(x,y)e]RZ:OSXz+y2§9,OSxSy}.

xX+y

2.10 Solutions of exercices of chapter 2

Solution of exercise 2.9.1

Let’s determine, whenever they exist, the limit of f, when (x, y) — Og:
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2 2
l‘f(xry):u

X2+ 2
We have f(0,y) = -1 # 1 = f(x,0).

Therefore, f has no limit at the point (0, 0)

| sinGy) [y
2. |f(x,y)| = NeE < N < |x| = 0, when (x, ) — Oe.

Therefore limy,,)—0,, f(x,y) = 0.

sin(x)  sin(y)

5 flay) = sin(v)sin(y) X Y N ( Xy ] s 0. when
T (VEr ) | en(vEr ) | R
(x,y) = Oge.
Therefore lim, )0, f(x,y) = 0.
sin (xz) sin(y)|  |+?|y|
4. ’f(xr ]/)I gl e % <l | < (y( — 0, when (x,y) — Oz,

Therefore limy,)—0,, f(x,y) = 0.
5. Let (x,y) = (rcos 0,rsin 0) .
We then have
lim x2+y2x = lim exp(xIn(x* +y*
(x,y)a(0,0)( ) (xy)—©0) p( ( ))
exp(2 cos(0) lirr(}rln(r)) =1

6. Since a > 1 and

In(1 + |xy|a)
x? + y?

In(1 + |xy|a)
ol

| a
Xy' 1 a-1
<3 ]

O§|f(x,y)|= el -0,

then limy,)0,, f(x,y) = 0.

Solution of exercise 2.9.2

Let’s study the continuity of the following functions:
Lf(x,y)=y+ 1 arctan(x?y), if y # 0 and f(x,0) = 0.
1.1. For all (a, ;7/) € R x IR*, f is continuous.

1.2. For alla € R*, f is discontinuous at the points (a,0), because

lim @, ) = a* #0 = f(a,0).
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1.3. At the point (0,0), f is continuous, because

lim f(a,y) =0= f(0,0).
(5 y)—0p2

2.9(x, y)=x exp(arctan(%)), ifx # 0 and g(0,y) = 0.

2.1. For all (a,b) € R* X R, g is continuous.

2.2. At the points (0, b) (b € R), g is continuous, because

Tt
|g(x, y) - 8(0, b)| < |x|exp (E) -0,

when (x, y) — (0,b) . Therefore lim, ;)0 §(x, y) = 0.

Solution of exercise 2.9.3

1. For all (x, y) € R*(x # y), f is continuous.

2. At the points (4,4) € R? (a € R). Since h is of class C!, according to the
mean value theorem, at each element (x,y) € R?*(x # y), we can associate
0.,y € 10,1[, such that

h(x) = h(y) = h(y + Oxy(x = Y)(x = y);
which allows us to write:

h(y + Oxyx(x — y)) — hia), if x # y

fl,y) - fa,a) ={ 0, ifx=y.

Consequently lim, ). f(x,y) = f(a,a).
Solution of exercise 2.9.4

Let a1, ap, f1, B2 and y be five positive constants and let f : R*> —» R be a

function defined by:
el [y
%, if (x, y) # (0,0)
fly) = (IXIﬁl +y| 2)
0, if (v,y) = (0,0)
Let’s show that f is continuous at (0, 0) if and only if ;ﬂ + % > .
1 p2

1. Suppose that f is continuous at (0, 0).
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Since lim, ;) (0,0) f(%, y) = 0, we must have that:

a1 Qap
2.2
f L,L - l(l)ﬁl B2 ,
Vi wa) "7
quantity tends towards 0, when n — +oo, if 4,2y y.
1 2

2. Conversely. Suppose that % +22 y.
1

2
We have for all (x, y) # (0,0) :

a

CORDE

(" + )

(1 + 1) (b 1)
(" + )

ap | ap

)ﬁz)ﬂ+5_7’

|f(x, )| =

|f(x, ) = £(0,0)]

— 0, when (x,y) — (0,0).

Oﬂm+ﬁy

Solution of exercise 2.9.5
Let f : R* > Rbe a function defined by:

flx,y) = xyln(x + |y]),  if (x,y) # (0,0)
’ 0 if (v, y) = (0,0)

Let’ show that f is of class C! on R2.

Recall that the derivative of the absolute value function [, ¢t # 0 is |—:l So:
|| .
T wmmww+mff,ﬁmw¢@m
g YY) = Yy .
0, if (x,¥) = (0,0)
and
xly
of xIn(xd + [y]) + ,if (x,y) # (0,0)
@(x,y) = ] + (y .

0, if (x, y) = (0,0)
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. of  of . )
The two functions = and = are continueous on IR* — {(0, 0)} .

ox dy
Furthermore, for all (x, y) € R? - {(0,0)}, we have:
) 0
’%(x, y)‘ < (le + |y|) |ln(|x| + |y|)| + )y) —-0= B_i: (0,0), when (x,y) — (0,0)
) d
‘é(x, y)‘ < (le + |y|) |ln(|x| + |y|)| +x| > 0= é (0,0),when (x,y) — (0,0).

d

d
So > and % are continueous at (0,0) . Consequently f is of class C! on R?.
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Solution of exercise 2.9.6
Let f : R* > R be a function of class Cl.
1. We define g : R — R by g(t) = f(sin(t), exp(tz)).
1.1. Let’s demonstrate that g is of class C':
Leth : R — R? be a function defined by:

h(t) = (sin(t), exp(t?)).
We then have g = f o h.

Since f and  are of class C!, we deduce that g is also of class C.

1.2. Let us calculate the first derivative of g based on the partial derivatives
of f.

Applying the formula for the derivative of a composite function, we can

write:

. o /. af /. cost
() (5 (sm(t),exp(tz)) @ (sm(t), exp(tz)))[ ]

2t exp(t?)

cos(t)(;—ir (sin(t),exp(tz)) + 2t exp(tz)g—]}; (sin(t), exp(tz)) .

2. Now, we define 1 : R — R by h(u,v) = f(uv,u* + v?).
2.1. Let’s demonstrate that / is of class CI.

Let k : R* - RR? be a function defined by:
h(u,v) = (uv, u? + 02).

We then have hh = f o k.
Since f and k are of class C', we deduce that & is also of class C'.
2.2. Let’s express the first partial derivatives of h in terms of those of f.

Applying the formula for the derivative of a composite function, we can

write:
oh oh _(f 2, 2 9 2,2\ YU
(a—u(u,v) %(u,v)) = (& (uv,u +v ) 8—y(uv,u + v ) oy 2 |’
which implies that:
oh _ af 2., .2 af 2, .2
g(u,v) = 05 (uv,u + v ) + 2“8_ (uv,u + v )
oh af

%(u, V) = u—=— (uv, u? + UZ) + 22}?—]; (uv, u? + ZJZ)

ox
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Solution of exercise 2.9.7
1. Let f : R? > R be a function defined by:

Al
fap =] Yary Tenz00
0, if (x, y) = (0,0)

1. 1. Let’s show that f is continuous on R?.

* Por all (x, y) € R? — {(0,0)}, f is continuous.

* At the point (0,0), f is also continuous, because | flx, y)| <1 (xz - yzj -0,
when (x, y) — (0,0) .

So limgy) 0 f(x, ¥) = 0 = £(0,0).

1. 2. Let’s show that f is of class C' on R?.

We have:
Xty + 4x2yP — P
af SIS iy # 0,0)
Ten={ " @+
0, if (x,y) = (0,0)
and
of VEHEIT i) £ 0,0)
7 1 x/y 7
SN =] ey

0, if(x, y) = (0,0)

d 0
The two functions —f and —f are continueous on R? — {(0,0)} .

ox dy
Furthermore, for all (x,y) € R? — {(0,0)}, we have

af _df
'g(x,y)’ < 6|y| —0= 5 (0,0),as (x,y) — (0,0)
af _df
'a—y(x,y)’ < 6|x|—>0—a—y(0,0), as (x,y) = (0,0).
Sooj— and 8_f are continuous at (0,0).
Ix dy

Consequently f is of class C! on R?.

1. 3. Let us show, using two methods, the differentiability of f on R2.

*The first method. Since f is of class C! on IR?, we deduce that f is differen-
tiable on R?.
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* The second method:. For all (x, y) € R? - {(0,0)}, f is differentiable.
At the point (0, 0), we have

d d
Lx,y) = xa—f(O, 0) + y%(o, 0)=0.

So

|f(x, y) - 8(0,0) - L(x, )|

xz_yz
[ 9] P%g?;ﬁ

< |x] - 0,whenx — 0.
Then, f is est differentiable at (0, 0).
1.4. We have:
of of af af
= f(t,0) — == £(0,0) 5,/0D = 5-£(0,0)
ox 9x =1and % % =-1,
t t
which implies that:
of of
Pf o (of i 5.0 = 5-£(0,0 .
&y&x(o, 0) = @ (a) (O, 0) = im0 P =
of of

8x&y( 0= 5 gy ) T =0 t B

Si ’f 0,0 7f 0,0 ding to the Sch ’s th d
ince —- 8y( ,0) # oy 8x( ,0), according to the Schwarz’s theoerm, we de
duce that f does not of class C? on IR?.
Solution of exercise 2.9.8
1. Let f, ¢ : R* - R be a functions defined by:
2 a3 2 2 .
%, if (x, ) # (0,0) / Zsm(’;), if (x, y) # (0,0)
foy) =4 ¥+y gy) =1 ¥ +y
0, if (v, y) = (0,0) 0, if (x, y) = (0,0)

Let’s show that the functions f and g are differentiabes at (0, 0)?.

. (t/ 0)_ (0/ O)
L SE0-f0,0 _ f0,H-£0,0 _ >.(0.0 =hmtﬁo¥ =

0= 0, i 0,0
t t ZJ;(O,O)=limt_>0f( t)tf( ) _

0

0
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P) P)
Li(x,y) = a—i:(O, 0)x + a—ch(O, Oy =0.
So
2.2
VWmemeM Mo || s et - 0,0)
(2 +y?)?

Then, f is differentiable at (0, 0).

0 t,0) - ¢(0,0
éwm=mmw&—%ﬁLl=o
1. 2. On the other hand: 0.8) — ¢(0.0
%80,0) = lim,_,o S0 800 _g
dy t
_ 98 98 _
Lr(x,y) = 5(0, 0)x + 8_y(0' Oy =0.
So | |
g(x, y) — £(0,0) — La(x, y) 2 sin(x)
— y T = G(x,y)
(2 +y?)>
2 o 3
We have G(x, x) = rsin No_x 1 - 0.

)} () ()
Therefore, g is not differentiable at (0, 0).

2. Let f : R?> - R be a function defined by: :

f(x, y) = cos(x) exp(y).

2.1. The gradient of f at all points (x, y) € R? is given by:

of

Vilx,y) = 3—£(x, Y) &—x(x, y)| = (—sin(x) exp(y) cos(x)exp(y)).

2.2. The Hessian of f at the point (0, 0) is given by:

>f i
| 5200 5o 00 | (4 o
Hf(0,0) = aZf 2f = 1
-(0,0) 7 2(0,0) 0

2.3. Let us find, using two different methods, the second-order Taylor ex-
pansion of f in a neighborhood of (0, 0).
The first method: It is clear that f is of class C? on IR?.

Since
o oo Pf N P 2f Pf o
5(0,0) = axay(o, O) = O, @(0, O) = 1 (O 0) -1 and —(O 0) 1
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we then have
X y2 2, .2
fx,y) =cos(x)expy =1+y - TtT (" + y e, y),

where e(x, y) — 0,as (x, y) = (0,0).
The second method: We have:

2 2
f(x,y) = cos(x)expy = (1 - % + x2€(x)) (1 +y+ y? + yze(y) .
By creating the product, and retaining only the terms in x, y, xy, x*, y* and
encompassing the rest of the form (x? + y?)e(x, y), we get the same result.
3. We have

—arcos(ay) | _ 1-a? cos(ax) cos(ay) > 1-a? > 0.

detJ,(x, y) = |

—a cos(axy) 1

Therefore ], is invertible at the point (x, v).
On the other hand, the function ¢ is of class C* (obvious).
The function ¢ is also injective.

Indeed, let (x1, y1) and (x2, y2) € R?, such that ¢(x1, y1) = @(x2, y2). ie;

x1 —sin(ayy) = x — sin(ayy)
y1 — sin(ax)) = 2 - sin(axy)
So

X1 — X |sin(ay1) - sin(ay2)|

IA

a (yl - ]/2)
= alsin(ax;) — sin(axy)|

< a?lr —xol.

Since 1 — a2 > 0, we then have x; = x,, and thus y1 =Y.

According to the global inversion theorem, ¢ is a C!-diffeomorphism from
R? to p(RR?).

Solution of exercise 2.9.9

1. ¢ is injective and it is of class C*> on IR? (obvious).



Dr. Smail KAOUACHE. Analysis 4: Courses and exercises with solutions 67

Letu=x-yandov=x+y.
So

1 -1
det]}p(x,y):det[ L1 ]:2;&0.

Therefore j, is invertible.
According to the global inversion theorem, ¢ is a C** diffeomorphism .
2. Let f = go . We find

Pow Loop )= Buw % b
( ey 5,&) )—( 3,0 5 (1,0) )( 1 ]

1
That 1s 3
P ) = —ww+;mw

af

[¢]
82f 0 9\(dg Jg
(a )2( 7 ) = (_ %) (_(u/v) + —(1/[,?]))
2

(u, )

(8 )2(u ,0) + 8 o (u V) + @07

2 .
(a J;‘ ( ]/) ( a ;})(—&—(M,U) + a_(ulv))
g g

= @™ " 250 S5 00+ (90)2

i _Pf

pe () o7

2

g
dudv

4. By integrating the previous equatlon we find

23 (u,0)

3. So, the equation: ( (x,y) = 4(x* — y?) becomes:

—(u,v) = uv.

g(u,v) = u v* + F(u) + H(v),

where F, H are of class C? on R.

Consequently

Fl9) = glu,0) = 70 =y + Fla = )+ Hex+ )

Solution of exercise 2.9.10
1.1. Let f : R* - R be a function defined by

flx,y) = x> +2 exp(y) + sin(xy) —
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Then, for all (x, y) € R?, we have:

af 5
@(x, y) = 2exp(y) + x cos(xy).

Since f(0,0) = 0 and g—f(O, 0) = 2 # 0, The implicit function theorem allows
us to state that there exists a unique continuous function ¢ : ]-0,0[ = R,
such that p(0) = 0 and for all x € ]—0,0[ : f(x, p(x)) = 0, and moreover
peC™.

1.2. For all (x, y) € R?, we have :

of
5(95, Y) = 2x + y cos(xy).

of
5(3@ )
So: ¢(0) = — of = 0.1i.e; 0is a critical point of ¢.
8—]/(96, Y)
Nature of the critical point 0. For all (x, y) € R?:
B
( 8;)(2 (0, 9(0))
(p(O) = _Bf— =-1< O,
@(O: ©(0))

so the function ¢ has a local maximum at 0.
2.1. Let f : R® - R be a function defined by:

fx,y,2) = 3% +6y* +2° = 2z* + 1.

0
For all (x,y,z) € R%: 8—sz(x, y,z) = 5z — 825

0
Since f(0,0,1) = 0 and a—ic(O, 0,1) = =3 # 0, The implicit function the-

orem allows us to state that there exists a unique continuous function
@ : B((0,0),0) — R, such that ¢(0,0) = 1 and for all (x,y) € B((0,0),0) :
fx, v, 9(x,y)) =0, and moreover ¢ € C*.

2.2. For all (x, y,z) € R?, we have: %(x, y,z) = 6x and %(x, y,z) = 12y. So

dp _do B
=-(0,0) = @(0,0) =0.
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Therefore (0, 0) is a critical point of ¢.
Nature of the point of (0,0). For all (x,y,z) € R®:
>f >f >f
—2(0,0,1) =6, ——(0,0,1) = 0 and —2(0,0,1) = 12, we then have
(9x) 9xdy G

A=2B=0andC=4.S0B*-~AC=-8<0and A=2> 0; which implies
that the function ¢ has a local minimum at (0, 0).
Solution of exercise 2.9.11

1.1. Let (4, b) € R? a critical point of the function

f(x,y) = x + y* — sinh(x + y).

We then have
d
—f(a,b)zl—cosh(a+b):0 a+b=0 11
- = @b) = (-5, 5).
@(a,b):zb—cosh(a+b):0 26-1=0 2°2
. 11
1.2 Nature of the point (_E' E)'
We have 82f
x, 1) = —sinh(x +
( fZﬂz( y) (x+y)
(x,y) =2 —sinh(x + v)
(9y)*
87 = —sinh(x + y);
%oy (x,y) = —sinh(x + v);
So 52
11
-2t h=o
(9x) 2°2
P f 11
=55 =2
(9;/) 2°2
_ of (_1 1) -0
s oxdy: 220
Since B> — Ac = 0, we cannot conclude.
Let 6 > 0. We then have:
1 1 1 11

1 I 7 R Y
f(—§+6, o) = 4+6> 4_f(

5~
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and
1 1 1 .
f(_i +6, E) = _Z + 6 —sinh 6
< —l—f(—l 1) (because sinh 6 > 0

1° 55 ecause s

Therefore,
1 1 11
By = (5 40,5 -0) € B((—E, o) 5)

and

1 1 11

A = (-5 +6,5) € B((-3,3)9),

verifying

f@) > f(=3, ) and f(2) < f=3, )

11
So f does not admit a local extremum at (— 5 E)'

2.1. Let (a,b) € R? a critical point of the function

g(x, y) = x + y — sinh(x + y).
We then have:

98

—x(a, b)=1-cosh(@a+b)=0

8 _1_ _

3y (a,b) =1 —cosh(a+Db) =0,
which implies that:

a+b=0= (a,b) = (-a,a).

2.2 Nature of the point (-4, a).
We have:
g *g g
xX,Y) = xX,Y) =
O (xy) e (0 y) = - oy

(x,y) = —sinh(x + y)

which implies that= A = B = C = 0. Since B?>— Ac = 0, we can not conclude.
Let 6 > 0. We have:

ga+6,—a)=06-sinho <0 = g(-a,a)

and
g(a—06,—-a)=-6+sinhd > 0 = g(-a,a)
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Therefore dx; = (a + 6,—a) € B((-a,a),0) and dx, = (a — 6,—a) € B((-a,a),d)
verifying g(x1) < g(—a,a) and g(x;) > g(-a,a).

So g does not admit a local extremum at (—a, a).

Solution of exercise 2.9.12

Let’s find the extrema of the function f; : E; C R?> > R, (i = 1,2,3) defined
by fi(x,y) = x(1 + y) + In(4/2 + 22 + y2) and E; = B((0,0),1).

We have

B((0,0),1)

{(x,y) eER%; ¥ +y* < 1}
B((0,0),1) U9B((0,0),1).

The function f; is continuous on the compact B ((0, 0), 1), therefore it attains
its extrema. Let (4, b) denote one of these points.
1.1.On B ((0,0),1), we have:

af a
g—x(a,b) = 1+b+—2+a2+b2
@(u,b) R W
Assume that V¢(a, b) = (0,0). So
a
1+b+—2b+a2+b2 =0
S = =0
which implies that:
a* = b +1) (2.76)

and since (a,b) € B((0,0), 1), we then have:
a2+ <1 (2.77a)

From (2.76) and (2.77a), we find 2b*> + b — 1 < 0, contradiction.

So Vi(a,b) # (0,0), for all (a,b) € B((0,0),1), and therefore f does not admit
extrema on B ((0,0),1)

We are looking for the extrema on dB((0,0),1).

We have

0B ((0,0),1) = {(x, y) € R?; 2 + yz -1=0=g(x, y)}
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So P
g _
. (a,b) =

g _
Jy (a,b) =
Let (a,b) € dB((0,0),1), we then have a> + b* = 1.
If we suppose that V¢(a, b) = (0,0),i.e;a = b = 0, thena?+b* = 0 contradiction

with a% + b? = 1. So V(g(a, b)) # (0,0), so rangVg(a,b) = 1. According to the
Lagrange’s theorem, A € R, such that

{ V(i +A8)(a, b) = (0,0) 075
g(&l, b) =0
On the other hand,
(a,b) € dB((0,0),1),
we can write:
f@@,b) = a(l+Db)+1In(V2+a%+1?)
= a(l+b)+ 1n_3 (2.79)

From (2.78a) and (2.79), we get:

1+b)+21a=0
a+2Ab=0

a2+ =1

a?+b>=(1+b)b+1? )
= =2"+b-1=0

a2+ =1

Soblz—landbzzé

For by = -1, we geta; =0, and for b, = % we getay = %
We then have
V3 1 3v3 In3
fl(o 1) X and fl T/ E i_4 + T
Consequently:
max fi(x,y) = £+ ln—Band mlnfl(x y) = 3\/§+ln_3.

xcB 2 4 2



Chapter 3

Multiple integrals

The multiple integral is a natural generalization of the single integral, which
represents the integral of a function of one real variable. In multivariable cal-
culus, this concept is extended to functions depending on two or more vari-
ables. In particular, double integrals and triple integrals allow the integration
of functions defined over regions in two-dimensional or three-dimensional
spaces. These integrals play an essential role in the analysis of quantities
such as area, volume, mass, and other physical properties distributed over

multidimensional domains.

3.1 Double integrals

3.1.1 Basicidea of double integral of a continuous
function on a rectangle

Let f : R = [a,b] X [c,d] — R be a continuous function on the rectangle R.
When we divide R into n X m subrectangles, we obtain a **grid of small

rectangles** g. More precisely, we define a subdivision of the segment [a, b]

73
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into n subintervals
[xic1,x], i=1,...,n, withxg=aandx, =0,
and a subdivision of the segment [c, d] into m subintervals
lyi-v,yl, j=1,...,m, withyy=candy, =d.
The grid of small rectanglesq is therefore composed of the nxm subrectangles

Rij = [xic, xil X [yj-1, 9], i=1,...n,j=1,...,m

The lower Darboux sum is defined by:

n

Sine(q) = Z — Xi- 1) —Yj- 1)m1]/ (3.1)

i=1 j=1

where m; j represents the minimum of f on R; ;.

Let M now be the upper bound of f on the rectangle R, we can then write:
Sint(q) < (b —a)(d - c) M. (3.2)

Similarly, the upper Darboux sum is defined by:

sup(q) Z Z (i — xi- 1) —Yj- 1) i,jr (3.3)

i=1 j=1
where M; ; represents the maximum of f on R; ;.

Now, let m be the lower bound of f on the rectangle R, we can then write:

Sup(@) = (b= 0) (d = ¢ m. (3.4)

From (3.2) and (3.4), it follows that the set of lower Darboux sums possesses
a supremum, which is always less than or equal to the infimum of the set of
upper Darboux sums. Moreover, it can be shown that these two bounds are
in fact equal. As the partition of the domain becomes increasingly fine—so
that the diagonal of each sub-rectangle approaches zero—the corresponding
Darboux sums converge to a single value. This limit coincides with the limit
of the Riemann sums, leading to the following rigorous definition of the

double integral:
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Definition 3.1.1. For a continuous function f : R = [a,b] X [c,d] — R to be
integrable on R, it is necessary and sufficient that for all € > 0, there exists a grid of
small rectangles q = {Ri,/ = [xi—1, xi] X [yj_l,yj] =1, ,nandj=1, ...,m}, such
that:

{ LSin(@) < [ fy f0x, ydxdy < Ssup(@) 5)

2.[Ssup(@) = Sine(q)] < €(b—a)(d—¢), '

where the number f _E{ f(x, y)dxdy represents the volume of R® located between the
plane xoy, the surface of equation and the four vertical planes x =a,x =b, y =c¢

and y =d.

Figure 3.1:
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Example 3.1.1. Using the definition of the double integral, calculate

szjl;f(x,y)dxdy,

where f(x,y) =x+yand R =[0,1] x[0,1].
We will take as a grid of small squares, a reqular cut of R into n? small squares with

vertices (i, l),fori =1,.,nand j=1,..,n.
n'n

1 1
First, let's calculate m; ; and M; ; on the small squares [IT, —] X [—, %] .

n
Si of _U =1>0, we then h
ince E (x,y) = 2y (x,y) = , we then have

1 1 . .
m,'/jz—ln +]1’l zmdMi,]-—%+%.
We have:
Ssup(q) = (xi = xi-1) (]/} - y]—l)Mz]
i1 j=1
v vl (1 ]) n+1
= =|-+=]=
i1 =1 n n n n

Similarly, we can find:

Sini(q) = (xi — xi-1) (yj - y]’—l) i j

Consequently:

n;l SI:ffRf(x,y)dxdyS nni

We pass to the limit when n — +o0, we get I = 1.
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3.1.2 Fubini’s theorems

Fubini’s theorem on a rectangle

Theorem 3.1.1. Let f be a continuous function on a rectangle R = [a,b] X [c,d],

we then have:

INCEE dd fmwﬁif ( f@Wﬁ(%)
R [a,b] [ed] [c,d] [a,b]

Remark 3.1. The interest of Fubini’s theorem is therefore that calculating a double
integral on a rectangle reduces to calculating two simple integrals: We fix y and
integrate with respect to x over the segment [a, b], then we integrate this expression
for y on the segment [c, d]. Alternatively, we can do the same: integrate with respect

to y and then with respect to x.

Example 3.1.2. Let’s calculate the following integral:

I= ffRf(x,y)dx,

where
1
(x/ ) = 5
fly (x+y+ 1)2
and
R=10,1] x[0,1].
We have:

—
Il

dx
oo [ anf [
sz;f( 2 [0,1] y( [0,1] (x+y+1)2)
1
d d
if[_i_iwzf _L_f 4
o lx+y+1], oy y+1 o Yy+2
_ y+1\ 4
- |m(y+2ﬂo_l 3

Remark 3.2. If the function f can be writen as:

flx,y) = h(x) x g(y),

where h : [a,b] - Rand g : [c,d] — R are the continuous functions, then:

fj; obX(ed] f(x, y)dxdy = (j; h(x)dx) X (j[;d] g(]/)dy). (3.7)
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Fubini’s theorem on an elementary compact set of IR?

Definition 3.1.2. We call a compact element of R?, any part C of R? verifying:

A7

=f{xy)

Figure 3.2:

C= {(x, y)eR*/a<x<band fi(x)<y< fz(x)} (see Figure 3.2),  (3.8)

where f1, f> : [a,b] — R are continuous functions.

or:
C= {(x, YeER/c<y<dand gi(y) <x< gz(y)} (see Figure 3.3),  (3.9)
where g1, g2 : [c,d] = R are continuous functions.

Theorem 3.1.2. Let C be an elementary compact of R* and let f be a continuous
function on C.

1. If the compact C can be represented by the formula (3.8), then

b fo(x)
ff fx, y)dxdy = f dx % ( flx, y)dy). (3.10)
C a A

1. If the compact C can be represented by the formula (3.9), then

2(%)
fff(x,y)dxdy:fddyx( : f(x,y)dx). (3.11)
C c 81(x)
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Ve Y

Figure 3.3:

Example 3.1.3. Let’s calculate

I= f fc f(x, y)dx,

f(x,y):1,etC:{(x,y)€]R2/x20and x—1$y$1—x}. (3.12)

where

According to the figure 3.4, C can be represented by:

Figure 3.4:
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C={ryeR0<x<land x-1<y<1-x. (3.13)

ff;f(x, y)dxdy fl dx % (Ll_x dy)

0 -1
1
2-2x)dx =1.
0

We then have:

3.1.3 Properties of the double integral
1. The double integral on a compact C of IR? is linear; that is to say:

ff; (af(x,y) + pg(x, y)) dxdy = aff;f(x, y)dxdy + B fj;g(x, y)dxdy.

If f(x,y) 2 0, forall x,y € C, then [ [ f(x,y)dxdy > 0.
If f(x,y) > g(x,y), for all x, y € C, then f fc fx, y)dxdy > f fc g(x, y)dxdy.

W N

e

N f ydxdy] < [ |f G, v)| dxdy.

a1

NS L% ) Gypdrdy] < ([ [ pxdy) x ([T, 226 paxdy).

6. Let C; and C; be two simple compact verifying 1N G, =2, then:

fjclucz flx, yydxdy = fj(; f(x, y)dxdy + ff; flx,y)dxdy.  (3.14)

3.1.4 Change of variables

Let D and D be two elementary compacts of R? and let ¢ : D — D be a

bijection of class C!, such that:
for all (1,v) € lﬁ,(p(u, v) =(x,y) €D.
We therefore have the following theorem.

Theorem 3.1.3.

f fD f(x, y)dxdy = f fD £ (p(u,v))|det J, (1, v)| dudo, (3.15)
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ox ox
where |det Jo(u, v)| = gly‘ g; ( The absolute value of the determinant of the
5 3

u  Jv
Jacobian matrix of ¢ does not vanish inside D.

Special cases

Conversion to polar coordinates Let ¢ : R} X [0,21] - R? be a
function defined by

@(p,0) =(x=pcosO,y = psin0).

We then have:
cos@ —psin0
|detJo(p, O = || =p. (3.16)
sinf pcosO
Therefore:
ff flx, y)ydxdy = ff pf(pcos 8, psin 0)dpdo. (3.17)
D D

Example 3.1.4. Let’s calculate the following integral:

f jz; f(x, y)dxdy,
fy) = 1+22+y2

D={(x,y)e]RZ;1SxZ+y232,xzo,yzo}

where:
and

By performing the change of variables x = pcos 0, y = psin 0, we get:
D:{(p,@)eR2;1$ps V2,0<6< g}

So

z V2
ff(x,y)dxdy = fd@ p+J1+ p2dp
0

D
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Change of affine variables Let ¢ : R - R? be a function defined
by:
P(u,0) = (x = au + 1o+ y1,y = au + fov + 72),

)det]q,(u, U)| = ‘[ Zl 21 ] = |0€1,52 —ﬁ1012| # 0.
2 P2

Therefore

ff fx, y)dxdy = ff |a1ﬁ2 - ﬁlaz(f(alu + 10 + Y1, ot + Bov + yo)dudv.
D D

Example 3.1.5. Let’s calculate the following integral:

I= ffo(x,y)dxdy,

where
fx,y) = exp(x +y)
and
D={(y) eR50<x+y<land0<x-y<1f.
Let
D={(u,v)G]Rz;u=x+y,z;=x—yand(x,y)ED}.
So

D = ([0,1])%

x_u"rU
{ . 2 |
_M—U ’
¥y==3

On the other hand

Whitch implies that:
11
(det]q,(u, v)| = % 21 = %
2 2
We then have:
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3.2 Triple integrals

3.2.1 Basic idea of the triple integral of a continu-
ous function on a domain D of R®

The principle idea of the triple integral is the same as for the double integral,
simply replacing a small area element with a small volume element. Let f
be a continuous function of three variables (x, y,z) on a domain D of R3. We

define the following integral:

f f L f(x,y,z)dxdydz

as the limit of the sum of the form
Z Z Z (xi = xi-1) (]/j - ]/j—l) (zk — zk-1) f(ui, v}, wy),
Tk

inwhich, (u;, v, wy)is a point on the small parallelepiped [x; — xi_l]x[y]- - y]-_l]x

[zx — zk-1].

3.2.2 Fubini’s theorem

Fubini’s Theorem on a parallelepiped

Theorem 3.2.1. Let f be a function on a parallelepiped P = [a,b] X [c,d] X [e, f],

f[; p dz ( f f[; e flx, y,z)dxdy)
f[u ., dx ( f L o] flx, y,z)dydz]

= . (3.18)

we then have:

ffjp‘ f(x, y, z)dxdydz

Example 3.2.1. Let’s calculate the following integral:

I= ffj;f(x, y,z)dxdydz,
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where

flx,y,2) = 2(xy + yz + x2)
and

P=10,1P°.
We have )
f 2(xy+yz+xz)dx =y +2yz + z.
0
Then
! 1
f (y+2yz+z)dy = = + 22z,

0 2

and finally

1
1 3
fo (5 +Zz)dz =5

Fubini’s theorem on a domain D of R®

The idea is to take one of the three variables x, y, and z that varies between
two bounds with extremes a and b. Suppose, for example, that it is z (we can
interchange the roles of x, y, and z), such that the planar domain obtained by
cutting the volume D with a plane z = constant is a domain D, sufficiently

simple for us to calculate the double integral f sz f(x, y,z)dxdy. We then have

f f Sy, Dddydz = f,,b dz ( f fD Z flx, y,z)dxdy). (3.19)

Example 3.2.2. Let’s calculate the following integral:

f f fx,y,2)dxdydz,
D

flxy,2)=1

where

and

D={(x,y,z)e]R3;x,y,220andx+y+2zsl}.

The goal is to calculate the volume of D. We cut D by a horizontal plane z = zo,
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Figure 3.5: The compact D

which gives us a triangle D, defined by x and y bounded by axes x = y = 0 and

x4y =1-2z, such that z € |0, 3| Therefore, we have:

j;; dz (ffD flx, y,z)dxdydz) fo; dz (j:_zz dx (j:—ZZ—x flx, y,z)dy))
= foédz(ﬁl_Zz(l—x—Zz)dx)
foé (% —Zz+222)dz = %

3.2.3 Change of variables in a triple integral

Let D and D be two elementary compacts of R* and let ¢ : D — D be a
bijection of class C'defined on D by:

ou,v,k) = (x,y,2z) € D.
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We therefore have the following theorem.

Theorem 3.2.2.

f f Oy 2)dxdydz = f f fD f (@(u,v,K)) |det [, (u, v, k)| dudvdk,

% % &

where |det Jo(u, v, k)( = (The absolute value of the determinant

. , u dv Jk il
of the Jacobian matrix of ¢ does not vanish inside D.

Conversion to cylindrical coordinates

Let
¢ : R% x[0,21] x R — R®, be a function defined on R® by
o(p,0,z) =(x=pcos0,y =psinb,z = z).
We then have
\Z
gl N
e =
! -
; ‘;f/ %
0
X

cos@ —-psinO 0
|det]qj(p,9,z)|= sin@ pcos@ 0 | =p.
0 0 1
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fff; f(x,y,z)dxdydz = fffD pf(pcos0,psin6,z)dpdOdz.

Example 3.2.3. Let’s calculate the following integral:

f f 5 fx,y,2)dxdydz,

f(x/ %Z) =

So

where

x4+ y? + 22
and

D={(xy2eR51<x+1* <4, x20,y200<z<1}.
By performing the change of variables
x=pcosO,y=psin0,z =z,
we get:

Dz{(p,G,Z)ER3;1SpS2,Osesglmdoszsl}.

So
1 z 2 4
ffff(x,y,z)dxdydz:f dzfzdé)f P E[lnp]f: Zin2.
D 0 0 1P 2 2

Conversion to spherical coordinates
The spherical coordinates are given by:

x=psinBcosg,
y =psinOsing, (3.20)

z=pcos0,

where 6 € [0, 7] and ¢ € [0, 27].

In this cas, we have:

sinfcosqp pcosfcosp —psinOsinw
|detJo(p, 0,9)| = || sinOsing pcosOsing psin@cosp | = p?sino.

cos 0 —psin 0 0
(3.21)
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Example 3.2.4. Let’s calculate the following integral:

f f 5 fx,y,2)dxdydz,

where
1
Y2 = ——/—=
fooy X2+ Y+ 22
and

D= {(x,y,z) eR%1<4? +y2 + 22 34}.
Using spherical coordinates, we get

D={(p,0,p) eR1<p<2,0<p<2mand0<0 <7}

27 i 2
ff f(x,y,z)dxdydz = f d(pf sin Qdef pdp = 67
D 0 0 1

3.2.4 Applications

So

Calculation of some volumes

Definition 3.2.1. The volume V of a field is given by:

V= fffD dxdydz, (3.22)
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where D represents the domain delimited by this field.

Volume of a cylinder: In this case
D= {(x,y,z) e R ¥? +y2 <R?’and0<z< h}.

We then have

I 27 R
V= f f f dxdydz = f dz f do f pdp = nR*h (3.23)
D 0 0 0

Volume of a sphere: In this case

D= {(x,y,z) eR%; > +12+22<R? }

27 T R
V= fff dxdydz :f d(pf d@f psinOdp = 17'cR3 (3.24)
D 0 0 0 3

Volume of an ellipsoid: In this case

So

D= (x,y,z)e]R;a—2+ﬁ+C—2Sl,(a,b,c)e(R+) .

By performing the change of variable

[ 2
y=>b 1—2—2sin9,
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T T
h -, =
were@e] 2,2[,weget

vV = dxdydz = | dx \"w dy \ﬂdz
D —-a x2 x2 yz
Ne \Nae
2
b\l——2 x2 2
_ a 7
= ZCJ:dxf o 1 " bZdy
—h\l—a—2

b4
= 2
= ZbC[;de% (1—2—2)c0s26d6
2
4
) x
= 8bcf 1_x_ dxf2 c0526d6=é7mbc.
0 a? 0 3

Volume of the ellipsoid of the equation x? + a?y* + b*z* = ¢*

where a,b,c > 0

Let
b = {(x, y,z) € R% 2% + a®y* + 2> = & }

= {(cpsinOcos,bpsinOsing,apcos0): 0<p<1,0<0<m0<p<2n}.
So

27 T 1
= fff dxdydz:f d(pf de ?p*sin 0dO = L—lncz
D 0 0 0 3

Volume common to the two cylinders with respective equa-
tions x* + y2 =R?*>and x> + 22 = R?>, R > (0. In this case:

D= {(x,y,z) eR% 4%+ yz <R*and x> +22 < Rz}.
So
R2— J(2 VRZ—2
vV = fffdxdydz—fdxf f dz
VRZ-2 VRZ—22

f ] (R? = x?)dx = gRZ. (3.25)
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3.3 Exercises about chapter 3

exp(2x + y?)
Exercise 3.3.1. 1. Let Dy = [0,1] X [0,2]. Calculate I = ff L P + op) dxdy.
dxd
2. Let D, = {(x NVeER :x>1, y>1, x+y<3} Calculate I, = ff( 15)3
3. Let D3 = [0, +oo[ . Calculate the generalized integral I3 = f exp(—x?)dx.
Ds
4. LetD4:{(x,y)E]Rz:0<x<y<2x, xy <4, x2+y2>4}.
Calculate I = [[ x2ydxdy.
Dy
_ 2.1 <2402 G
5. LetDs = {(x, NeER 11 <x*+y* < 4}. Calculatels = ff 3+ G yz)dxdy.
dxd
6. LetDé—{x YER 2+ %<1, x+y>1} Calculatel6—ffﬁ

7. Let Dy = {(x,y) €R%2+y2—2V2x < 0and x > w/i}
Calculate I; = Area(Dy)
8. Let Dg =]0,1[x]0, 1[. Using the change of variables x = u?, y = % calculate
ff dxdy
1+ +xy?)
9. Leth = {(x,y)e]Rz.x<y<2xandx<y2 <2x}.
9.1. Calculate Iy = ggf %dxdy.

2

9.2. Using the change of variables u = — and v = y?, recalculate the value of
L.

10. Let Dyp = {(x Y ERY x> <y<2—x2{andletIjp = ffdxdy
D1o

7
|

Represent Dy, then compute the value of Io.

Exercise3.3.2. 1. LetD; = {(x, y,2) ER 2+ < 1,2+ 2 +22 <4, z> O}.
Calculate I = f f f zdxdydz.
D

1
2. LetD, = {(x, y2)eR: 2+ < z<2-x2— yz}.Calculatelz = [[[ dxdydz.
Dy

3. Let D3 = {(x ¥,2) ER®: 2+ y? <2z, x% + > + 22 <3}.
Calculate I = fffdxdydz

4. Calculate the volumes of a cylinder, of a sphere, of an ellipsoid, and of an ellipsoid
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of equation:

a*x* + by + 222 <R a;b,c € R}

3.4 Solutions of exercices about chapter 3

Solution of exercise 3.3.1
1. We have:

B exp(2x + y°) yz) 1 exp(2x) 2 )
h = ff 1+ exp(x) dxdy = (jo‘ 1+ exp(x) dx) % (jo‘ yexply )dy)
R

[z - In(1 + 2)I{ ¥ [eXp G )]
2 0

oo (20).

2. As illustrated in Figure 3.6, the compact:

Dz={(x,y)e]RZ:x>1,y>1,x+y<3}
can be rewritten in the form:

Dz:{(x,y)ele;1<x<2,1<y<3_x}/

then
2 3—x 2 -
I _ffdxdy _fdf dy _—1f 1
T e TS G G+ P
D, 1 1 1
2
- ifl 1 _—_1[1 1 ]Z_L
2 J\9 @+ 219" " x+1l 36
1

3. First, let’s show that the integral I = f exp(—x?)dx exists.
0
Since

exp(—x%) = O (exp(—x)), when x — +oo,
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Figure 3.6: The triangle D,

and since f exp(—x)dx = 1, then, the generalized integral I3 = f exp(—x?)dx
0 0
is convergent. Let I = f exp(—x?)dx. So
0

a a

fexp(—xz)dxxfexp(—yz)dy

0 0
jfexp(—(x2 + y?))dxdy.

[0.a1

(1)

Let x = pcos(0) and y = psin(0). So
T
(p,0) € [O, \/Ea] X [0, E]

Consequently

V2a

] f pexp(—p>)dp
0

(1)

1
—nla

V2a

e exp(—pz)]0 = % [1—exp(—2a)].

| (=}
A
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We take the limit, when a tends to +oo, we get (13,)2 = g, and since exp(.) is a

positive function, we then have:

+00

I; = fexp(—xz)dx = ?
0

4. As illustrated in Figure 3.7, the compact:
D4={(x,y)€]RZ:0<x<y<2x, xy < 4, x2+y2>4}

can be rewritten as:

Dy=Ci Uy,
where
Cy ={(x,y)e]R2:i <x< V2and m<y<2x},
V5
and
C2={(x,y)e]R2: V2<x<2andx<y< f—c}
So
3 y
2.5
2
15
1
0.5
0 0.5 1 L5 2 2.5 3 3.5 4 4.5 5 X

Figure 3.7: The compact D,
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ffxzydxdy ffxzydxdy+ffx2ydxdy
D4 Cl CZ

4

2x X

V2 2
fxz f ydy |dx + f fydy dx
x V2

V4-x2 x

1l
N~
s\~g
Q..
=
+
N =
S
—~
—_
(@)Y
=
SN—
[

I

—_

(@)

=

<|

(.)J

I\J
<| I\)I>—‘
|4>

nG + 12
5. Let’s calculate I5 = f f sin( v)

———~"—dxdy, wh
b 2 + cos(x? + y?) vay, where

D5:{(x,y)€IR2:1<x2+y2<4}.

We set
x=pcosfand y = psin0.
So
pel]l2[ and O € [0,27].
We then have

2n
B p cos(p?)dp
b= f[ 2 + sin(p?) ]d@
0 \1
T [ln (2 + sin(p ))]1

! 2 + sin(4)
“(z + sin(l))‘

6. Let Dg = {(x, YeER 2+ <1, x+y> 1}, and let’s calculate

o [
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Figure 3.8: The compact Dy

We setx = pcos0 and y = psin 0. So

1

i
pe ]cos(@) + sin(@)'l[ and 0 € [0' 5]

We then have:

3 1
dp 1
we [ [ s
0

1
cos (0) + sin (0)

i

2

= % f sin(ZG)dG:—}I[cos(ZG)]s = %

((cos (0) + sin (0)) - 1) do

S —la

0

7. We can write
Dy = {(x,y) e R%(x— V2)2 + ¥ < (V2)?and x > \/E}

So D; is a semi-disc with center ( V2,0) and radius V2 .
Let x = pcos(6) and y = psin(0). We then have

V2 T T
(p,0) € ]M,Z \/Ecos(Q)[ X ]_Z' Z[
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So

Air(Dy)

coe(@)

2 V2 cos(6)
ffdxdy f(f pdp]d
%

(4 (1 + COS(Z@)) - %2(6)) do

1l
O%M

s

(4@+%smaeﬁ—zmmmﬂf=

8. Let ¢ (u;v) :(x =u?, y= %

Since (x, y) €]0,1[x]0, 1[, we then have (1, v) € ]0,1[x]0, 1[.

On the other hand
l 2u 0 ‘
det],(w,09)=| —y 1 [=2
w2 u
So

Lo dxdy
5T ff 1 +2)(1 +xy?)
o
B ff 2dudv
B 1+ 12)(1 + v?)
0

0
= 2 (arctan u)l0 (arctan U)I0
2
?.
9. Let Dy = {(x,y) eR?’:x<y<2xandx <> <2x}.

9.1. Let’s calculate
_ ¥
Iy = ﬂ xdxdy.

Dy

As illustrated in Figure 3.9, the compact Dy can be rewritten as:

Dy =C1UCy UG5,
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where
C, = {(x,y)EIRZ:xo<x<x1 and\/§<y<2x},
C, = {(x,y)elRZ:x1<x<x2 and Vx <y < N/Z_x},
C; = {(x,y)e]Rz:x2<x<x3 andx <y < @}
3y
25
2
L5
1
0.5
X
0 0.5 115 2 25 3 35 4 45 5

Figure 3.9: The compact Dy

The point x verifies xg = yé and xg = yo, which implies that xy = }I'
The point x; verifies 2x; = yf and 2x; = y;, which implies that x; = %
The point x; verifies x, = y% and x, = 1, which implies that x, = 1.

The point x3 verifies 2x3 = yg and x3 = y3, which implies that x3 = 2.
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We then have:

Is

y

ffxdxdy
Do

_ y y Y

= ffxdxdy+ffxdxdy+ffxdxdy
C C G

2 1 V2x 2 V2x

=

2
1 1 1

—f;fydydx+f;fydydx+f; ydy |dx

AN NG poE
1 11
A"

9

6

2

9.2. LetuzfandU:y;.Sox:u2

v ety =uv.

Let ¢ (4;0) :(x =u?, y= 5)
Since (x, y) € D o, then (1,0) € ]3,1[x]1, 2[.

On the other hand

2uv u? )
det ], (u,v) = =u.

u

So

- 4
Iy = ffxdxdy
2
fuzvldudv
u
1

2

udu fvdv

1

Ne) [N - [ ¢ - @U

E .
10. As illustrated in Figure 3.10, the compact D1 can be rewritten as

Dy = {(x,y)e]Rz/xe]—l,l[ and x> < y<2—x2}.
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0.5 1 )i 2 25 3 35

Figure 3.10: The compact Dy

So
1 [ 2-2

[f e[| [ o

DlO x2

1

f(Z —2x2)dx =2x— %xS

-1

Lo

18

43

Solution of exercise 3.3.2

1. Let D; :{(x,]/,z)elR3’:xz+y2<1,xz+y2+z2 <4, z>0}.

We set:
X(p,6,z)=(x=pcosO,y=psinb,z=2z).
So
det], (p,0,2) = p,
where

p€l0,1[,60€10,2n[ and 0 <z < /4 — p?



Dr. Smail KAOUACHE. Analysis 4: Courses and exercises with solutions 101

We then have

I

[[[ 2tz

Dy

27 1
f d@f p f zdz |dp
0 0
0
1

ﬂfo p(4-p)dp

7T
1

2. Letx=pcosO, y=psinOand z = z. So

45|12
4
35
3
25
2
15
1
0.5

o

0.5 05 1 JK 2 25 3 35 4 45 5 55 6 65 7 75
~0.5

Figure 3.11: The compact D,

(x,y,2) €Dy & (p,0,z) € Dy = {(p, 0,2) eR%*/pe0,1[ 0 €10,2r[ and p* <z <2 - p2}
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Hence

2-p?

fffdxdydz-fd@fp fdzdp
D, e

1
= 2nf2p 2p

0

I

1

1
o (rf—zrf)o

=Tt

3. LetD3={(x,y,z)€]R3:x2+y2 <2z, X2+ +722 <3}.

We set
X(p,0,z)=(x=pcosB,y=psinb,z =2z).
So
det], (p, 6,2) = p.
and

and p verifies

which implies that p = V2.
Sope ]O, \/E[ Finally

27
fffdxdydz—f d@f f dz|dp
V2 2 2
[ p _ 1 2\2 P
2nf0 p( 3- Z—E)dp—Zn[—g(?)—p) iy

4. Let’s calculate the following volumes.

&
Il

4.1 Volume of a cylinder:

C={(x,y,z)€1R3;x2+y2sR2 andOsth}.
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Letx=pcosO,y=psin6 and z = z. So
p €10,R] and 0 € [0,2n].

Therefore

h
270
Vi) = fffdxdydz:intgpdpf d@fdz=7'cR2h.
0
C 0

4.2 Volume of a sphere: S = {(x, y,2) € R%x%+ 2 + 22 < R? }
Let
X(p,0,9)=(x=pcosOsing,y =psinfsing,z = pcosp).
So, det ], (p, 6, p) = p*sin @, where
p€]0,R],0€[0,2n] and ¢ € [0, 7t].

We then have:

h
R 2 3
V(s) = Hfdxdydz=f pzdpf d@fsin(pd(pz 47-;R .
0 0
s 0

4.3. Volume of an ellipsoid:

52 2 2
{(x y,2) € R%; —+‘Z—2+Z2 SRZ}.
Letau = x,bv = yand cw = z, so
(x,ylz) € {(x y,Z)ERs % C RZ}

s (u,v,w)eS = {(u,v,w) eR%G W+ +ut < Rz}.

Since dxdydz = abcdudvdw, we then have

[[[

E

abc fffdudvdw
S
R T 2n
ach(S)=abcf pzdpf sin(go)dgofd@
0 0
0

4mabcR®  (using spherical coordinates )

V(E)
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4.4. Volume of an ellipsoid of
E: a®x* + b2y2 +%22 <R, a;b,c e R?.
Letu = ax,v = by and w = cz, So

(x,y,z) € E= {(x, y,z) € R 0% + bPy* + ?2% < Rz}
s (u,v,w)eS = {(u,v,w) eRLE P+ +u? < Rz}.
Since
1
abc

1
fffdxdydz = fffdudvdw
E s
27

1 I S e 4mR?
%V(S)—@L pdpj(; sm((p)d(pfdﬁ— Abe

0

dxdydz = —dudvdz,

we then have:

V(E)
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